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A Auxiliary Results

This appendix collects the building blocks to our main result (Theorem ). The first one is

well-known result since Phillips (1991) and it will be stated here without proof for completeness.

Proposition 1. Let S, = 22:1

zj be the partial sum of the sequence {z;};2, of (n x 1)
random wvectors. Then, under Assumption B, (a) ¥ = limp_ T'E(S7S}) exists and is
positive definite and (b) Zr(r) = T-V2S,7 = SV2W (1), where [] denotes the integer part

and W (-) is a vector Wiener process on [0, 1]".

The implied convergence in Proposition D(a) is a direct consequence of the stationarity
assumption together with the mixing condition as shown by Ibragimov and Linnik (1971).
Finally, Proposition 0(b) is a multivariate generalization of the univariate invariance principle
(Durlauf and Phillips 1985).

The next proposition state the relation between estimator applied to the pre-intervention
period and the same estimator applied to the transformed variables. It also define the pseudo-
true parameter 3, in term of the DGP parameters. Specifically, the OLS estimator B of y1; on

Yy, and a constant is related to the OLS estimator 4 of z;; on zy and a constant by:

Proposition 2. Let H := H (r,p) to be the transformation defined in (B4) for 0 <r <n and
—1
p € R". Then, [D] (B —By) =7, where D := H™' and B, := ( [D] ) [D] s

2:n+1:2:m+1 2n+1:2m41/  2in4lx1
given by
(0 ifr=0and pu=0,
(0,1_2,5—;,0)' if r=0and £ 0,
Bo = Bo(r, 1) == ¢ (-T",a)’ ifr=1,
(7' (1, —7") (-, a)] if2<r<n—1land
(7, (1, =" h(0),6]  if r =n.

\

We can now state the asymptotic distribution of 4, i.e., the OLS estimator in the trans-

formed variables. For that, we first establish some more notation. For any zero mean vector



process covariance-stationary {v;}, we define the following (n x n) non-random matrices:

o1
Qo(’v> :TII_,mooTtZ:;E(Utvt)’
T t—j
Q;(v) :%me—ZZE(vsv;), j=1,2 (A1)

if the limits and expectations exist.

Some particular cases of the result below can be found elsewhere in the time-series literature.
See, for instance, Durlauf and Phillips (1985) and Phillips (1986a,b).

Proposition 3. Suppose that Assumption @ holds and that {v, == H'(&},0)}2, fulfills As-
sumption 3, where H := H (r, ) is the transformation defined in (B4). Then, as T — oo,

AT@% = q*a

where Ar, == Aq, (v, ) = diag[Aq, (r, )] with

.

(]ln—lTl/Q) ifr=0and p=0
(In — 2,7}, T, %y if r=0and p#0
(Toln — 1, T2y ifr=1and p=0
(Toln — 2, T2 T,y ifr=1and p+#0

gy (1, ) = < (T, TV 1 — 1, Tyln — 7, T1/2) if2<r<n-—2and u=0
(Ty1r — 1, Toln — 1 —r, T2 )Y if2<r<n—2and p+0
(T, T, /*1 —1,T01/2) ifr=n—1land p=0
(To1n — 2, T3, T} 2y ifr=n—1and p#0
( 1/2]ln—2 FTO,Tl/Q) if r =n.

To 2
Fr, is a positive increasing sequence such that lim > (L> =: ¢* > 0 is finite and the

To—o0 —1 Fr,



random vector q* := q*(r, p) is given by:

-1 1
Jy BB'ds| [J, Bas| o BB'ds|
2:mXx2:n 2:in 2:1n><1:1 - ’ Zf H = 0
1 [fo Bds
11
q*((), l,l.) = 1 / 1 1 -1 |:f01 BB/dS:|
[y BB'as| [ f; sBas| [ J; Bas] S
2in—1x2:n—1 2:in—1 2in—1
’ K fin [Mn fol SBdS} ,ifu#0
3 2 1:1
1 {fol Bds}
1:1
—1 1 7
/! BB'ds| [[ Bds| [Jo BAB' + Qo + 1]
0 0 2:nx1:1 .
2:mX2n 2:n 1 , Zfﬂ =0
1 [Jo 48]
1:1
. — -1 ([[I BAB' + Qg + Q4]
q (LIJ') ’ [fol BB,dS] [tin fol sBds] [fol Bds| fo 2:nfl><1:(1) '
2in—1x2n—1 2in—1 2in—1 1
) b i Jy 5B if A0
3 2 1:1
1
1 [y dB]
1:1
—1
(0] 0 0
2:rX2:r
Jy BB'as| [J, Bas]
r+lnxr+l:n r+1l:n
1
1 *
o a57]
2:r
1
X UOBdB/Jrl(QOJFQl)} ,if2<r<n—2and up=0,
r+l:nx1:1
1
o 48]
1:1 1
Q0] 0 0 0
q* (7” p,) = 2:rX2:r
1 1 1
[y BB'as|  [un Jy sBds| | [, Bds|
r4+1ln—1xXr+ln—1 r4+1ln—1 r+lin—1
1“‘;21 HEn
3 2
1
1 *
[Jv a5°]
2:r
{fol BdB' +1(Q + Ql)}
X ’“*1’”;“1’1 ,if2<r<mn—2and p#0,
{,un In sdB}
1:1
1
[Jo 48]
1:1




e 2% s ifp=0
1 [y aB]
1:1
1 *
) (]
' [QO} 0 0 2:n—1
2:n—1x2:n—1
tao b [ fo sdB) | o0
1:1
1 (LB
|:01.l :|
_1 «
Q] 0 [f 2dB ]
2:nXx2:n n ,foru: 0
1 [Jy aB]
1:1
) = -1 (| [raB*
q (n,p): 2 [?%1 1 0 0 [fgml}
pr d? un¢~5 [/‘TﬁB] , for pw #0,
1 [y dB]
1:1
~ Ty
with ¢ := T(|)Im > 7 \ﬁ < 00, B = Q?W and B* := Y'’W where W := {W(s),s €
—0t=1

[0,1]}, denotes a standard vector Wiener process on [0,1]" and Q := Q(v), Qo = Qy(v),
Q= (v), X :=Y(v) are defined in (AD).

If the DGP has only deterministic trends (r = n), the trend is of the form ft =tF k> 0.

To 2k
. k+1/2 2 : 1 t
In this case, Fp, = T; and = lim = — = —— and [im = .
=+ 0 ¢ To—o0 10 =1 To 2k+1 QZS Hoog Tk+1 k+1

For k =1, the asymptotic distributions for the DGP when r =n — 1 and r = n are identical.

B Unpacking Notation of Theorem [

Set V :=V(r) := [Q] I(r > 0), where I(-) is the indicator function. Define G := G(r) :=

1:1x1:1

-1
lim &, <AT [D] > . The n + 1-dimensional random vector p := p(r, ), for the case
To—00 2:n+1:2:n+1

where p = 0 is given by

[/, aB] [ﬁ‘ijB}
f 0 Bds . o 11:1 . o [ o dB] .
p(0,0) := [ o N ] ;o p(1,0) = [f/\ozfds] i p(r,0):= [f;:}rads} for2 <r<n-—2;
1— )\0 r+l:n
L 1 - AO -
/5, 48|
1:1
p(n=1,0) = p(n,0) = | | [} dB] |,

1-2Xo



and for p # 0:

1
17 a8l s, aB]
1 Ao 11:1
{fko Bds} [fl 1;(:1 } [f)\g dB]
1:n—1 S 2:r
p(0, p) == M(lz_/\g) ;o op(lp) = /\2(?11—1 ;o op(rp) = [fio Bds] for 2 <r<n—2;
n(l_>‘3) r4+1l:n—1
1- X B i (1oa)
1—Xo 2
1— X
1 r 1
[/r, 5] 18]
11:1 11:1
dB dB
p(n B 17 HJ) = f;\:on—l :| ; p(n’ M) = |:f;:(')n—1 ] ’
:U'n(127>‘(2)) l’l’n(ﬁ
| 1—Xo | | 1—=2Xo0 |
~ T f
here ¢ := lim t— < oo and the processes B will be defined below.
where = im >l processes B i .

The n + 1-dimensional random vector q := q(r, p) is defined as

—1 A ’
BB [ By o BB'as]
2:inXx2:n 2:n 2:)\n><1:1 s if H = 0
)\0 |:f0 Bd81|
1:1
Ao ’
0, 1) = -1 BdB' + \(Q + 0
W= (1o g o, o snas [ pag| (U0 PO @)
2:n—1x2:n—1 2:n—1 2:n—1 Ao
TR Bn g {'u” 0 SdB} ,if u#0
3 2 1:1
A
Ao [ P dB}
1:1
—1 A /
U BBas) ([, Bds]\ (Lo BAB + o+ ]
2:mX2n 2:n QZ\T)Xl:l s if H = 0
Ao { 0 dB]
1:1
- ~1 ([ BAB' + \o(S% + Q
Q) = (2 BBras) o [ 5B ([0 pas)) [0 B ool
2:in—1x2:n—1 2:n—1 2:n—1 Ao
TR Bng [“" 0 SdB} ,ifuw#£0
3 2 1:1
Ao o aB]
1:1




[Qo] 0 0

2:rX2:r
o BBas| [ Bas]
r+lnxr+ln r+1l:n
Ao
A *
o aB|
2:r
A
X [foOBdBI+1(QO+Ql)] yif2<r<n-—2and p=0,
r+lnx1:1
A
[Jy" 48]
1:1
-1
(0] 0 0 0
2:rX2:r
Ao ’ Ao Ao
o BBas| [ f;" sBas| | [, Bds|
r4+lin—1xXr+lmn—1 r4+ln—1 r+ln—1
TRy Y
3 2
Ao
A *
Iy
2:r
[fo“ BAB' + \o(S2 + Ql)}
x T+1:”}\_1X1:1 ,if2<r<n-—2and u#0,
[u” 55° sdB}
1:1
A
[Jy" aB]
1:1
-1 Ao *
Q] 0 I de ]
2:mX2:n )\0'" s if n = 0
Ao o aB]
1:1
( 1, 1) 1 [ Ao dB*}
qn— Lp) = 0
[QO] 0 0 2:n—1
2:n—1x2:n—1 o ) Mo
BN [“" 0 SdB} ,if u#0
3 2 1:1
Ao o aB]
1:1
-1 Ao *
2] 0 [J° a5
2:mx2:n fﬁn ,for p=0
Ao [fo dB}
1:1
Ao *
q(n, p) = - [fo dB }
Q 0 0
2:n—[1><%]:n—1 2in—1
4 wd| | bl | eruto
Ao o aB]
1:1




Finally, the random variable a := a(r, ), for the case when g = 0, is given by

1 [y, BB'ds]
1:1,\O [fAO BB/dS] —2q(0,0)’ Zinxm
L1x1:1 [on Bds|
1:1
a(r,0) := [ BBas| [, Bas]
+ q(0,0)’ 2:nXx2n 2 q(0,0) y ifr=0
Ao
ﬁ{f;odB*} ,forr >1
1:1
and for the case p # 0:
[y, BB'as]
2:n—1x1:1
1
= { I BB’ds} —2q(0, )’ | palfy, sBds]
1:1x1:1 . 11
U;\O Bds|
L 1:1
a(r, p) = [y BBs| [un [ sBds| [ Bas]
2in—1x2:n—1 ) 2:in—1 2:n—1
+q(0, )’ BN wg | qOp) | Lifr=0
3 2
Ao
17&(} [f;ﬂ dB*} ,forr>1,
1:1

-~ T
with ¢ i= lim 5" I < 0o, B := QY?W and B* := TYV2W where W := {W(s), s €

T—o0 =4 FrvT
[0,1]}, denotes a standard vector Wiener process on [0,1]" and Q = Q(v), Qo = Qy(v),

Q) :=Q(v), T :=Y(v) are defined in (AT).

C Proof of the Main Results

Proof of Proposition

Let y, := (ygo)/, 1)’ and recall that z, := H'g,. Let Y be the (Tp x n + 1) matrix constructed
by stacking @; for t = 1,...,Ty. Define Z by stacking z,. Hence, Z = Y H. Define the
(n+1 x n+ 1) matrices ¥ := YY and Q= Z2'Z =, such that

p=( I ) = ad 5= [0 ) 9

2:n+1x2:n+1 2:n+1x1:1 2:n+1x2:n+1 2:n+1x1:1



provided that ~ [¥] and  [€]  are non-singular. To show the relation between B and
2:n+1x2:n+1 2:n+1x2:n+1

4 recall that D = H™!'. Therefore, we may write ¥ = D'QD. Notice that

, , [D]
(X _ [D] (D] Q| rrxentr
2n-41x2:n—+1 1:1x2:in41 2in+1x2:in+1 [D]
2n+1x2:n+1
, , D]
x] = [D] (D] Q| mxia
2n41x1:1 1:1x2:n+1 2in4+1x2in+1 [D]
2:n+1x1:1
In all cases considered we have that [D] = 0, which implies that we can rewrite B as

1:1x2:n+1

5-(, o) )_lm D] )

2:n+1x2:n+1 2:n+1x1:1

-1
Rearranging the terms and setting 3, = ( [D] ) [D] yield the result.
2:n+1x2:n+1 2:n+1x1:1

Proof of Proposition

Let 2y, := [z¢] and zy := [z¢] . Then,
1:1 2:n+1

-1
TO TO
Ay = | A LA AL = M}
T = T A TRAY T Zot21t = T Mmr.
t=1 t=1

Applying the convergence results of Lemma [ and the continuous mapping theorem, we have
M;'m;r = M 'm =: q*, where the non-singular random matrix M := M (r, u) and the

random vector m := m(r, u) are defined in the Proposition B.

Proof of Theorem

First notice that gt — 0 = v — (E — By)x = 21, — 7 zor. Therefore, for (a) we have

-1
6, (31— 8, — 1) = —Ena(B — Bo) = —En) ( D ) 5

2:n+1:2:n+1

—1
- [&( D ) A
2:n+1:2:n+1

where the convergence in distribution follows from the definition of G, Proposition B and the
Continuous Mapping Theorem (CMT). For (b), Lemma [0 and the CMT yield

£ &1y 1
(% > zlt> — (A7) (TTATl > zm)] =5 q)p,

t>Tp t>To

(Ary) = —(Gq)'z:,

~ T
§r(Ar — Ar) = T




where the random vectors g and p are defined as in the Theorem [ for each case of r and p.

Similarly, for () we have that (6, — 6,)2 = 22 — 29 zo.21. + ¥ 2o1zh~- Hence,

CTVT = <CT Z Z1t> AT’Y) (CTA Z ZOtzlt)
t>To t>To
+ (A7) (C;A S s ) (A7) .
t>To

For r =0 and ¢y = 1/T we have the following result

71— 2q(0)'j, + q(0)' Nq(0)] =: a,

where the random vectors j,, j, and matrix IN are defined in Appendix B. For r > 1, (r = VT

and the last two terms in parenthesis vanish in probability such that

VT (VT —~ 1[?%]1) = _1A0 M: dB*].

Proof of Theorem

Part (a) follows directly from of Theorem [(a) combined with the Continuous Mapping The-
orem. For (b), let Gr(x) := %25:1 I(vp; < x) be the unfeasible counterpart of Gy, where
7 := Ty — Ty + 1. We now show that both Gr(x) — Gr(x) and Gr(x) — Gr(x) vanish in
probability as Ty — oo. The result then follows by the triangle inequality.

Due to the strictly stationarity assumption EGy(z) = %Z;Zl P(y; < z) =Py < z) =
Gr(x). Hence, Gr(z) is unbiased for Gr(z). So, it is enough to show that VGr(x) converges
to zero. The sequence {W; := I(y); < x)}; is stationary and, as a consequence,

~ 1 k
VGr(z) =~ d - g)%, Vi i= C(Wh, Wipy).

|k|<T

Also, 0 < W; < 1. We can bound the first 7, — 1 covariances by 1 and the remanning ones
using a mixing inequality due to 7 ]. For |k| > Ty, we have v, < 4a(k — Ty + 1), where «(j) is

the mixing coefficient of {e;};.5 Then,

~ 2T +1 8 <
VGr(z) < =2 +;Za(k—T2+1).

T
k=T>

Finally, since Ty — oo implies 7 — 0o, we have the first term converging to zero and the second

converges to zero due to the strong mixing assumption.

OIn fact the sequence {W;(v;,...,vj4r,—1}; is also strong mixing.



For the second part, fix & as a continuity point of G and write
ZI Py + T:b ) < ).

For any ¢ > 0 define the events @ () = {||th —||se < €} and Br(e, z) = {|G(z) — G(z)| < €}.
On @ we have G(x — e) < G(x) < G(x + e1), where ¢ is a conformable vector of ones. If we
condition on %7, we have for the continuity points of G(z) G(z—et)—¢ < G(x) < G(x+eL)+e.
Set € — 0 to conclude since o/ N By occurs with probability approaching 1.

For (c) we use the fact that (b) is equivalent (refer to Theorem 6.3.1 of 7 ]) to say that for
any subsequence {7;}, we can extract a subsequence {Tj, } such that éTjk (w,z) — G(x) for
all w € 3 and z a continuity point of G with P(Q23) = 1. Since G is assumed continuous and
for each fixed w, @Tjk (w,x) is a CDF, the last convergence can be made uniform by Polya’s
theorem, i.e., sup,cps |Gy, (w, ) — Gr; (2)] — 0 for all w € Q3. The result then follows by

using the equivalence (in the other direction) of Theorem 6.3.1 of 7 ].

Proof of Theorem

Let F denote the CDF of p, i.e. F(z) := P(p < z). Since VbL; and VT (A7 — Ar) has the
same limiting distribution p according to Theorem D(b) and p is a continuous random variable,

we have that ﬁt,b is asymptotically mean unbiased for Fr for every x € R since

E(Fpy(z) — Fr(a #j > P(WVbL; <) - P(VT(Ar — Ar) < z) = o(1).

JjeT

To show that ﬁTﬁb(x) converges to Fr(x) in probability, it is enough to show that the variance

of Fir,(x) vanishes. Let Hj:= I(v/bL; < x) and 7;; := C(H;, H;). Since H; is binary, we have
o 2+1 :

that |v;;] < 1. Therefore, V(Fr,(x)) < ;_"b:)l + (T_b1+1)2 > _ji—j|=p Yij- The first term is o(1)

under the theorem’s assumptions. For the second term, notice that for any pair (7,7) € J? we

have that H; and H; are functions of the subsamples indexed by &; and §;, respectively. For
li — 7| > b we have S§;N'S; = 0. Hence, we can bound the covariance as |v; ;| < 4a(|i — j| — b),
where a(-) is the mixing coefficient of the process {¢;}; and the mixing inequality is due to
Ibragimov (1962). Thus,

4 ' ' 8 T—b+1
—b+1 > " S T > a(|2—3\—b)§m > alk) =o(1),

li—j|>b li—j|>b k=1

which proves the pointwise convergence, namely |Fry(z) — Fr(z)| L. 0 for every z € R.

For the uniform result we once again use the equivalence given in Theorem 6.3.1 of Resnick
(1999) to say that for any subsequence {7}, we can extract a subsequence {7}, } such that
F\Tjk (w,z) — F(z) for all w € Q4 and x € R with P(€y) = 1. Since F' is continuous and for

each fixed w, F\Tjk (w, ) is a CDF, the last convergence can be made uniform by Polya’s theorem



such that sup,cpe |1$lec (w,z) — Fr; (x)] — 0 for all w € €. The result then follows by using
the equivalence (in the other direction) of Theorem 6.3.1 of Resnick (1999).
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