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Factor and sparse models are widely used to impose a low-dimensional
structure in high-dimensions. However, they are seemingly mutually exclu-
sive. We propose a lifting method that combines the merits of these two mod-
els in a supervised learning methodology that allows for efficiently explor-
ing all the information in high-dimensional datasets. The method is based
on a flexible model for high-dimensional panel data with observable and/or
latent common factors and idiosyncratic components. The model is called
the factor-augmented regression model. It includes principal components
and sparse regression as specific models, significantly weakens the cross-
sectional dependence, and facilitates model selection and interpretability. The
method consists of several steps and a novel test for (partial) covariance struc-
ture in high dimensions to infer the remaining cross-section dependence at
each step. We develop the theory for the model and demonstrate the validity
of the multiplier bootstrap for testing a high-dimensional (partial) covariance
structure. A simulation study and applications support the theory.

1. Introduction. With the emergence of new and large datasets in almost all disciplines,
the correct characterization of the dependence among variables is of substantial importance.
Usually, to achieve this goal, the literature has followed two seemingly orthogonal tracks
over the last two decades. On the one hand, factor models have become an essential tool to
summarize information in large datasets, assuming that the remaining dependence structure
is negligible. For instance, panel factor models are now applied to various problems, rang-
ing from forecasting to causal inference and network analysis. However, on the other hand,
there have been significant advances in parameter estimation in ultra high-dimensions un-
der the assumption of sparsity or weak sparsity. That is, a variable depends only on a (very)
small subset of the other variables. For an overview of these two topics and their exciting
developments, see Fan et al. (2020).

In this paper, we take an alternative route and combine the best of the two worlds de-
scribed above to better characterize the dependence structure in high-dimensional datasets.
More specifically, we consider that the covariance structure of a large set of variables, orga-
nized in a panel data format, is characterized as a combination of a factor structure, where
factors can be either observed, unobserved, or both, and a weakly-sparse idiosyncratic com-
ponent. This formulation is general enough to accommodate many data-generating processes
of interest in economics, finance, epidemiology, and energy/engineering, for example. The
proposed methodology has two ingredients: a multistep estimation procedure and a new test
for structure in high dimensional (partial) covariance matrices. The steps of the estimation
procedure are as follows. In the first one, we take the original data and remove the effects
of any observed factors. These factors can be deterministic terms such as seasonal dummies
and/or trends or other observed covariates. The first step can be parametric or nonparametric,
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low or high dimensional. A latent factor model is then estimated using the residuals from
the first stage. In the third step, we model the dependence among idiosyncratic terms as a
weakly sparse regression estimated by the Least Absolute Shrinkage and Selection Opera-
tor (LASSO). A final fourth step can be used to build models for out-of-sample forecasting,
considering each of the previous steps’ components. At each step, the proposed test for the
(partial) covariance structure in high dimensions can test the null hypothesis of no remaining
cross-section dependence.

Our approach has many statistical applications. It can enhance high-dimensional predic-
tion, select more interpretable variables, construct counterfactuals for policy evaluations, and
depict (partial) correlation networks, among many others.

1.1. Motivation. Let Y t := (Y1,t , . . . , Yn,t )
′ be a random vector generated as Yi,t =

λ′
iF t + Ui,t , for i ∈ [n], t ∈ [T ], where � := E(U tU

′
t ), with U t := (U1,t , . . . ,Un,t )

′, is not
necessarily diagonal. Fix one component of interest i ∈ [n] as a response variable. Consider
the following predictive models:

(1.1) M1 : E(Yi,t |Y−i,t ), M2 : E(Yi,t |F t ), and M3 : E(Yi,t |F t ,U−i,t ),

where Y−i,t and U−i,t are, respectively, vectors with the elements of Y t and U t without the
ith entry. M3 is a factor augmented regression since it is the same as E(Yi,t |F t ,Y−i,t ).

Suppose we observe both F t and U−i,t . Which of the three models above is best re-
garding mean square error (MSE) for prediction? Comparison between M1 and M2 is not
clear since it depends, among other things, on the magnitude of � relative to �′�, where
� := (λ1, . . . ,λn)

′. However, since the σ -algebras generated by Y−i,t and F t are both in-
cluded in the σ -algebra generated by (F t ,U−i,t ), it is not surprising that MSE(M3) ≤
min[MSE(M1),MSE(M2)]. The same will hold if we replace the models in (1.1) by their
best linear projections, which we denote by M̃j for j ∈ {1,2,3}. Therefore, we can write the
“gains” of M̃3 when compared to M̃1 and M̃2:

MSE(M̃3) − MSE(M̃1) = −ϑ ′
i�−i,−iϑ i ,

MSE(M̃3) − MSE(M̃2) = −�1,i�
′
1,i − �′

2,i�−i,−i�2,i ,

where ϑ i is coefficients of the projection of Ui,t onto U−i,t ; �−i,−i is � excluding the ith row
and column; �1,i := �i −β ′

i�−i ; �2,i := βi −ϑ i ; and βi is the coefficient of the projection
of Yi,t onto Y−i,t . From the previous expressions, it becomes evident that both M̃1 and M̃2
are restrictions on M̃3. Broadly speaking, whenever one does not expect to have an exact
factor model, there are potential gains of considering the contribution of the idiosyncratic
components U−i,t . Therefore, we use M̃3 as the base model for the estimation methodology
described in Section 2.2.

1.2. Main contributions and comparison with the literature. The contributions of this
paper are multifold. First, our methodology bridges the gap between two competing meth-
ods for high-dimensional modeling; see, for example, the discussion in Giannone, Lenza and
Primiceri (2021) and Fan, Ke and Wang (2020). This yields a vast number of potential ap-
plications and spin-offs. For instance, in Fan, Masini and Medeiros (2022), we apply the
methods developed here to evaluate the effects of interventions and contribute to the litera-
ture on synthetic controls and related methods by combining the approaches of Gobillon and
Magnac (2016), and Carvalho, Masini and Medeiros (2018). Therefore, a common strong
factor structure and weak sparsity can coexist in our setup.

Second, the methodology proposed here contributes to the forecasting literature. For in-
stance, in the second application considered in this paper, we build forecasting models based
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on a large cross-section of macroeconomic variables. We call this method the FarmPre-
dict. Combining factors and a sparse regression strongly outperforms the traditional princi-
pal component regression as in Stock and Watson (2002). Therefore, FarmPredict can be
an additional contribution to the forecasting and machine learning toolkit. The method can be
easily extended to a multivariate setting combining factor-augmented vector autoregressions
(FAVAR) as in Bernanke, Boivin and Eliasz (2005) and sparse vector models as in Kock and
Callot (2015) and Masini, Medeiros and Mendes (2022). Our methodology can also be ap-
plied in areas beyond economics. For example, it can be useful to construct forecasting mod-
els for the spread of infectious diseases, such as COVID-19, by considering co-movements
and spillovers among different locations.

Third, we show the consistency of factor estimation based on the residuals of a first-step
regression. Our results hold for both the parametric (linear or nonlinear) and nonparametric
first stage. A high-dimensional first stage is also allowed. Current results in the literature
consider that factors are estimated based on observed data, and our derivations favor a much
more flexible and general setup (Bai (2003), Bai and Ng (2002, 2006)). Our methodology
allows settings with observed and latent factors and trend-stationary data. In the latter, the
trend can be removed by (nonparametric) first-stage regression. Whenever the unobserved
factors and the observed covariates are correlated, the method proposed in Pesaran (2006)
can be used, and all results follow directly.

Fourth, we contribute to the LASSO literature. LASSO can not be model selection consis-
tent for highly correlated variables. By decomposing covariates into factors and idiosyncratic
components, namely the idea of lifting, we decorrelate the variables and make the model se-
lection condition much easier to hold; see, for example, Fan, Ke and Wang (2020). We show
the consistency of the estimates based on the residuals of the previous steps. Our results are
derived under restrictions on the population covariance matrix of the data and not on the esti-
mated one, as is usual in many papers. See, for example, van de Geer and Bühlmann (2009).
Furthermore, we derive our results under much mild conditions than the ones considered in
Fan, Ke and Wang (2020).

Fifth, we extend the results in Chernozhukov, Chetverikov and Kato (2013, 2019) to
strong-mixing data to construct hypothesis tests for covariance and partial covariance struc-
ture in high dimensions.1 We also establish the consistency of a new estimator of the partial
covariance matrix in high-dimensions and strong-mixing data. Our proposed tests can be used
to infer if the (partial) covariance matrix of a high-dimensional random vector is diagonal or
block-diagonal. More generally, we can test any pre-defined structure.

Furthermore, we show that the test remains valid when we use the residuals from a previ-
ous step estimation to compute the covariance matrix. This result allows us to apply the test to
the proposed multistage estimation procedure. These are important results for applications in
economics, finance, epidemiology, and other areas. For instance, our inference procedure can
serve as a diagnostic and misspecification tool. For panel data models with interactive fixed
effects as in Pesaran (2006), Bai (2009), Moon and Weidner (2015), and Bai and Liao (2017),
our test can be applied to uncover the dependence among cross-sectional units before and af-
ter accounting for common factor components. We expect the idiosyncratic covariance matrix
to be almost sparse if the factor structure is informative enough. If this is not the case, we
may have underestimated the number of factors. One popular application is in asset pricing,

1Giessing and Fan (2020) also extended Chernozhukov, Chetverikov and Kato (2013). However, their setup
differs from ours as they only consider the case of independent and identically distributed data. The results in
Chernozhukov, Chetverikov and Kato (2013, 2019) have also been extended to dependent data by Zhang and Wu
(2017). However, the dependence measure the authors considered differs from the concept of mixing used in this
paper.
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as discussed in Gagliardini, Ossola and Scaillet (2019) and the empirical section of this pa-
per. There are a vast number of proposed factors as described in Feng, Giglio and Xiu (2020).
We can apply our methodology to test for omitted factors and estimate network connections
among firms, as in Diebold and Yılmaz (2014) and Brownlees, Gudmundsson and Lugosi
(2020). Finally, as a diagnostic tool, our paper tackles the same problem as Gagliardini, Os-
sola and Scaillet (2019). However, we take an alternative solution strategy that relies on a
different set of hypotheses; see also Gagliardini, Ossola and Scaillet (2020).

Although our results are derived under the assumption that the number of factors is known,
simulation results presented in the Supplementary Material provide evidence that the test has
good finite-sample properties even when data-driven methods determine the number of fac-
tors. Over the past years, many papers proposed different methods to test for covariance
structure in high dimensions. See, for example, Cai (2017) and the references therein. To
the best of our knowledge, we complement all the previous papers by simultaneously con-
sidering high-dimensions, strong-mixing data with mild distributional assumptions, and pre-
estimation when constructing tests for both covariance and partial covariance structure.

Finally, we highlight the theoretical challenges we tackle in this paper. First, to derive
the properties of our proposed test for (partial) covariance structure, we prove a new high
dimensional central limit theorem (CLT) for strong mixing sequences. This CLT is new in
the literature and allows us to apply Gaussian approximation results in a much more general
framework. Second, as a side result, we show the consistency of kernel-based estimation
of a high-dimensional long-run covariance matrix of strong-mixing processes. This is also
a new result with significant consequences for the theory of high-dimensional regression
with dependent errors. Second, all the nonasymptotic bounds for our multistep estimators
are derived under the assumption that the distributions of the random variables in the model
have polynomial tails, and the estimation errors of previous steps are also considered. This
introduces several difficulties in proving the results but makes our method well suited for
applications with fat-tailed data, such as those observed in financial applications. Lastly, the
strong mixing coefficient appears explicit in the derived bounds and can grow with the sample
size. This not only introduces technical challenges but makes our results very general.

Summarizing, our approach provides the following:

1. A systematic way to unify factor and sparse models to construct statistical specifications
which use all available information and that can be applied, for example, to:

(a) Forecasting in a high-dimensional setting;
(b) Construction of counterfactuals to aggregate data; or
(c) Estimation of partial correlation networks;

2. An inferential procedure to test for general structures in covariance and partial covariance
matrices which can be useful, among other things, for:

(a) Test for misspecification in factor models; or
(b) Test for nontrivial links among idiosyncratic units.

1.3. Organization of the paper. In addition to this Introduction, the paper is organized
as follows. We present the model setup and assumptions in Section 2. The theoretical results
are presented in Section 3. We discuss the empirical application in Section 4. Section 5 con-
cludes. All proofs, additional discussion, simulation, and empirical results are deferred to the
Supplementary Material due to space constraints. Tables and figures in the Supplementary
Material are referenced with an “S” before the number.
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1.4. Notation. All random quantities (real-valued, vectors and matrices) are defined in a
common probability space (�,F ,P). We denote random variables by an upper case letter,
X, and its realization by a lower case letter, X = x. The expected value operator is with
respect to the P law, such that E(X) := ∫

� X(ω)dP(ω). Matrices and vectors are written in
bold letters X. Except for the number of factors, r , and the number of covariates, k, defined
below, all other dimensions are allowed to depend on the sample size (T ). However, we omit
this dependency throughout the paper to avoid cluttering the notation prematurely. Also, we
write [n] := {1, . . . , n} for n ∈ N and denote the cardinality of a set S by |S|.

We use ‖ ·‖p to denote the �p norm for p ∈ [1,∞], such that for a d-dimensional (possibly
random) vector X = (X1, . . . ,Xd)′, we have ‖X‖p := (

∑d
i=1 |Xi |p)1/p for p ∈ [1,∞) and

‖X‖∞ := supi≤d |Xi |. If X is a (m × n) possibly random matrix, then ‖X‖p denotes the
matrix �p-induced norm and ‖X‖max denotes the maximum entry in absolute terms of the
matrix X. Note that whenever X is random, then ‖X‖p for p ∈ [1,∞] and ‖X‖max are
random variables. We also reserve the symbol ‖ · ‖ without subscript for the Euclidean norm
‖ · ‖ := ‖ · ‖2 for both vectors and matrices. We denote the �p(P) norm of X by |||X|||p for p ∈
[0,∞], that is, |||X|||p := (E|X|p)1/p for p ∈ [1,∞) and |||X|||∞ is the essential supremum of
X (in respect to P). Also, when X is a random vector, we define |||X|||p := sup‖u‖≤1 |||u′X|||p .
Note that ‖X‖p is random variable while |||X|||p is nonrandom scalar for p ∈ [0,∞].

For any vector X, diag(X) is a diagonal matrix whose diagonal is the elements of X. 1(A)

is an indicator function ion the event A, that is, 1(A) = 1 if A is true and 0 otherwise. For
any matrix (possibly random) M ∈ R

n×T , Mi,t ∈ R represents the entry for row i and column
t , M t ∈ R

n is the column-vector with all rows of column t and M i,· ∈ R
T is a column-

vector with the transpose of all elements of row i. To avoid a cumbersome notation, we do
not write M t ∈ R

n as M ·,t . Finally, for nonnegative sequences xm and ym, we write x � y

if there is a constant C independent of m such that xm ≤ Cym for all m. Also, we write
x � y if both x � y and y � x. Similarly, for nonnegative random sequences Xm and Ym,
we write Xm �P Ym if for every ε > 0 there is a constant C independent of m such that
P(Xm ≤ CYm) ≤ ε for all m. Also, Xm �P Ym, if both Xm �P Ym and Ym �P Xm.

2. Setup and method.

2.1. Data generating process. We consider a general panel data model rich enough to
nest several important cases in economics, finance, and related areas. We define the following
Data Generating Process (DGP).

ASSUMPTION 1 (DGP). For T ≥ 4 and n ≥ 2, the process {Yi,t : i ∈ [n], t ∈ [T ]} is
generated by covariate-adjusted factor model

(2.1) Yi,t = γ ′
iXi,t + λ′

iF t ,+Ui,t︸ ︷︷ ︸
=:Ri,t

,

where Xi,t is a k-dimensional observable (random) vector which may also include a con-
stant term and is typically used for adjustments of heterogeneity, seasonality, and covariate
dependence, F t is a r-dimensional vector of common latent factors, λi ∈ R

r is the vector of
factor loadings, and Ui,t is a zero mean idiosyncratic component.2 The unknown parameters
are γ i ∈ R

k , the factor loadings λi , and the covariance matrix of the idiosyncratic compo-
nents. Finally, we assume that Xi,t , F t , and Ui,t are mutually uncorrelated but can be serially
autocorrelated.

2For simplicity, we assume that all the units i have the same number of covariates (k). The framework can
certainly accommodate situations where ki depends on i. It also includes cross-sectional regression as a specific
example.
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REMARK 1. In Assumption 1, we consider that k, the dimension of Xi,t , is finite and
fixed. Furthermore, the relation between Yi,t and Xi,t is linear. This is for the sake of expo-
sition. As our theoretical results are written in terms of the consistency rate of the first-step
estimation, the DGP can be made much more general by just changing the rates.

REMARK 2. The assumption that Xi,t , F t , and Ui,t are mutually uncorrelated can be
relaxed. Whenever Xi,t is correlated with F t and Ui,t , and the interest lies in the estima-
tion of the parameters γ i , i ∈ [n], the method proposed by Pesaran (2006) can apply in the
first stage of the procedure considered in this paper and our theoretical results will follow.
Nevertheless, we provide several examples where the assumption that Xi,t , F t , and Ui,t are
mutually uncorrelated is reasonable.

Our modeling strategy does not stop at (2.1). Instead, we attempt to explain further Ui,t

and impose dynamics on F t . The former allows us to use other idiosyncratic components to
explain Yi,t and increase the information set. For instance, the latter builds a dynamic model
F t to facilitate out-of-sample prediction.

For each i ∈ [n], let W i,t be a vector whose elements form a (nonempty) subset of
(U ′−i,t ,U

′
t−1, . . . ,U

′
t−lU

)′, where lU is a nonnegative integer (much) smaller than T . This
subset of variables explains further Ui,t by the following population regression model:

(2.2) Ui,t = θ ′
iW i,t + Vi,t ,

where E(W ′
i,tVi,t ) = 0, for i ∈ [n] and t ∈ [T ]. For simplicity of exposition, we assume

that the dimension of W i,t is the same for all i ∈ [n], which we denote by dW . Clearly,
dW ≤ n(lU + 1).

Similarly, for a nonnegative integer lF (much) smaller than T , let Gj,t be a vector whose
elements form a (nonempty) subset of (F ′

t ,F
′
t−1, . . . ,F

′
t−lF

)′, for j ∈ [r], which attempts to
explain further the j th latent factor. Consider the following population regression model:

Fj,t = ρ′
jGj,t + V F

j,t ,

where E(G′
j,tV

F
j,t ) = 0, for j ∈ [r] and t ∈ [T ]. Once again, we assume that the dimension

of Gj,t is the same for all j ∈ [r], which we denote by dG, where dG ≤ r(lF + 1). We do
not necessarily exclude F t from Gt to contemplate cases when the contemporaneous factor
is available in a prediction exercise. For future reference, we write the above equation as

(2.3) F t = PGt + V F
t ,

where Gt := (G′
1,t , . . . ,G

′
r,t )

′, V F
t := (V F

1,t , . . . , V
F
r,t )

′, and P := (ρ1 : · · · : ρr )
′.3

REMARK 3. The possibility of having contemporaneous factors may seem odd in prin-
ciple, but this is important for deriving a general theory that will nest applications where the
factors are available for the full sample. An example of such a case is the counterfactual es-
timation as discussed in Fan, Masini and Medeiros (2022) and in Example 4 below. On the
other hand, in a pure out-of-sample forecasting exercise F t should not be included in Gt .

EXAMPLE 1 (Asset Pricing Models). Suppose Yi,t is the return of an asset i at time t and
let Xi,t := Xt be a set of k observable common risk factors, such as the market returns or
Fama-French factors (Fama and French (1993, 2015)). F t can be additional, nonobservable
risk factors. Several asset pricing models, such as the Capital Asset Pricing Model (CAPM)

3Strategies for selection of lU and lF are discussed in Section S.2 of the Supplementary Material (Fan, Masini
and Medeiros (2023)).
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or the Arbitrage Pricing Theory (APT) model, are nested into this general framework. The id-
iosyncratic terms, Ui,t , can be nontrivially correlated across assets, representing links among
firms not captured by the common factor structure. In this case, we may be interested in
estimating a regression where W i,t = U−i,t such that

Ui,t = θ ′
iU−i,t + Vi,t .

θ i represents the links among firms after controlling for the factors. The structure of the
(partial) covariance matrix of U t = (U1,t , . . . ,Un,t )

′ also shed light on these potential links.

EXAMPLE 2 (Networks). Model (2.1) also complements the network specifications dis-
cussed in Barigozzi and Hallin (2017) and Barigozzi and Brownlees (2019). Furthermore,
as discussed in the previous example, the test proposed here can detect network links as in
Diebold and Yılmaz (2014) and Brownlees, Gudmundsson and Lugosi (2020). As another ex-
ample, Yi,t can be the (realized) volatility of financial assets, and Xi,t := Xt can be volatility
factors as in Andreou and Ghysels (2021).

EXAMPLE 3 (FAVAR). In the case where the index i represents a different depen-
dent (endogenous) variable and Ui,t is a dependent process, model (2.1) turns out to be
equivalent to the Factor Augmented Vector Autoregressive (FAVAR) model of Bernanke,
Boivin and Eliasz (2005). Xi,t may include a constant and seasonal dummies, and W i,t =
(U ′

t−h, . . . ,U
′
t−lU

)′ and Gj,t = (F ′
t−h, . . . ,F

′
t−lF

)′, where h is the forecasting horizon.

EXAMPLE 4 (Panel Data Models). Model (2.1) is the panel model with iterative fixed-
effects considered in Gobillon and Magnac (2016), where the authors propose an alternative
to the Synthetic Control method of Abadie and Gardeazabal (2003) to evaluate the effects of
regional policies. Model (2.1) is also in the heart of the FarmTreat method of Fan, Masini
and Medeiros (2022), where the authors set W i,t = U−i,t .

Recently, Barigozzi, Cho and Owens (2022) proposed a nice extension of our approach.
They consider a generalized dynamic factor model (GDFM) à la Forni et al. (2000) with
sparse idiosyncratic second order structure. When the dynamic loadings are filters of finite
order then the GDFM can be written as our static factor model having F t defined as the
dynamic factors stacked together with their finite lags. However, if the loadings are autore-
gressive as in Forni et al. (2017) then the static representation is not possible.

2.2. The method. The method proposed here consists of multiple stages, where the resid-
uals’ covariance structure can be tested at the end of each stage.

1. For each i ∈ [n] run the regression

Yi,t = γ ′
iXi,t + Ri,t , t ∈ [T ],

and compute R̂i,t := Yi,t − γ̂ ′
iXi,t . The first stage may consist of a regression on a constant,

a deterministic time trend, seasonal dummies, or, as in Example 1, a regression on observed
factors. After removing the contribution from the observables, we can use the test for the
null hypothesis of no remaining (partial) covariance structure to check if the (partial) co-
variance of Ri,t is dense or sparse. If it is dense, we move to Step 2. Otherwise, we jump
directly to Step 3. This first parametric, low-dimensional step can be replaced by a nonlin-
ear/nonparametric regression or by a high-dimensional model when, for example, the number
of observed factors is large. As pointed out in Remark 2, Pesaran’s (2006) estimator can also
be used whenever correlation between Xi,t and Ri,t is allowed. This will be discussed more
in the subsequent sections.
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2. Write Rt := (R1,t , . . . ,Rn,t )
′ and Rt = �F t + U t . This step consists of estimating

� and F t , for t ∈ [T ], through principal component analysis (PCA)4 of R̂t and compute

Û t = R̂t − �̂F̂ t .

After estimating the factors and loadings, we apply our testing procedure to check for the
remaining covariance structure in U t . The second-step estimation can be carried out also by
dynamic factor models. In Section S.2 in the Supplementary Material, we discuss selecting
the number of factors.

3. Now, define Ŵ i,t be a nonempty subset of (Û
′
−i,t , Û

′
t−1, . . . , Û

′
t−lU

)′ where lU is a
nonnegative integer (lag). This includes contemporary regression for association studies and
lagged regression for prediction of Ui,t as two specific examples. The third step consists of a
sparse regression to estimate the following model for each i ∈ [n]:

Ûi,t = θ ′
iŴ i,t + Vi,t ; t ∈ [T ].

The regression in Step 3 provides useful augmentation for reducing the error in explaining
Yi,t in (2.1) further from Ui,t to Vi,t and hence the prediction error for Yi,t ; see (2.5).

4. (For partial covariance analysis only) Estimate the following sparse regression model
for each i, j ∈ [n]:

Ûi,t = θ ′
i,j Û−ij,t + Vi,j,t ; t ∈ [T ],

where Û−ij,t is the vector Û t without ith and j th elements. Let {V̂i,j,t } be the residuals. Then
compute the partial correlation as the sample correlation of {(V̂i,j,t , V̂j,i,t )}Tt=1.

5. (For forecasting only) Define Ĝt := (Ĝ
′
1,t , . . . , Ĝ

′
r,t )

′ where Ĝj,t is a nonempty sub-

set of (F̂
′
t , F̂

′
t−1, . . . , F̂

′
t−lF

)′ for each j ∈ [r]; and lF is a nonnegative integer (lag).5 This
step is multiple linear regression to estimate the following model for each j ∈ [r]:

F̂j,t = ρ′
j Ĝj,t + V F

j,t , t ∈ [T ].
This step aims at establishing a predictive model for latent factors. The estimator P̂ := (ρ̂1 :
· · · : ρ̂r )

′ will be used in the predictive model defined in (2.5). Our approach to modeling the
factor dynamics is similar to the methodology described in Stock and Watson (2016) in the
framework of dynamic factor models.

2.3. Predictive models. In a pure prediction exercise, one is usually interested in the
linear projection of Yi,t onto (X′

i,t ,G
′
t ,W

′
i,t )

′ motivated by the discussion in Section 1.1.
This results in the factor-augmented regression model (FARM)

(2.4) Yi,t = γ i
′Xi,t + λi

′PGt + θ i
′W i,t + V Y

i,t ; i ∈ [n], t ∈ [T ],
in which PGt predicts F t ; see (2.1). This can used for prediction, following the steps de-
scribed in Section 2.2, by

(2.5) Ŷi,t := γ̂ i
′Xi,t + λ̂i

′
P̂ Ĝt + θ̂ i

′
Ŵ i,t ; i ∈ [n], t > T .

We call the prediction model FarmPredict.

4Another approach is to use the joint estimation as in Agarwal, Negahban and Wainwright (2012). The key
difference between the two approaches is the optimization-based approach (fully-iterated) and the one-step ap-
proach and the different assumptions behind the two approaches. The PCA approach is based on the strong factor
assumption with a large eigengap but does not impose the sparse structure on the idiosyncratic component covari-
ance matrix. See Fan, Liao and Mincheva (2013) for additional discussion.

5We write at this generality to accommodate the cross-sectional applications in which no latent factor needs to
be predicted as in the principal component regression. In this case, Ĝj,t = F̂j,t and this step is not needed.
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In the case where it is possible to estimate the factors for the full sample as in Fan, Masini
and Medeiros (2022), equation (2.5) becomes6

Ŷi,t := γ̂ i
′Xi,t + λ̂i

′
F̂ t + θ̂ i

′
Ŵ i,t ; i ∈ [n], t > T .

Note that model (2.4) is equivalent to using the predictors Xi,t , Y−i,t and F t , which aug-
ment predictors Xi,t , Y−i,t by using the common factors F t . The form in (2.4) mitigates the
collinearity issues in high dimensions. Model (2.4) also bridges factor regression (θ i = 0) on
one end and (sparse) regression on the other end with λi = �′−iθ i , where �−i is the loading
matrix without the ith row. In the latter, if we set W i,t = U−i,t and Gt = F t (hence, P = I r ),
model (2.4) becomes a (sparse) regression model:

Yi,t = γ i
′Xi,t + θ i

′R−i,t + V Y
i,t ; i ∈ [n], t ∈ [T ].

In this case, (2.4) decorrelates the predictor R−i,t , which makes the model selection con-
sistency much easier to satisfy and forms the basis of FarmSelect in Fan, Ke and Wang
(2020). Our contribution in this specific task is to allow heterogeneity adjustments, resulting
in the estimated data Rt . In general, for model (2.4) with sparsity, FarmPredict chooses
additional idiosyncratic components to enhance the prediction of the factor regression.

EXAMPLE 5 (First-Order FAVAR). Consider the case of model (2.4) where Xi,t = 1 and
lU = lF = 1, and set W i,t = U t−1 and Gt = F t−1. Therefore, we can write

Y t = (I − �)γ + (�P − ��)F t−1 + �Y t−1 + V Y
t ,

= �0 + �F F t−1 + �Y t−1 + V Y
t ,

(2.6)

where Y t = (Y1t , . . . , Ynt )
′, γ = (γ1, . . . , γn), and � = (θ1 : · · · : θn)

′. Model (2.6) is a first-
order FAVAR model.

2.4. Covariance structure and inference. In several applications, the structure of the id-
iosyncratic components U t = (U1,t , . . . ,Un,t )

′ is the objective of interest. An estimator for
� := E(U tU

′
t ) could be simply given by

(2.7) �̂ := 1

T

T∑
t=1

Û t Û
′
t .

Estimating � is well documented in the literature, even in high dimensions; see, for example,
Fan et al. (2020), Ledoit and Wolf (2021), and the references therein. Nevertheless, we show
that (2.7) can be used within our testing framework.

To understand the (linear) relation between a pair (Ui,t ,Uj,t ) of U t , a simple covariance
estimate sometimes is not enough. In applications, it is often desirable to directly measure
how Ui,t and Uj,t are connected. By direct connection, we mean the relation between those
units removing the contribution of other variables of U t . For this purpose, we use the partial
covariance between Ui,t and Uj,t , defined for any pair i, j ∈ [n] as πi,j := E(Vi,j,tVj,i,t ),
where Vi,j,t := Ui,t − Proj(Ui,t |U−ij,t ) and Proj(Ui,t |U−ij,t ) denotes the linear projection of
Ui,t onto the space spanned by all the units except i and j , which we denote by U−ij,t . As in
Peng, Zhou and Zhu (2009), we suggest to estimate the partial covariance matrix � := (πi,j )

by

(2.8) �̂ := (π̂i,j ) and π̂i,j := 1

T

T∑
t=1

V̂i,j,t V̂j,i,t ,

6See also Remark 3 and Example 4.
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where V̂i,j,t := Ûi,t − θ̂
′
i,j Û−ij,t is the residual of the LASSO regression of Ûi,t onto Û−ij,t

obtained in step 4 for i, j ∈ [n].
We also would like to conduct formal tests on the population structure of U t . Specifically,

we propose a test for the following null hypothesis:

(2.9) H

D : �D = �0

D; D ⊆ [n]2,

for a given subset D, where, for a given (n × n) matrix M , the notation MD denotes the
d := |D|-dimensional vector of vec(M) indexed by the elements in D ⊆ [n]2. We allow d to
diverge as n,T → ∞. For testing the structure of �D , consider the following:

(2.10) H�
D : �D = �0

D; D ⊆ [n]2.

The null hypotheses (2.9) and (2.10) nest cases of interest. The most common would be
to test for a diagonal or a block diagonal structure in � and/or �. But it also accommodates
other structures.7 The challenges for testing (2.9) and (2.10) can be summarized as follows:

1. As we allow for both n and d to diverge as T grows, sometimes at a faster rate, we
have a high-dimensional test where some Gaussian approximation result for dependent data
must be deployed as we also allow the number covariances to be tested d to diverge. In this
case, a high-dimensional long-run covariance matrix must be estimated if one expects to get
the (asymptotic) correct test size.

2. We do not observe {U t } or {Vi,j,t }. Instead, we have an estimate of both from a
postulated model on observable random variables. Therefore, the estimation error must be
considered to claim some asymptotic properties of the test. It is not uncommon to obtain
estimates of both {U t } and {Vi,j,t } from a multistage estimation procedure, as we illustrate
later.

We propose to test (2.9) using the statistic

(2.11) S

D := ∥∥√T

(
�̂D − �0

D
)∥∥

max.

A Gaussian bootstrap approximates the quantiles of S

D . To describe the procedure, let ϒ


denote the (d ×d) covariance matrix for the vectorized submatrix (σ̃i,j )(i,j)∈D , where σ̃i,j :=
1
T

∑T
t=1 Ui,tUj,t . Since the process {U t } might present some form of temporal dependence

(refer to Assumption 2(c)), we estimate ϒ
 using a Newey–West-type estimator. For a given
K ∈ K, where K is a class of kernel functions described below in (3.6) and bandwidth h > 0,
ϒ
 is estimated by

(2.12) ϒ̂
 := ∑
|b|<T

K(b/h)M̂
,b and M̂
,b := 1

T

T∑
t=b+1

D̂
,tD̂
′

,t−b,

where D̂
,t is a d-dimensional vector with entries given by Ûi,t Ûj,t − σ̂i,j for (i, j) ∈ D,
where σ̂i,j is the (i, j) element of �̂ defined in (2.7). Finally, let c∗


(τ) be the conditional
τ -quantile of the Gaussian bootstrap S∗

D := ‖Z∗

‖∞ where Z∗


|X,Y ∼N (0, ϒ̂
), that is,

c∗

(τ) := inf

{
q ∈R : P(

S∗
D ≤ q|X,Y

) ≥ τ
}

Theorem 5 demonstrates the validity of the Gaussian bootstrap procedure described above,
that is, it states conditions under which the τ -quantile of the test statistic (2.11) can be ap-
proximated by c∗


(τ) in the appropriate sense.

7With minor changes, the proposed test can also be used to test the null Mvec(�) = m for some d × n2 matrix
M and d-dimensional vector m where d := dT is also a function of T .
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Similarly, the test statistic for (2.10) is given by

(2.13) S�
D := ∥∥√T

(
�̂D − �0

D
)∥∥

max.

Let ϒ� denote the (d × d) covariance matrix of (π̃i,j )(i,j)∈D where π̃i,j := 1
T

∑T
t=1 Vi,j,t ×

Vj,i,t . ϒ� is estimated by

(2.14) ϒ̂� := ∑
|b|<T

K(b/h)M̂�,b; M̂�,b := 1

T

T∑
t=b+1

D̂�,tD̂
′
�,t−b,

where D̂�,t is a d-dimensional vector with entries given by V̂i,j,t V̂j,i,t − π̂i,j for (i, j) ∈ D.
Also, let c∗

�(τ) be the conditional τ -quantile of the Gaussian bootstrap S∗
D := ‖Z∗

�‖∞ where
Z∗

�|X,Y ∼N (0, ϒ̂�). Theorem 6 establish conditions for the validity of Gaussian bootstrap
to approximate the quantiles of (2.13).

3. Theoretical results. In this section, we collect all the theoretical guarantees for esti-
mating the model (2.1) by using the proposed multistage method described above. Specifi-
cally, Section 3.1 presents nonasymptotic bounds for the (parametric) estimation, Section 3.2
deals with similar results concerning forecasting, and Section 3.3 deals with inference on the
(partial) covariance structure of U t . Here we focus on the case where the random quantities
admit polynomial tails. Similar results for the case of geometric mixing and exponential tails
can be found in the Supplementary Material, Section S.4.

To present the results, it is convenient to use a compact notation. For each i ∈ [n], we
define the T -dimensional vectors Y i,· := (Yi,1, . . . , Yi,T )′ and U i,· := (Ui,1, . . . ,Ui,T )′. We
also define the (T × k) matrix of covariates Xi,· := (Xi,1, . . . ,Xi,T )′, for each i ∈ [n] and the
(T × r) matrix of factors F := (F 1, . . . ,F T )′, such that (2.1) can be represented as

Y i,· = Xi,·γ i + Fλi + U i,·, i = 1,2, . . . , n,

= Xi,·γ i + Ri,·,
(3.1)

for each cross-sectional unit i, where Ri,· := Fλi + U i,·.
We define for each t ∈ [T ], the n-dimensional vectors Y t := (Y1,t , . . . , Yn,t )

′ and U t :=
(U1,t , . . . ,Un,t )

′; and the nk-dimensional vector Xt := (X′
1,t , . . . ,X

′
n,t )

′. Also, set the (n ×
nk) block diagonal matrix � whose block diagonal is given by (γ ′

1, . . . ,γ
′
n) and the (n × r)

loading matrix � := (λ1, . . . ,λn)
′. Then, (2.1) can also be represented as panel time series

Y t = �Xt + �F t + U t , t = 1,2, . . . , T

= �Xt + Rt ,
(3.2)

where Rt := �F t + U t .

3.1. Estimation. We start by stating the following assumption.

ASSUMPTION 2 (Moments and Dependency). Consider the following:

(a) The stochastic process {Zt := (X′
S,t ,F

′
t ,U

′
t )

′ : t ∈ [T ]} is weakly stationary for each
T ∈ N, where XS,t denotes the vector Xt after excluding all deterministic (nonrandom)
components. Furthermore, the strong mixing coefficient of Zt is denoted by αm.

(b) Define U t := (U ′
t ,U

′
t−1, . . . ,U

′
t−l)

′ for some integer l ≥ 0 and let b > 0 be a finite
constant such that λmin[E(U tU ′

t )] ≥ b2, where λmin(·) is the minimum eigenvalue of (·).
(c) Assume there exists an universal constant C > 0 such for all t, s ∈ [T ], T ≥ 2 and i ∈ [n]:

(c.1) |||Zt |||p+ε ≤ C for some constants p ≥ 8 and ε > 0
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(c.2) |||n−1/2[U ′
sU t −E(U ′

sU t )]|||p ≤ C

(c.3) |||n−1/2 ∑n
i=1 λj,iUi,t |||p ≤ C

(c.4) |||‖(X′
iXi/T )−1‖|||p ≤ C.

Assumption (2.a) excludes the deterministic components of Xt to accommodate possi-
bly nonrandom nonstationary, but uniformly bounded covariates as in Assumption (2.c). As-
sumption (2.b) ensures that the parameter in (2.2) is well defined since, by the Cauchy in-
terlacing theorem, we have infi λmin[E(W i,tW i,t )] ≥ λmin[E(U tU ′

t )]. Finally, Assumptions
(2.a) and (2.c) allow us to apply a Marcinkiewicz–Zygmund-type inequality for partial sums
to deal with polynomial tails (see Lemma S.2 in the Supplementary Material).

For each i ∈ [n], let Ri := Fλi + U i denote the unobservable error term in (3.1), γ̂ i

the least-squares estimator of γ i and R̂i := Y t − Xt γ̂ i the vector of residuals. Also, set
R̂ := (R̂1, . . . , R̂n)

′ and R := (R1, . . . ,Rn)
′. We must control for estimation error in the first

step of the proposed methodology. The next result gives a bound for the maximum entry of
the (n × T ) matrix R̂ − R when the first stage is conducted by OLS in a linear setup. We
assume that Xi,t , F t , and Ui,t are mutually uncorrelated.

We state the results below in terms of the strong mixing coefficient sequence, whose defi-
nition is presented here for convenience. For m ∈ {0, . . . , T − 1}, define

(3.3) αm := sup
{∣∣P(A ∩ B) − P(A)P(B)

∣∣ : A ∈ Z t
1,B ∈ ZT

t+m, t ∈ [T ]},
where Z t

s is the σ -algebra generated by (Zs, . . . ,Zt ) for 1 ≤ s ≤ t ≤ T . Note that αm might
depend on both T and n.

THEOREM 1. Under Assumptions 1 and 2,

‖R̂ − R‖max �P

Rα

√
rk

1+ 3
p n4/p

T 1/2−1/p
,

where Rα := Rα(T ,n) := [∑T −1
m=0(m + 1)(p/2)−2α

1−p/(p+ε)
m ] 2

p and αm is defined by (3.3).

REMARK 4. Even though we will treat the number of factors, r , and the number of
covariates, k, fixed (not depending on T or n), we kept them explicit in the result above.
Furthermore, if we assume that αm ≤ K(m+1)−c for all m, where K is a constant that might
depend on n and c ≥ 0 is an universal constant, then

Rα(T ,n) � K
2ε

p(p+ε) ×

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 c >
(p − 2)(p + ε)

2ε
,

(logT )
2
p c = (p − 2)(p + ε)

2ε
,

T
2
p
[ (p−2)(p+ε)

2ε
+1]

c <
(p − 2)(p + ε)

2ε
.

REMARK 5. When the first step of the method involves more complicated estima-
tion, such as Pesaran’s (2006) method, instrumental variables, or LASSO, we write ‖R̂ −
R‖max �P �R , where �R is a nonnegative sequence of n and T . This approach is adopted
systematically in the following theorems.

Define the (n×T ) matrices Y := (Y 1, . . . ,Y T ) and U := (U1, . . . ,UT ); and the (nk ×T )

matrix X := (X1, . . . ,XT ). We can write (2.1) in the matrix form as

(3.4) Y = �X + �F ′ + U .
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Notice that R̂ = �F ′ + Ũ where Ũ := U + R̂ − R and (�,F ) can be estimated by Prin-
cipal Component Analysis (PCA), which minimizes ‖R̂ − �F ′‖2

F with respect to � and
F , subject to F ′F/T = I r . The solution F̂ is the matrix whose columns are

√
T times r

eigenvectors of the top r eigenvalues of R̂
′
R̂ and �̂ = R̂F̂/T .

Since we do not observe U , in the third step of the method we use Û := R̂ − �̂F̂
′ instead.

Therefore, we must control for the estimation error in the previous steps: Û − U . Also, the
loading matrix � and the factors F are not separably identified since �F t = �H ′HF t for
any matrix H such that H ′H = I r . If we let H := T −1V −1F̂

′
F�′�, where V is the (r × r)

diagonal matrix containing the r largest eigenvalues of R̂
′
R̂/T in decreasing order, we have

that HF t is identified as �F t is identified.8

The result below first appeared in Bai (2003) for the case of (n, T ) diverging and was
further extended to hold uniformly in (i ≤ n, t ≤ T ) by Fan, Liao and Mincheva (2013).
However, both consider the case when the factor model is estimated using the actual data
instead of the “estimated” ones (residuals) as in our case. Therefore, the next result is a gen-
eralization that considers the pre-estimation error term and quantifies how the error impacts
the precision of factor analysis.

ASSUMPTION 3 (Factor Model). Assume:

(a) E(F t ) = 0, E(F tF
′
t ) = I r , and �′� is a diagonal matrix;

(b) All eigenvalues of �′�/n are bounded away from zero and infinity as n → ∞;
(c) ‖� − ��′‖ � 1; and
(d) ‖�‖max � 1.

REMARK 6. Assumption 3 is standard in the literature. Assumption E(F t ) = 0 is not
restrictive as our approach considers a first-step estimation which may include a constant in
the set of regressors. Assumption (3.a) is also needed for identifiability of the factor structure.
Assumption (3.c) imposes a strong factor structure.

THEOREM 2. Under Assumptions 1–3, let �R be a nonnegative sequence of n and T

such that ‖R̂ − R‖max �P �R . Then:

(a) maxt≤T ‖F̂ t − HF t‖2 �P
1√
T

+ T 1/p√
n

+ �R(nT )1/p ,

(b) maxi≤n ‖λ̂i − Hλi‖2 �P
Rαn2/p√

T
+ 1√

n
+ �R , and

(c) ‖Û − U‖max �P
Rαn2/p

T 1/2−1/p + T 1/p√
n

+ �R(nT )1/p ,

provided that Rαn4/p/
√

T + (nT )1/p�R � 1, where Rα is defined in Theorem 1.

By setting �R = 0, we have the case of no estimation error in the first step. Note that in
order to have the error ‖Û −U‖max vanishing in probability we must have the pre-estimation
error ‖R̂ − R‖max of order (in probability) smaller than (nT )−1/p .

We have decided not to replace �R in Theorem 2 with the rate obtained in Theorem 1
as the latter only applies to the least-squares estimator. In some applications, however, the
first step of the procedure could be done using a different type of estimator. For instance, a
penalized adaptive Huber regression as in Fan, Li and Wang (2017) if the number of features
k is comparable or even larger than T and the tail of the distribution of Xt is heavy.

8The definition of H is the same one appearing in Appendix A of Bai (2003), where V is defined as the

eigenvalues of R̂
′
R̂/nT .
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REMARK 7. The result in Theorem 4 of Fan, Liao and Mincheva (2013), concerning
the convergence rate of maxt≤T ‖F̂ t − HF t‖2, would be recovered by setting p = 4 and
ρR = 0 in our Theorem 2(a). However, Assumption 2(c.1) requires p ≥ 8 to accommodate
the case when ρR is not zero, and the probability bounds appear in the proof of Theorems 5
and 6. Theorem S.8(a) in the Supplementary Material (with ρR = 0) differs from Theorem 4
in Fan, Liao and Mincheva (2013). The former shows a better dependency on T in the second
term. That results from a stronger condition imposed on the units’ dependence (Assumption 4
replacing Assumption 2). In this sense, both results of Theorem 4 of Fan, Liao and Mincheva
(2013) are proved under a mix of our Assumptions 2 and 4, that is, exponential tails in the
marginals, exponential decay in the mixing coefficient, and polynomial tails with p = 4 in
Assumption 2(c.2).

REMARK 8. The contrast between Proposition 2 in Bai (2003) and Theorem 2(a) is less
straightforward. Both theorems share similar underlying assumptions but are not identical,
making a direct comparison cumbersome. For instance, Assumption C.1 in Bai (2003) re-
quired a finite eighth moment, and their Assumption C.5, a finite fourth moment. Under
these assumptions (and ρR = 0) we could achieve T −1/2 + T 1/4/

√
n in Theorem 2(a) which

is an improvement over Proposition 2 in Bai (2003).

By stating Theorem 2 in terms of a generic rate, it is easier to account for the effect of
different estimators. By combining Theorems 1 and 2, we have the following corollary.

COROLLARY 1. Under the same assumptions of Theorems 1 and 2, when OLS is used in
the first-stage to obtain R̂, we have

‖Û − U‖max �P

Rαn5/p

T 1/2−2/p
+ T 1/p

√
n

=: �U.

We propose estimating (2.3) by LASSO using Û instead of U . Specifically, for a regular-
ization parameter ξ > 0, we denote by θ̂ i a minimizer of Qi given by

(3.5) Qi (a) := 1

T

∑
t∈[T ]

(
Ûi,t − a′Ŵ i,t

)2 + ξ‖a‖1; i ∈ [n].

The next result presents nonasymptotic bounds for the (in sample) prediction error and
the �1-estimation error for the LASSO estimator (3.5) based on the “estimated data” and
quantifies how the estimation errors impact on the choice of regularization parameter and
rates of convergence.

THEOREM 3. Let �U be a nonnegative sequence of n and T such that ‖Û − U‖max �P

�U and assume that Assumption 2 holds. For every ε > 0 there is a constant 0 < Cε < ∞
such that if the penalty parameter is set ξ ≥ Cεξ0, then for any minimizer θ̂ i of (3.5), with
probability at least 1 − ε:

max
i∈[n]

[
(̂θ i − θ i )

′
E

(
W i,tW

′
i,t

)
(̂θ i − θ i ) + ξ‖θ̂ i − θ i‖1

] ≤ 8
ξ2s0

b2 ,

provided that ξ1s0
b

≤ Kε where sk := maxi∈[n] ‖θ i‖k for k ∈ {0,1,2}, Kε is a positive constant
only depending on ε, and

ξ0 := (1 + s2)Lα

[
n(l + 1)

]2/p
T −1/2 + (1 + s1)

[
(nT )1/p�U + �2

U

]
,

ξ1 := Lα

[
n(l + 1)

]4/p
T −1/2 + [

(nT )1/p�U + �2
U

]
with Lα := Lα(T ,n, l) := [∑T −1

t=0 (m + 1)(p/2)−2α
1−p/(p+ε)
(m−l)∨0 ]2/p .
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Once again, we purposely avoided replacing �U in Theorem 3 with the rate of Corollary 1
to make it readily applicable to the case when a different type of factor model was used or,
as a matter of fact, any other pre-estimation procedure. We have the next result by setting �U

equal to �U , the rate of Corollary 1.

COROLLARY 2. If �U defined in Theorem 3 is taken to be rate given by Corollary 1 and
l < T , then under the conditions of Theorem 3:

max
i∈[n] ‖θ̂ i − θ i‖1 �P

s0(1 + s1)

b2

[
Lαn6/p

T (1/2)−(3/p)
+ T 2/p

n(1/2)−(1/p)

]
=: �θ.

3.2. Forecasting. Recall that in the context of out-of-sample forecasting, our object of
interest is Ỹi,t := γ i

′Xi,t + λi
′PGt + θ i

′W i,t for i ∈ [n] and t ≥ T , which we estimate using
Ŷi,t := γ̂ i

′Xi,t + λ̂i
′
P̂ Ĝt + θ̂ i

′
Ŵ i,t . The next result bounds (in probability) the prediction

error bound in terms of all estimation errors from previous steps.

THEOREM 4. Under Assumptions 1 and 2, let �γ , �U , �θ , �P , �λ and �F be nonnegative
sequence on n and T such that, uniformly in i ∈ [n], ‖γ̂ i −γ i‖1 �P �γ , ‖Û −U‖max �P �U ,
‖θ̂ i −θ i‖1 �P �θ , ‖P̂ −P ‖2 �P �P , ‖λ̂i −λi‖2 �P �λ, and ‖F̂ t −F t‖2 �P �F , respectively.
Then, for every t ≥ 1,

max
i∈[n] |Ŷi,t − Ỹi,t | �P (�γ + �θ)n

1/p + �Us1 + �P + �λ + �F ,

where s1 is defined in Theorem 3.

REMARK 9. If �γ , �U , �θ , �λ and �F are taken to be rates appearing in Theorems 1–
3, we have �γ ∨ �λ ∨ �F � �U and �U � �θ . If further, P is estimated via OLS (for each
j ∈ [r]) using {F̂ t , t ∈ [T ]}, we have �P � T −1/2 ∨ �F � �F . Therefore, Theorem 4 reduces
to

max
i∈[n] |Ŷi,t − Ỹi,t | �P �θ

(
n1/p + s1

)
,

where �θ is the rate in Corollary 2.

3.3. Inference on covariance and partial covariance matrices. We now obtain the null
distributions of our test statistics for the structures of the covariance and the partial covari-
ance. Recall the setup and notation of Section 2.4. Further define �̃ := T −1 ∑T

t=1 U tU
′
t and

�̃D as the element of �̃ indexed by D ⊆ [n]2. Also, for any pair of random vectors X, Y of
the same dimensional, d , say; define the distance in distribution

ρ(X,Y ) := sup
A∈R

∣∣P(X ∈ A) − P(Y ∈ A)
∣∣,

where R is the class of all rectangles in the from×d
j=1(aj , bj ] for some −∞ ≤ aj ≤ bj ≤ ∞

and j ∈ [d].
We assume that the kernel K(·) appearing in the covariance estimator defined by (2.12)

belongs to the class defined in Andrews (1991) which we reproduce below for convenience

K :=
{
f :R → [−1,1] : f (0) = 1, f (x) = f (−x),∀x ∈ R,

∫
f 2(x) dx < ∞, f is continuous

}
.

(3.6)
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This includes most of the well-known kernels used in the literature. To avoid confusion, it is
worth pointing out that our tuning parameter h, also called bandwidth parameter by Andrews
(1991), is supposed to diverge, as opposed to the bandwidth in the density kernel estimation
setup, which is expected to shrink to zero.

The following result shows how accurately the covariance matrix elements are estimated
and validate the bootstrap method.

THEOREM 5. For D ⊆ [n]2, let J̃ := √
T (�̃D − �D) and G be a zero-mean Gaussian

vector with the same covariance matrix of J̃ , that is, G ∼ N(0,ϒ
). Under Assumptions
1–3, if further:

(a) {U t : t ∈ [T ]} is fourth-order stationary process for each T ;
(b) The strong mixing coefficient of {U t : t ∈ [T ]}, αm, obeys αm ≤ Km−r for r >

(
p+ε

ε
)(

p
4 − 1) ∨ 2p

p−4 where p ≥ 8 and ε > 0 are defined in Assumption 2; and a constant
K that might depend on d;

(c) the minimum eigenvalue of ϒ
 is greater or equal to c, for some c > 0, then

ρ(J̃ ,G) � logT

c2

[
logd

T (1/2)−κ
+ K1−4/p logd

T (r/2)(1−4/p)−1 + (logd)3/2

T 1/4 + d4/p(logd)2

T 1/2−2/p

]

+ [d(logd)(3/4)p−4 logT log(dT )]
T 1/4cp/(p−4)

2
p−4

+ d2/(p+2)
√

log(dT ) + K

T rκ−1/2 ,

where d := |D|, κ := κ(p, r) := 1+Dp/2
2(r+Dp/2)

∧ 1/2 and Dp := p
p+2 .

Let Ĵ := √
T (�̂D − �D), then

ρ(Ĵ ,G) � ρ(J̃ ,G) + inf
δ>0

[
δ1

√
1 ∨ log(d/δ) + P

(‖Ĵ − J̃‖∞ > δ
)]

.

Let ϒ̃
 be any positive semi definite estimator of ϒ
 and G∗|X,Y ∼ N(0, ϒ̃
), then

ρ
(
Ĵ ,G∗)

� ρ(Ĵ ,G) + inf
δ>0

[
δ logd

(
1 ∨ | logd|) + P

(‖ϒ̃
 − ϒ
‖max > δ
)]

.

REMARK 10. The first result in Theorem 5 bounds the Komolgorov distance between
the (unobservable) process { 1√

T

∑T
t=1 U tU

′
t −E(U tU

′
t )}T ≥1 and a Gaussian process with the

same covariance structure. It is a direct consequence of a more general central limit theorem
result for high-dimensional alpha mixing sequences (see Theorem S.13 in the Supplementary
Material). The second one is similar but controls for the difference between U t − Û t and,
therefore, considers the estimation error. Finally, the last result ensures a bootstrap validity
provided we can estimate the covariance matrix appropriately.

REMARK 11. Theorem 5 seems complicated. However, the results only depend on d , T ,
p, r , and the “quality” of the estimators Û and ϒ̃ . The latter allows a different selection of
estimators for any stage and the bootstrap procedure. If we were to specialize Theorem 5 to
incorporate the rates obtained in Theorems 1 and 2, and set ϒ̃ = ϒ̂ defined by (2.12), we
obtain a sufficient condition to ensure the bootstrap validity depending only on n, T , r and p.

COROLLARY 3. Under the same conditions of Theorem 5, if ϒ̃
 = ϒ̂
 defined by (2.12)
with K ∈ K, where K is defined by (3.6), then, uniformly in D ⊆ [n]2,

‖ϒ̂
 − ϒ
‖max �P h
[
�U(nT )3/p + n8/p/

√
T

]
,

where h > 0 is the bandwidth parameter of the covariance estimator and �U is the rate
appearing in Corollary 1. If further, as h,n,T → ∞:
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(a) �
 = o(1), where �
 is the rate in the first result of Theorem 5 with d replaced by
n2;

(b) (logn)3/2(
√

T � 2
U + n9/p√

T
+ n6/p

T 1/2−1/p + 1
n1/2−9/p ) = o(1);

(c) (logn)3h[�U(nT )3/p + d8/p/
√

T ] = o(1), then,

sup
D

sup
τ∈(0,1)

∣∣P[
S

D ≤ c∗


(τ)
] − τ

∣∣ = o(1),

where the first supremum is over all null hypotheses of the form (2.9) indexed by D ⊆ [n]2.

The next theorem shows how well the elements of the partial autocovariance matrix are
estimated and gives the conditions under which the bootstrap test is valid. In the calculation
the partial covariance (2.8), we use the residual V̂i,j,t of the LASSO regression of Ûi,t onto
Û−ij,t . Define �̃D := (π̃i,j )(i,j)∈D for D ⊆ [n]2 and recall from Section 2.4 that π̃i,j :=
1
T

∑T
t=1 Vi,j,tVj,i,t for i, j ∈ [n], �D := E(�̃D), and ϒ� denotes the covariance of �D .

THEOREM 6. For D ⊆ [n]2, let Q̃ := √
T (�̃D − �D) and H be a zero-mean Gaussian

vector with the same covariance matrix of Q̃, that is, H ∼ N(0,ϒ�). Under the same as-
sumptions and notation of Theorem 5, with ϒ
 and c replaced by ϒ� and b, respectively, in
condition (c), we have

ρ(Q̃,H) � logT

b2

[
logd

T (1/2)−κ
+ K1−4/p logd

T (r/2)(1−4/p)−1 + (logd)3/2

T 1/4 + d4/p(logd)2

T 1/2−2/p

]

+ [d(logd)(3/4)p−4 logT log(dT )]
T 1/4bp/(p−4)

2
p−4

+ d1/(p/2+1)
√

logd + K

T rκ−1/2 ,

where d, κ := κ(p, r) are defined in Theorem 5.
Let Q̂ := √

T (�̂D − �D), then

ρ(Q̂,H) � ρ(Q̃,H) + inf
δ>0

[
δ1

√
1 ∨ log(d/δ) + P

(‖Q̂ − Q̃‖∞ > δ
)]

.

Let ϒ̃� be any positive semi definite estimator of ϒ� and H∗|X,Y ∼ N(0, ϒ̃�), then

ρ
(
Q̂,H∗)

� ρ(Q̂,H) + inf
δ>0

[
δ logd

(
1 ∨ | logd|) + P

(‖ϒ̃� − ϒ�‖max > δ
)]

.

REMARK 12. Let ρϒ ≥ 0 denote the minimum eigenvalue of ϒ
 . A positive lower
bound on ρϒ is fundamental if we want to ensure an upper bound of the form f (n)/

√
T

(up to logT terms) in the Central Limit Theorem for independent and identically distributed
random vectors, where f (n) depends on the moment conditions. For further details, refer to
Theorems 2.1 and 2.2 in Chernozhukov, Chetverikov and Koike (2020) and Theorem 2.1 in
Lopes (2022). The former shows that the rate is nearly optimal, up to logT terms (Proposi-
tion 2.1), and further conjectures that the uniform lower bound in γ is necessary.

REMARK 13. The condition ρϒ ≥ c > 0 can be dropped at the expense of lowering the
convergence rate in Theorem S.13, which results in a lower convergence rate for Theorems 5
and 6. For instance, Chernozhuokov et al. (2022) establish the bound log5/4(nT )/T 1/4 while
allowing ρ = 0, which could replace the bound used in step 1 of Theorem’s S.13 proof.

REMARK 14. In terms of the sharpness of the rate of Theorems 5 and 6, it boils down
to the sharpness of Theorem S.13. For the univariate case, Tikhomirov (1981) showed the
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converge rate to be log2 T/
√

T provided exponential decay of the mixing coefficient and
third-moment finiteness. This result can not be recovered from Theorem S.13(b), where the
rate would be T −1/4 ignoring log terms. As far as we know, there are no results (sharp or
otherwise) for high-dimensional central limit theorem approximation for strong-mixing se-
quences with arbitrary mixing coefficients. Using a different measure of (functional) depen-
dency, Zhang and Wu (2017) proves the strong approximation for normalized mean. Also,
Zhang and Cheng (2014) used the concept of graph dependencies to show similar results
for the case of m dependency leveraging the results in Chernozhukov, Chetverikov and Kato
(2013).

Similar comments as those appearing in Remarks 11 apply to Theorem 6 as well, which
results in the following corollary.

COROLLARY 4. Under the same conditions of Theorem 6, if ϒ̃� = ϒ̂� defined by (2.14)
with K ∈ K, where K is defined by (3.6), then, uniformly in D ⊂ [n]2,

‖ϒ̂� − ϒ�‖max �P h

[(
(1 + s̃1)�U + �χn1/p)

(1 + s̃1)
3(nT )3/p + (1 + s̃2)

4n8/p

√
T

]
,

where h > 0 is the bandwidth of the covariance estimator, s̃k := max(i,j)∈D ‖χ i,j‖k for k ∈
{0,1,2}, �U is the rate appearing in Corollary 1, and �χ is the rate appearing in Corollary 2
with s0 and s1 replaced by s̃0 and s̃1, respectively, and l = 0. If further, as h,n,T → ∞:

(a) �� = o(1), where �� is the rate in the first result of Theorem 6 with d replaced by
n2;

(b) (logn)3/2[(1+ s̃1 +�χ)2(
√

T � 2
U + n9/p√

T
+ n6/p

T 1/2−1/p + 1
n1/2−9/p )+�2

χn4/p
√

T ] = o(1);

(c) (logn)3h{[(1 + s̃1)�U + �χn1/p](1 + s̃1)
3(nT )3/p + (1+M2)

4n8/p√
T

} = o(1), then,

sup
D

sup
τ∈(0,1)

∣∣P[
S�
D ≤ c∗

�(τ)
] − τ

∣∣ = o(1),

where the first supremum is over all null hypotheses of the form (2.9) indexed by D ⊆ [n]2.

REMARK 15. As opposed to the case of testing covariance, when testing partial covari-
ance in high dimensions, the sparse structure plays a role in terms of s̃0 appearing in the
conditions (b) and (c). Therefore, these assumptions restrict the cases where the proposed
partial covariance test has the correct asymptotic size. For instance, in the case of a complete
dense partial covariance structure, we are likely to have s̃0 of the order of n and, therefore,
conditions (b) and (c) are not expected to hold.

4. Applications.

4.1. Network structure in asset returns. We illustrate our methodology by studying the
factor structure of asset returns. We consider monthly close-to-close excess returns from 9456
firms traded on the New York Stock Exchange. The data starts on November 1991 and runs
until December 2018. There are 326 monthly observations in total. In addition to the re-
turns, we also consider 16 monthly factors: Market (MKT), Small-minus-Big (SMB), High-
minus-Low (HML), Conservative-minus-Aggressive (CMA), Robust-minus-Weak (RMW),
earning/price ratio, cash-flow/price ratio, dividend/price ratio, accruals, market beta, net share
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FIG. 1. Correlations of monthly returns. We estimate the correlations between all pairs of returns from specific
sectors. The correlations higher than 0.15 in absolute value are shown as black dots.

issues, daily variance, daily idiosyncratic variance, 1-month momentum, and 36-month mo-
mentum. The firms are grouped according to 20 industry sectors as in Moskowitz and Grin-
blatt (1999). The following sectors are considered:9 Mining (602), Food (208), Apparel (161),
Paper (81), Chemical (513), Petroleum (48), Construction (68), Primary Metals (133), Fabri-
cated Metals (186), Machinery (710), Electrical Equipment (782), Transportation Equipment
(166), Manufacturing (690), Railroads (25), Other transportation (157), Utilities (411), De-
partment Stores (67), Retail (1018), Financial (3419), and Other (11).

We start by looking at the correlation matrix for monthly returns of a sample of nine sec-
tors: Mining, Food, Petroleum, Construction, Manufacturing, Utilities, Department Stores,
Retail, and Financial. Figure 1 plots the correlations larger than 0.15 in absolute value. We
test for the null of a diagonal covariance matrix. The null hypothesis is strongly rejected with
p-value much lower than 1% for all sectors. To test the covariance matrix, we use the simple
sample estimator described in the paper. The correlations in Figure 1 and the subsequent ones
are based on the nonlinear shrinkage estimator proposed by Ledoit and Wolf (2020).

We proceed by regressing the daily returns on the observed 16 factors. Figure 2 presents
the estimated correlations for the first-stage residuals, namely factor-adjusted returns. We
focus on the nine sectors as before. The first-stage regression is efficient in removing the
correlation within specific sectors in some cases. The most notable ones are Financial and
Retail, followed by Construction, Petroleum, and Manufacturing. On the other hand, Utilities,
Department Stores, Mining, and Food still display a dense covariance matrix.

The second step is to conduct a principal component analysis on the residuals of the first
stage. The eigenvalue ratio procedure selects two factors, while all four information criteria

9The number between parenthesis indicates the number of firms in our sample that belong to each sector.
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FIG. 2. Correlations of first-stage residuals. We estimate the correlations between all pairs of residuals from
the first-stage OLS regression on 16 observed factors from specific sectors. The correlations that are higher than
0.15 in absolute value are shown as black dots.

point to a single factor. We proceed with two factors. Note that, by construction, the princi-
pal component factors are orthogonal to all the 16 risk factors considered in the first stage.
Figure 3 shows the estimated correlations for the second-stage residuals (idiosyncratic com-
ponent). The latent factor is not able to reduce the correlations within each sector. However,
the conclusions are much different when we consider partial correlations. As seen from Fig-
ure 4, the partial correlation matrices are (almost) diagonal. In addition, we cannot reject the
null of a diagonal covariance matrix at a 5% significance level.

To shed some light on the links among different sectors, we report how often variables
from sector i are selected in the third-stage LASSO regression for firms in sector j . The
numbers are normalized by the total number of firms in each sector and are presented in Fig-
ure 5. The most interesting fact is that covariates from the financial sector are most frequently
selected for all the other sectors. Other sectors, such as Mining, Chemical, Machinery, Elec-
trical Equipment, Manufacturing, and Retail, are frequently selected. This may indicate that
industry factors, specifically a “financial factor”, are unmodeled in the first two stages. How-
ever, if we augment the set of regressors in the first stage by the value-weighted portfolio
from the financial sector, although the remaining dependence among firms is attenuated, par-
ticularly for Department Stores, we do not get close to an exact factor model. This finding
suggests that there are hidden links among firms.

4.2. Forecasting US industrial production. The second application consists of forecast-
ing monthly US industrial production using a large set of monthly macroeconomic variables.
We compare four different models: (1) Autoregressive model; (2) Sparse LASSO Regression
(SR); (3) Principal Component Regression (PCR); and (4) FarmPredict.
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FIG. 3. Correlations of second-stage residuals. We estimate the correlations between all pairs of residuals from
the second-stage principal component analysis from specific sectors. The correlations higher than 0.15 in absolute
value are shown as black dots.

We use variables from the August 2022 vintage of the FRED-MD database, a large
monthly macroeconomic dataset designed for empirical analysis in data-rich macroeconomic
environments. The dataset is updated in real-time through the FRED database and is available
from Michael McCraken’s webpage.10

Our sample extends from January 1960 to December 2019 (719 observations), and only
variables with all observations in the period are used (122 variables). The dataset is divided
into eight groups: (i) output and income; (ii) labor market; (iii) housing; (iv) consumption,
orders, and inventories; (v) money and credit; (vi) interest and exchange rates; (vii) prices;
and (viii) stock market. Finally, all series are transformed to become stationary.

To highlight the gains of exploring all relevant information in the dataset, we construct one-
step ahead forecasts for the first-order difference of the logarithm of the monthly industrial
production index (IP, growth rate): YIP,t .

We compare the following models:

1. Autoregressive model (AR):

Ŷ
(AR)
IP,t+1|t = φ̂0 + φ̂1ŶIP,t + · · · + φ̂pŶIP,t−p+1,

where φ̂0, φ̂1, . . . , φ̂p are OLS estimates. The value of p is selected by BIC.
2. Sparse regression (SR):

Ŷ
(SR)
IP,t+1|t = β̂0 + β̂

′
1Y t + · · · + β̂

′
pY t−p+1,

10https://research.stlouisfed.org/econ/mccracken/fred-databases/. For further details, we refer to McCracken and
Ng (2016).

https://research.stlouisfed.org/econ/mccracken/fred-databases/
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FIG. 4. Partial correlations of second-stage residuals. We estimate the partial correlations between all pairs
of residuals from the second-stage LASSO regression from specific sectors. The correlations higher than 0.15 in
absolute value are shown as black dots.

β̂0, β̂1 . . . , β̂p are LASSO estimates and Y t = (Y1t , . . . , Ynt ) with n = 122. The penalty pa-
rameter is selected by modified BIC as in Wang, Li and Leng (2009).

3. Principal Component Regression (PCR):

Ŷ
(PCR)
IP,t+1|t = π̂0 + π̂ ′

1F̂ t + · · · + π̂ ′
qF̂ t−q+1,

FIG. 5. Variable Selection Frequency. We report how often the variables from column sectors are selected in the
third-stage LASSO regression for firms on row sectors. The numbers are normalized by the total number of firms
in each sector.
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where F̂ t is the estimate of the (k × 1) vector of factors F t given by the first k principal
components of Y t − μ̂ with μ̂ being the sample average of Y t . The parameters of the model
are computed by OLS regression of Yj,t on a constant and lags of F̂ t . The lag q is selected
by BIC.

4. AR—Principal Component Regression (AR-PCR):

Ŷ
(AR-PCR)
IP,t+1|t = α̂0 + α̂′

1YIP,t + · · · + α̂pYIP,t−p+1 + �̂′
1F̂ t + · · · + �̂′

pF̂ t−p+1,

where F̂ t is the estimate of the (k × 1) vector of factors F t given by the first k principal
components of Y t − μ̂ with μ̂ being the sample average of Y t . The model’s parameters are
computed by OLS regression of Yj,t on a constant, its own lags and lags of F̂ t . The lag orders
p and q are selected by BIC.

5. FarmPredict:

Ŷ
(FarmPredict)
i,t+1|t = μ̂j + λ̂

′
iP̂

′
j1F̂ t + · · · + λ̂

′
iP̂

′
jpF̂ t−p+1 + θ̂

′
1iÛ t + · · · + θ̂

′
piÛ t−p+1,

where Û t = (Û1,t , . . . , Ûn,t )
′ and Ûi,t = Yi,t − λ̂

′
iF̂ t , i ∈ [n]. The estimates θ̂0i , θ̂1i . . . , θ̂pi ,

i ∈ [n], are given by LASSO. The penalty parameter is selected by the modified BIC, and the
value of p is set to 24.

The forecasts are based on a rolling-window framework of a fixed length of 480 obser-
vations, starting in January 1960. Therefore, the forecasts started on January 1990. The last
forecasts are for December 2019. Note that the ARmodel only considers information concern-
ing the own past of the variable of interest. SR and PCR/AR-PCR/ expand the information
by two opposing routes. While SR uses a sparse combination of the set of variables, PCR
and AR-PCR, consider a factor structure (dense model). In the case of AR-PCR, lags of the
dependent variable are also included. FarmPredict combines these two approaches and
uses the full information available. The number of factors is set to 1.

Figure 6 reports the ratios of cumulative MSE of the FarmPredict model against the
cumulative MSE of the other benchmarks over the forecasting period. Several conclusions
emerge from the plot. First, FarmPredict outperforms the PCR model over the entire out-
of-sample period. It is also generally superior to the AR, SR, and AR-PCR models, apart from
2004 and 2008. During this period, the economy experienced housing and financial crises.
Furthermore, the number of out-of-sample forecasting periods was also relatively small. The
performance of FarmPredict improves drastically after 2008. Across the sample, the MSE
ratio of the FarmPredict model over the AR benchmark is 0.9080, while the SR, PCR,
and AR-PCR models have the following ratios, respectively: 0.9217, 1.0249, and 0.9215.

FIG. 6. Ratios of cumulative MSEs. In the figure we report the cumulative ratios of the mean squared errors
(MSE) of the FarmPredict model and the other benchmarks over the rolling windows.
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5. Conclusions. We propose a new methodology that bridges the gap between sparse
regressions and factor models and evaluates the gains of increasing the information set via
factor augmentation. Our proposal consists of several steps. In the first one, we filter the data
for known factors (trends, seasonal adjustments, covariates). In the second step, we estimate a
latent factor structure. Finally, in the last part of the procedure, we estimate a sparse regression
for the idiosyncratic components. We also propose a new test for remaining structures in high-
dimensional and partial covariance matrices. Our test can be used to evaluate the benefits
of adding more structure to the model. Our paper also has several important side results.
First, we proved the consistency of kernel estimation of long-run covariance matrices in high
dimensions where both the number of observations and variables grows. Second, we derive
the theoretical properties of factor estimation on the residuals of a first-step process. Third,
the proposed test can be used as a diagnostic tool for factor models.

We evaluate our methodology with simulations and real data. The simulations show the
test has good size and power properties even when the true number of factors is unknown and
must be determined from the data. If the number of factors is underestimated, we observe size
distortions. In particular, this is the case when the eigenvalue ratio test is used to determine
the number of latent factors. The simulations also show significant informational gains when
combining factor models and sparse regressions in a forecasting exercise. Two applications
are considered.
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