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Abstract

The density weighted average derivative (DWAD) of a regression function is a canonical
parameter of interest in economics. Classical first-order large sample distribution theory for
kernel-based DWAD estimators relies on tuning parameter restrictions and model assumptions
leading to an asymptotic linear representation of the point estimator. Such conditions can
be restrictive, and the resulting distributional approximation may not be representative of the
underlying sampling distribution of the statistic of interest, in particular not being robust to
bandwidth choices. Small bandwidth asymptotics offers an alternative, more general distribu-
tional approximation for kernel-based DWAD estimators that allows for, but does not require,
asymptotic linearity. The resulting inference procedures based on small bandwidth asymptotics
were found to exhibit superior finite sample performance in simulations, but no formal theory
justifying that empirical success is available in the literature. Employing Edgeworth expan-
sions, this paper shows that small bandwidth asymptotics lead to inference procedures with
demonstrable superior higher-order distributional properties relative to procedures based on

asymptotic linear approximations.
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1 Introduction

Identification, estimation and inference in the context of two-step semiparametric models has a long
tradition in econometrics (Powell, 1994). Canonical two-step semiparametric parameters are finite
dimensional functionals of some other unknown infinite dimensional parameters in the model (e.g.,
a density or regression function), a leading example being the density weighted average derivative
(DWAD) of a regression function (Stoker, 1986). This paper seeks to honor the many contri-
butions of Jim Powell to semiparametric theory in econometrics by juxtaposing the higher-order
distributional properties of Powell et al. (1989)’s two-step kernel-based DWAD estimator under
two alternative large sample approximation regimes: one based on the classical asymptotic linear
representation, and the other based on a more general quadratic distributional approximation.

In a landmark contribution, Powell et al. (1989) proposed a kernel-based DWAD estimator and
obtained first-order, asymptotically linear distribution theory employing ideas from the U-statistics
literature, along with plug-in standard error estimators, to develop valid inference procedures in
large samples. This work sparked a wealth of subsequent developments in the econometrics litera-
ture: Robinson (1995) obtained Berry-Esseen bounds, Powell and Stoker (1996) considered mean
square error expansions, Nishiyama and Robinson (2000, 2001, 2005) developed Edgeworth expan-
sions, and Newey et al. (2004) investigated bias properties, just to mention a few contributions. The
two-step semiparametric estimator in this literature employs a preliminary kernel-based estimator
of a density function, which requires choosing two main tuning parameters (a bandwidth and a
kernel function), and their “optimal” choices depend on the goal of interest (e.g., point estimation
vs. inference) as well as the features of the underlying data generating process (e.g., smoothness of
the unknown density and dimensionality of the covariates).

Classical first-order distribution theory for kernel-based DWAD estimators has focused on cases
where tuning parameter restrictions and model assumptions lead to an asymptotic linear repre-
sentation of the two-step semiparametric point estimator (Newey and McFadden, 1994; Ichimura
and Todd, 2007, for overviews), that is, the two-step estimator is approximated by a sample aver-
age based on the so-called influence function. This approach can lead to semiparametric efficient
inference procedures in large samples, but the implied distributional approximation may not be
“robust” to tuning parameter choices and/or model features. More specifically, the limiting dis-
tribution obtained based on the asymptotic linear representation is invariant to the way that the
preliminary nonparametric estimators are constructed, and requires potentially high smoothness
levels of the underlying unknown functions and thus the use of higher-order kernels. At its core,
asymptotic linear approximations assume away the contribution of additional terms forming the
statistic of interest, despite the fact that these terms do contribute to the sampling variability of the

two-step semiparametric estimator and, more importantly, do reflect the effect of tuning parameter

! Jim Powell’s contributions to semiparametric theory are numerous. Honoré and Powell (1994), Powell and Stoker
(1996), Blundell and Powell (2004), Aradillas-Lopez et al. (2007), Ahn et al. (2018), and Graham et al. (2023) are some
of the most closely connected to the our work. These papers employ U-statistics methods for two-step kernel-based
estimators similar to those considered herein. See Powell (2017) for more discussion and references.



choices in finite samples.

Cattaneo et al. (2014a) proposed an alternative distributional approximation for kernel-based
DWAD estimators that allows for, but does not require, asymptotic linearity. The key idea is
to capture the joint contribution to the sampling distribution of both linear and quadratic terms
forming the kernel-based DWAD estimator. To operationalize this idea, Cattaneo et al. (2014a)
introduced an asymptotic experiment where the bandwidth sequence is allowed to vanish at a speed
that would render the classical asymptotic linear representation invalid because the quadratic term
becomes first order even in large samples, which they termed “small bandwidth” asymptotics. This
framework was carefully developed to obtain a distributional approximation that explicitly depends
on both linear and quadratic terms, thereby forcing a more careful analysis of how the quadratic
term contributes to the sampling distribution of the statistic.

Small bandwidth asymptotics inference methods for kernel-based DWAD estimators were found
to perform well in simulations (Cattaneo et al., 2010, 2014a,b), but no formal justification for its
finite sample success is available in the literature. Methodologically, this alternative distributional
approximation leads to a new way of conducting inference (e.g., constructing confidence interval
estimators) because the original standard error formula proposed by Powell et al. (1989) must be
modified to make the asymptotic approximation valid across the full range of allowable bandwidths
(including the region where asymptotic linearity fails). Theoretically, however, the empirical success
of small bandwidth asymptotics could in principle come from two distinct sources: (i) it could deliver
a better distributional approximation to the sampling distribution of the point estimator; or (ii) it
could deliver a better distributional approximation to the sampling distribution of the Studentized
t-statistic because the standard error formula was modified.

Employing Edgeworth expansions (Bhattacharya and Rao, 1976; Hall, 1992), this paper shows
that the small bandwidth asymptotics approximation framework leads to inference procedures with
demonstrable superior higher-order distributional properties relative to procedures based on asymp-
totic linear approximations. We study both standardized and Studentized t-statistics, under both
asymptotic linearity and small bandwidth asymptotic regimes, and show that both standardized
and Studentized t-statistics emerging from the small bandwidth regime offer higher-order correc-
tions as measured by the second cummulant underlying their Edgeworth expansions. An immediate
implication of our results is that the small bandwidth asymptotic framework delivers both a better
distributional approximation (Theorem 1, standardized t-statistic) and leads to a better standard
error construction (Theorem 2, Studentized t-statistic). Therefore, our results have both theoretical
and practical implications for empirical work in economics, in addition to providing a theory-based
explanation for prior simulation-based findings exhibiting better numerical performance of infer-
ence procedures constructed using small bandwidth asymptotics relative to those constructed using
classical distributional approximations.

The closest antecedent to our work is Nishiyama and Robinson (2000, 2001), who also studied
Edgeworth expansions for kernel-based DWAD estimators. Their expansions, however, were moti-

vated by the asymptotic linear approximation to the point estimator, and hence can not be used



to compare and contrast to the distributional approximation emerging from the alternative small
bandwidth asymptotic regime. Therefore, from a technical perspective, this paper also offers novel
Edgeworth expansions that allow for different standardization and Studentization schemes, thereby
allowing us to plug-and-play when comparing the two competing asymptotic frameworks. More
specifically, Theorem 1 below concerns a generic standardized t-statistic and is proven based on
Theorem A in the appendix, which may be of independent technical interest due to is generality.
Theorem 2 below concerns a more specialized class of Studentized t-statistic because establishing
valid Edgeworth expansions is considerably harder when dealing with Studentization.

The idea of employing alternative (more general) asymptotic approximation frameworks that do
not enforce asymptotic linearity for two-step semiparametric estimators has also featured in other
context such as partially linear series-based, many covariates and many instrument estimation
as well as certain network estimation settings (Cattaneo et al., 2018a,b; Matsushita and Otsu,
2021), as well as other non-linear two-step semiparametric settings (Cattaneo et al., 2013; Cattaneo
and Jansson, 2018; Cattaneo et al., 2019). While our theoretical developments and results focus
specifically on the case of kernel-based DWAD estimation, their main conceptual conclusions can be
extrapolated to those settings as well. The main takeaway is that employing alternative asymptotic
frameworks can deliver improved inference with smaller higher-order distributional approximation
errors, thereby offering more robust inference procedures in finite samples.

The paper continues as follows. Section 2 introduces the setup and main assumptions. Section
3 reviews the classical first-order distributional approximation based on asymptotic linearity and
the more general small bandwidth distributional approximation, along with their corresponding
choices of standard error formulas. Section 4 presents the main results of our paper. Section 5
concludes. The appendix is organized in three parts: Appendix A provides a self-contained generic
Edgeworth expansion for second-order U-statistics, which may be of independent technical interest,
Appendix B gives the proof of Theorem 1 (standardized t-statistic), and Appendix C gives the proof
of Theorem 2 (Studentized t-statistic).

2 Setup and Assumptions

Suppose Z; = (Y;,X]), i = 1,...,n, is a random sample from the distribution of the random
vector Z = (Y, X')’, where Y is an outcome variable of interest and X takes value on R? with
Lebesgue density f. We consider the density weighted average derivative of the regression function
g9(X) = E[Y|X] given by

0 := B[/ (X)g(X)],

where for any function a we define a(z) := %a(w). To save notation, we also define e(X) :=
f(X)g(X) and v(X) := E[Y?X]. We impose the following conditions on the underlying data
generating process. Let || - || be the Euclidean norm.

Assumption 1.



(a) E[|Y|P] < 00, for some p > 3.

(b) ¥ :=E[p(2)(Z)] is positive definite, where ¥(Z) := 2[e(X) — Y f(X)— g].

(c) fis (S+1) times differentiable, and f and its (S+1) derivatives are bounded, for 25 > d+2;
(d) g is (S + 1) times differentiable and its first three derivatives are bounded;

(e) e and its first (S + 1) derivatives are bounded;

(f) v is twice diferentiable, and its first two derivatives are bounded, and vf and E[|Y || X]f(X)
are bounded;

(9) f, 9f, ¢f and vf vanish on the boundaries of their convexr supports;

(h) Cramér Condition:  sup limsup|Eexp(ttl1/5,)| < 1 where 5, :=v'Yv.
veR:||jv||=1 [t|—o0
Under Assumption 1 and using integration by parts, the DWAD vector can be expressed as
6 = —2E[Y f(X)],

which motivates the celebrated plug-in analog estimator of Powell et al. (1989) given by

~ le=_" ~ 1 1 Xi—x
= 92— Y;J .Xi’ i — K J ’
Z néifA) fila) | ( ; )

where ﬁ( -) is a “leave-one-out” kernel density estimator for kernel function K : R? — R and positive

vanishing (bandwidth) sequence h. For the kernel function, we impose the following conditions.

Assumption 2.
(a) K is even, differentiable, and K is bounded;
(b) [foa K(w)K (u)'du is positive definite;

(¢) For some P > 2,

/meu+wﬁm+/nﬁwm+wmw<m
R4 R4
and
1 if [a] = 0.
/RduaK(U)du: 0, if 0 < [a] < P
ta < 00, if [a] = P,

where a € Zi is a multi-index.?

#We employ standard multi-index notation. For a := (a1, ...,aq) we have (i) [a] := a1+- - -+aq, (i) a! := a1!...aq!,
(iit) = := 25" ... 25 for z € R? and (iv) ¢ (z) = #ﬁgadm for smooth enough ¢ : R — R,
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The estimator § can be expressed as a second-order U-statistic with n-varying kernel:

—1 n
~ n 1 (X=X
9=(2) >_ Ui, Uij=—hd+1f<( : J)m—m (2.1)

i<j

where » i"  is shorthand notation for St Dt

3 First-order Theory

Before presenting our main results concerning the higher-order distributional properties of different
statistics based on @7 we overview conventional and alternative asymptotic distributional approx-
imations, and the variance estimation methods proposed in the literature emerging from those

distinct approximation frameworks. Limits are taken as h — 0 and n — oo unless otherwise noted.

3.1 Distributional Approximation

In a landmark contribution, Powell et al. (1989) studied the first-order large sample distributional
properties of 0. They showed that, under appropriate restrictions on h and K, the estimator
§ is asymptotically linear with (efficient) influence function (z), and thus with semiparametric
(efficient) asymptotic variance 3. More precisely, Powell et al. (1989) showed that if Assumptions
1 and 2 hold, and if nh2™n(PS) 5 0 and nhdt2 — o, then

(@ —0) = \}ﬁzw(zi) +op(1) ~ N0, 5). (3.1)
=1

This result follows from the U-statistic representation in (2.1) and its Hoeffding decomposition,
which gives 6 = E[U;;] + L + Q, where

- 1
L=— > Li,  Li=2E[U;|Z] - E[U;)),
i=1

and .
- n
@= <2> Z Qi Qij = Uij — E[Uy5| Zi] — E[Us;]Z5] + E[Ui),
1<j
both mean zero random vectors. Because ]E[Uij] =0+ O(hmin(RS)) and Q = OP(n—lh—(d+2)/2), i
follows that

Vil —6) = = > (ElUs12]  ElU]) + O (Viah ¢ )

from which the asymptotic linear representation based on the (efficient) influence function in (3.1)
is established upon noting that E[||L — >, ¥(Z;)/n|*] = O(n~1h).



Conceptually, the Hoeffding decomposition and subsequent analysis of each of its terms shows
that the estimator admits a bilinear form representation in general, which then is reduced to a
sample average approximation by assuming a bandwidth sequence and kernel shape that makes
both the misspecification error (smoothing bias) and the variability introduced by @ (“quadratic
term” term) negligible in large samples. As a result, provided that such tuning parameter choices
are feasible, the estimator will be asymptotically linear.

Asymptotic linearity of a semiparametric estimator has several distinct features that may be
considered attractive from a theoretical point of view (Newey, 1994). In particular, it is a necessary
condition for semiparametric efficiency and it leads to a limiting distribution that is invariant to the
choice of the first-step nonparametric estimator entering the two-step semiparametric procedure.
However, insisting on asymptotic linearity may also have its drawbacks because it requires several
potentially strong assumptions and leads to a large sample theory that may not accurately represent
the finite sample behavior of the statistic. In the case of 5, asymptotic linearity requires P > 2
unless d = 1, thereby forcing restrictive smoothness conditions (S > P) and the use of higher-order
kernels or similar debiasing techniques (see, e.g., Chernozhukov et al., 2022, and references therein).
In addition, classical asymptotic linear theory (whenever valid) leads to a limiting experiment
which is invariant to the particular choices of smoothing (K) and bandwidth (k) tuning parameters
involved in the construction of the estimator, and therefore it is unable to “adapt” to changes in
those choices. As a result, asymptotically linear large sample distribution theory is silent with
respect to the impact that tuning parameter choices may have on the finite sample behavior of the
two-step semiparametric statistic.

To address the aforementioned limitations with classical asymptotic distribution theory, Catta-
neo et al. (2014a) proposed a more general distributional approximation for kernel-based DWAD
estimators that accommodates but does not enforces asymptotic linearity. The core idea is to char-
acterize the joint asymptotic distributional features of both the linear (L) and quadratic (Q) terms
jointly, and in the process develop an alternative first-order asymptotic theory that accommodates
weaker assumptions than those imposed in the classical asymptotically linear distribution theory.
Formally, if Assumptions 1 and 2 hold, and if min(nhd+2, 1)nh? min(P.5) _y 0 and n2h% — oo, then

(V[B])~"/2(6 — 6) ~ N(0,1), (3.2)

where
~ _ ~ 1 ~ n\ !
VR =V VG VIE = [s+m), VA= () KA o),

and A = 2E[v(X) f(X)] [ga K(u)K (u) du.

This more general distributional approximation was developed explicitly in an attempt to better
characterize the finite sample behavior of 6. The result in (3.2) shows that the conditions on
the bandwidth sequence may be considerably weakened without invalidating the limiting Gaussian

distribution, albeit the asymptotic variance formula may change. Importantly, if nh¢*? is bounded



then 6 is no longer asymptotically linear and its limiting distribution will cease to be invariant with
respect to the underlying preliminary nonparametric estimator. In particular, if nh%t2 — ¢ > 0
then 6 is root-n consistency but not asymptotically linear. In addition, because the bandwidth
is allowed to be “smaller” than usual, the bias of the estimator is controlled in a different way,
removing the need for higher-order kernels. Interestingly, (3.2) allows for the point estimator to
not even be consistent for @, for sufficiently small bandwidth sequences.

Beyond the aforementioned technical considerations, the result in (3.2) can conceptually be
interpreted as a more refined first-order distributional approximation for the standarized statistics
(V[@\])_l/ 2 (5 — #), which by relying on a quadratic approximation (i.e., capturing the stochastic
contributions of both L and Q) it is expected to offer a “better” distributional approximation.
The idea of standarizing a U-statistic by the joint variance of the linear and quadratic terms
underlying its Hoeffding decomposition can be traced back to the original paper of Hoeffding (1948,
p. 307). Furthermore, the asymptotic distribution theory proposed by Cattaneo et al. (2014a) can
be viewed as highlighting the well known trade-off between robustness and efficiency in two-step
semiparametric settings: 9 is semiparametric efficient if and only if nh%t? — oo, while it seems
possible to construct more robust inference procedures under considerably weaker conditions that
would not be semiparametric efficient. Simulation evidence reported in Cattaneo et al. (2010,
2014a,b) corroborated those conceptual interpretations numerically, but no formal justification is
available in the literature. Theorem 1 below will offer the first theoretical result in the literature
highlighting specific robustness features of the distributional approximation in (3.2) by showing that

such approximation has a demonstrably smaller higher-order distributional approximation error.

3.2 Variance Estimation

Based on the asymptotically linear distributional approximation in (3.1), Powell et al. (1989) also

proposed the following variance estimator

1< 1 = A
£= Y LI Li:2[n71'Z.Ui]~—9},
i=1 J=1j#i

and proved its consistency (i.e., S —p ) under the same bandwidth sequences (nh2™n(P5) 5
and nh?t? — 00) required for asymptotic linearity. This result justifies employing the Studentized

statistic

S7V2/n(6 = 6) ~ N(0,1) (3.3)

for inferences purposes, that is, to construct a confidence interval for § and smooth trasformations
thereof, or to carry out statistical hypothesis testing in the usual way.

However, motivated by their alternative asymptotic approximation, Cattaneo et al. (2014a)
showed that
n

-1
2) h=972[A + op(1)],

1s_ %[E—i—op(l)} +2<

n



which implies that the consistency result S —p ¥ is valid if and only if nh?t? — oco; otherwise,
S is in general asymptotically upwards biased relative to V[a] in (3.2). Because S is asymptoti-
cally equivalent to the jackknife variance estimator of §, Cattaneo et al. (2014b) also noted that
the asymptotic bias of T is a result of a more generic phenomena underlying jackknife variance
estimators studied in Efron and Stein (1981). See also Matsushita and Otsu (2021) for related
discussion.

To conduct asymptotically valid inference under the more general small bandwidth asymptotic

regime, Cattaneo et al. (2014a) proposed several “debiased” variance estimators, including the

following
-1 —1n—1 n
5_ls (n —d—27R N _pd+2(T o
V = nZ 9 h A, A=h 9 E E Uz]Uija
i=1 j=i+1

and show that A —p A under the same bandwidth sequences (nh?™n(PS) 5 0 and n?h? — o0)
required for (3.2) to hold. The estimator A is asymptotically equivalent to the debiasing procedure
proposed in Efron and Stein (1981). This result justifies employing the Studentized statistic

V126 — 6) ~ N(0, 1) (3.4)

for more “robust” inferences purposes relative to those constructed using (3.3).

Heuristically, robustness manifests in two distinct ways. First, the underlying Gaussian distribu-
tional approximation holds under weaker bandwidth restrictions and does not require asymptotic
linearity, thereby making the limiting distribution explicitly depend on tuning parameter choices.
Second, the new standard error formula V is derived from the more general small bandwidth ap-
proximation and make explicit the contribution of terms regarded as higher-order by classical large
sample distributional approximations.

While not reproduced here to conserve space, the in-depth Monte Carlo evidence reported in
Cattaneo et al. (2010, 2014a,b) also showed that employing inference procedures based on (3.4) lead
to large improvements in terms of “robustness” to bandwidth choice and other tuning inputs, when
compared to classical asymptotically linear inference procedures based on (3.3). Theorem 2 below
will study those two feasible statistics and show formally that the distributional approximation

(3.4) has demonstrably smaller higher-order errors than the distributional approximation (3.3).

4 Higher-order Distribution Theory

We present Edgeworth expansions for scalar standarized and studentized statistics based on 51, -0,
with @, = /0 and 0, := ', where v € R? is a fixed non-random vector. Considering scalar
statistics substantially simplify the developments and proofs without affecting the main conceptual
and theoretical takeaways. The sequence ¥ will first be non-random, thereby allowing us to inves-
tigate the role of classical distributional approximations based on asymptotic linearity vis-a-vis the

more general distributional approximations based on small bandwidth asymptotics for standarized



statistics. Then, the sequence 9 will be taken to be random based on the two alternative variance
estimators introduced in the previous section, thereby allowing us to investigate the role of variance

estimation on the performance of distributional approximations for Studentized statistics.

4.1 Distributional Approximation

Our first theorem offers a valid Edgeworth expansion for the sampling distribution function

é\V_eV

Fy(t) :—IP’[ gt], teR,

with precise characterization of the first three cummulants determining the leading errors in dis-

tributional approximation of the Studentized statistic. Define the following key quantities:

_ z o R
8= 2(-1)" m; P90 5 f0]. ot =V,
k1 =B Y(2)%), ke :=A4E[0(Z2)0(Z)] — SE[§(Z)*]6, + 463,

where 0(Z) :=v'{(Z)/2 + 0, and n(Z2) = lim,,_,oc E[0(Z1)1'Us2| Z2].

Theorem 1 (Standardized). Suppose Assumptions 1 and 2 hold. If \/nh® — 0 and nh?*t? — oo,

then for any positive non-random sequence 9 such that ¥/o — 1,

sup [Fy(t) = Go(t)] = O(Fn) + o(n™'/%)

with
o2

Go(t) := B(t) — qﬁ(t){%hp + (@ - 1) + “gngﬁ’;? (t% - 1)},

3/2 3/2
and R, := nh?f + <(;Of£)23) + ZZ;I; + (hi/;,jff) , where ® and ¢ are the c.d.f. and p.d.f. of

a standard Gaussian distribution. Furthermore, if %‘lgﬁ); — 0, then R, = o (\/ﬁhp + HT}JH)

This theorem is proven by verifying the high-level conditions of a result in Appendix A establish-
ing a valid Edgeworth Expansion for a generic class of U-statistics with n-varying kernels, which
may be of independent theoretical interest. Specifically, Theorem A.1 and its corollary A.1 improve
on Jing and Wang (2003) by allowing for n-varying kernels under more general condition suitable
for the semiparametric problem of interest herein. Theorem 1 also improves on Nishiyama and
Robinson (2000, Theorem 1) in two respects: (i) it allows for a generic standardization scheme ¢
instead of their specific choice \/m; and (ii) it presents a valid Edgeworth expansion with
precise error rates with respect to the bandwidth. These improvements enable us to compare the
two different distributional approximations of interest, (3.1) vs. (3.2).

The main conclusion in Theorem 1 follows the expected logic underlying Edgeworth Expansions:

%hp , g—z —1 and ’ggg; capture, respectively, the standardized bias, variance and higher moments of



the statistic. Inspection of these terms lead to interesting implications for large sample distribution
theory, in particular leading to a sharp contrast between distribution theory based on asymptotic
linear representations vis-a-vis alternative asymptotics, each with either fixed-bandwidth or leading
asymptotic variance standardization. More specifically, we can consider four distinct standarization

schemes: from first-order asymptotic linear theory (3.1) we have
2 I'T 1 / 92 1
Vi = V[V'L] = =V[V'L;] and Uy = —V' Xy,
n n

while from small bandwidth distribution theory (3.2) we have

025 = V[0,

o? and 15%13 = 11/2V + <n> 1h*d*21/’Ay.
n 2

The standardizations 9,1, and ¥sg correspond to those constructed using the pre-asymptotic variance
of the point estimator, each justified according to the asymptotic regime considered (asymptotic
linear and small bandwidth, respectively). In contrast, the standardizations 14, and ¥sg correspond
to employing the leading term only in the large sample approximation of the pre-asymptotic variance
of the point estimator, again keeping only those terms that are justified by the asymptotic regime
considered. That is, ¥ = o + o(n~!) and Ysp = Jsp + o(n~') under the assumptions of Theorem
1. For comparison, Nishiyama and Robinson (2000, Theorem 1) used Jar.

Employing Theorem 1 we can now compare the different approaches to standardization and
their associated errors generated in the distributional approximation. Firstly, it is easy to see that
employing Uar and Jgp will generate larger distributional approximation errors relative to their pre-
asymptotic counterparts, ¥, and vgp, respectively. See the proof in the appendix for exact rates,
which are not reproduced here to conserve space. The main conceptual message is that one should
always employ variance formulas that capture the full variability of the statistic whenever possible,
as opposed to employing those that capture only the leading variability in large samples. See
Calonico et al. (2018, 2022) for closely related results in the context of nonparametric kernel-based
density and local polynomial regression estimation and inference.

Secondly, and more importantly for our purposes, Theorem 1 shows that even if the full finite-
sample variance of the point estimator is captured for standardization purposes, it is still crucial to
incorporate the variability of both the linear and quadratic terms. More precisely, setting 9 = 9,1,
then g—; —1 = O(n~'h=%72), while setting ¥ = g implies that g—z —1 = 0. As a consequence,
our first main result shows that employing the pre-asymptotic variance of the statistic, which is
naturally justified by the more general asymptotic distributional approximation (3.2), leads to the
smallest error in the distributional approximation of the sampling distribution of the standardized
statistic. This result thus provides theory-based evidence in favor of employing small bandwidth
asymptotics for kernel-based DWAD methods whenever the goal is to minimize errors of inference
procedures relying on large sample Gaussian approximations.

The methodological implications of our first theoretical result can be illustrated by analyzing the
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coverage error of standardized confidence intervals. According to Theorem 1, for any a € (0,1), a

100(1 — @)% two-sided confidence interval based on asymptotic linearity satisfy

P[0, € [B + @1 api]| =1-a+ nid% +o(vahY 40 thm 2 42,
where @, = &7 !(a), and Rur = 2®1_4/20(1 — a/2)n"th™472(0? /93, — 1) = O(1 + h?), with the
exact form of the leading terms described in the appendix. On the other hand, under the conditions
in Theorem 1, a 100(1 — a))% two-sided confidence intervals based on small bandwidth asymptotics
satisfy
IP’{HV € [@, + <I>1,a/21953]} =1—a+ 0(\/ﬁhp +n thTd2 4 n*1/2),

implying a smaller coverage error distortion in large samples.

The above coverage error comparison is conceptually useful, but it does not directly translate to
practice because the confidence intervals are infeasible. To complement the results in this section,
we consider next the implications of constructing variance estimators and hence study feasible

(Studentized) inference procedures.

4.2 Variance Estimation

We study the role of Studentization and thus obtain valid Edgeworth expansion for the sampling

distribution functions

0, —0 ~ 1 .~
Fu(t) =P | 22—~ <t Upr = —/'%
AL() [ 0AL = ] ) AL nl/ 1%
and N .
6, —0 ~ 1 -~ n\ —~
Fep(t) =P | 22 < ¢ Vsp = —/'3v — R4 A
SB() [ o > ] s SB nV v (2) vV AV

Crucially, the estimators 3 and A target the total variability nV[L] = V[L;] and (5)RET2V(Q] =
hd”V[QM}, respectively, and not just their leading quantities 3 and A. Therefore, in light of the
results reported in the previous section, WeAdo not explicitly consider naive plug-in estimAators of
Up. and Jgpy such as % Z?zl(u’[g(Xi) —yf(X;) — 5])2 for the former, where é(z) and f(z) are
plug-in nonparametric estimators of é(z) and f(z), respectively. These alternative Studentization

schemes will lead to larger higher-order distributional approximation errors when compared to 5AL

and gsg.

Theorem 2 (Studentized). Suppose Assumptions 1 and 2 hold with p > 8. If \/nh* — 0 and
nh®*2 /(logn)? — oo, then

sup ‘FAL(t) — GAL(t)‘ = o(ry)
teR

with

vnhf'B 1 VAv 1
Gu(t) = 2(t) — o( ){ VSy  nhdt2? V’Eyt B V/n6(v'3r)3

1282+ 1) + (i + 1)] },
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and

sup |Fgs(t) — Gss(t)| = o(ry)
teR
with
Vvnhtp 1
ZoNY V/nb(v'Xv)3

Ga(t) = ®(t) — ¢>(t){ [m(QtQ + 1) + ko (£ + 1)} }

where Ty, := /nht +nTh=1"2 4 =1/

This theorem shows that employing Studentization based on small bandwidth asymptotics offers
demonstrable improvements in terms of distributional approximations for the resulting feasible ¢-
test. The main practical implication of our second result can again be illustrated by analyzing
the coverage error of Studentized confidence intervals. According to Theorem 2, and as it was
the case for stdentized confidence intervals, a 100(1 — «)% two-sided confidence intervals based on

asymptotic linearity satisfy

V' Av

~ ~ 1
P[eu € [91/ + q>1—a/2'l9AL]:| =l-a+ qu)l—a/%b(l - a/2) + O(TTL)7

V'Y

while, under the conditions in Theorem 2, a 100(1 — )% two-sided confidence intervals based on

small bandwidth asymptotics satisfy
P[&V S [é\y + (I)l—a/2{9\SB]] =1—-a+ O(Tn),

implying a smaller coverage error distortion in large samples. This result provides a theoretical
justification to the simulation evidence reported in Cattaneo et al. (2014a,b, 2010) where feasible
confidence intervals based on small bandwidth asymptotics were shown to offer better finite sample
performance in terms of coverage error than their counterparts based classical asymptotic linear

approximations.

5 Conclusion

Employing Edgeworth expansions, we study the higher-order properties of two alternative first-order
distributional approximations and their associated inference procedures (e.g., confidence intervals)
for the kernel-based DWAD estimator of Powell et al. (1989). We showed that small bandwidth
asymptotics not only give demonstrable better distributional approximations than asymptotic linear
approximations, but also justify employing a variance estimator for Studentization purposes that
also improves the distributional approximation. The main take away from our results is that
in two-step semiparametric settings and related problems, alternative asymptotic approximations
that capture higher-order terms ignored by classic asymptotic linear approximation can deliver
better distributional approximations and, by implication, better inference procedures with improved
performance in finite samples.

While beyond the scope of this paper, it would be of interest to develop analogous Edgeworth

12



expansions for non-linear two-step semiparamtric procedures developed using alternative asymp-
totic approximations and resampling methods (Cattaneo et al., 2013; Cattaneo and Jansson, 2018;
Cattaneo et al., 2019). For the special case of kernel-based DWAD estimators (a linear two-step
kernle-based semiparametric estimator), Nishiyama and Robinson (2005) present results that could
be contrasted with those obtained under under small bandwidth asymptotics (Cattaneo et al.,
2014b). We relegate such developments for future research due to the substantial amount of addi-

tional technical work required.

A Edgeworth Expansion for Second-Order U-Statistic

Consider the sequence of maps (u, : R x R? — R,n € N) where u := u,, is symmetric in terms
of the permutation of its two arguments for every n € N. Given a random sample 71, ..., Z, for
n > 2 of the random variable Z taking values on R? the object of interest in the second order

U-statistics with an n-varying kernel given by
1 n
U= (Z) 1§;§nu(z,~,zj). (A1)
We drop the subscript n to simplify notation. By the Hoeffding decomposition,

0—0
—— =B+L+Q,

where B = (Eu(Z1, Zo) — 0)/9, L := 3~ S0 4 and Q := 3(5) 7" Y0, i< ¢ij» Where £ := ((Z;)
and Qij = q(ZZ',Zj) With E(Zl) = Q[Eu(Zl,Z2|Zl) — Eu(Zl,Zg)] and q(Zl,ZQ) = U(Zl,ZQ) —
U(Z1)]2 — U(Z2)/2 — Bu(Zy1, Z3). Given the decomposition above,

o? = V[0] = —o} + (”) 7103, (A.2)

where o7 := E¢? and 02 = Eq?,.
We establish a valid third-order Edgeworth expansion for the the sampling distribution of the

centered and standardized version of U:

F(t) =P [U;e < t] . teR, (A.3)

where 6 € R and ¥ > 0 are non-random.
Theorem A.1. Let the following conditions hold:

(a) E[(t1/00)%] = O(1) and E[jq12|]**° < o0, and o, >0

(b) fg@ — 0 and § — 1.

13



(¢) limsup limsup |E exp(ctl /op)| < 1.

n—0o0  |¢|—o0

Then, sup;eg |[F(t) — G(t)| = O(E) + o(n~2) where G is the distribution function with character-

istic function

-1
n
=3 (5 1) 7= s (B8 + 6Btas] . =k (1) (3)
-1
n o2
V5 = Trzgs [(2) (Ef?)ag + 692 (ﬁ - )E5152Q12]

_ 1
76 — 696nd

-2 -2
o2 n n n n
V8 = g (ﬁ - ) <2> <4> [Elil2q12]°, Yo = 1ops <2> <4>E£§’ [El162q12)7

—2
n n
(EL3 Bl l2gr2 + 12(2) <4> [Wl@(hz]Q] . =0,

and
s 246
2+6 75 2\ 2 246
1 logn) 2+ 1
&= (82 ) 7 Mara(n) + ((og:lw? oq> + (282) " My s(10g )

2 2,2 2
+ %E%&%ﬂ + WEWQ@QI + %E\gﬂhﬂ + U?les/zE|€1f2f3CI13qQ3|

+ ﬁ(wlfzqu)(mﬁ%mﬂ) + %(Eﬂl@mz)(ﬂﬁﬁgmﬂ),

odn?

with Moy 5(m) := E| Zgz]l_l dimit qij|*0 for real m > 1 and [] denoting the floor operator.

Corollary A.1. Let the assumptions of Theorem A.1 hold. If B — 0, then

up |F(t) — G(t)] = O (B> + &) + o(n~1/?),

with
t2 9 .
xa(t):=e 2 |1+ But+ Z (4) v;
j=2

Remark A.1. Lemma A.2 below gives the following simpler bound
Moy5(m) S (nmog) *+2 v mn' PE[(E(g1a] 1)) +07?] v nmE|gi2*+,

where < denotes bounded up to a fixed constant, and a V b = max{a, b}. _
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Remark A.2. We can invert the characteristic function above to obtain a close form for F' using
the fact that for non-negative integer k, 5 |5 exp (—utx — t2/2)(ut)kdt = Hy,(z)$(z), where Hy(z) is
the k-th order Hermite polynomial (e.g., Ho(k) = 1, Hy(z) = =, Hy(z) = 2? — 1, H3(z) = 2 — 3x).
Therefore, the distribution function of x¢(¢) from Corollary A.1 is

9
G(x) = ®(x) — (=) | > vH1(x)
j=1

-

Remark A.3. To compare to Jing and Wang (2003), let u(+, ) not dependent on n, § = Eu(Z;, Z5),

¥? = 02 /n, and E|gi2|** bounded. Then, & = o(n~/2) and xq(t) = exp(—t?/2) (1 - ?\%) +

o(n~1/?), giving

G(2) = 9(z) - <Z5(9€)6\1/ﬁ [E ((%>3 6E€;§2912] (22— 1)

A.1 Proof of Theorem A.1

Let xr denote the characteristic function F and g be the density of G. Using the well-known
“smoothing inequality” (Bhattacharya and Rao, 1976; Hall, 1992), we write

wos][

where p is the Kolmogorov distance. We set v = y/nlogn and split the range of integration into

dt + A5 Peer 9@

v

xr(t) — xa(t) ‘

“low” frequencies and “high” frequencies. By the triangle inequality,

p(F,G)Sh+ L+ I3+ I+ 7o, (A.4)
where
t) — t t

he [0zl g 100

[t|<logn t log n<|t|<cy/n t

t t

I :_/ X ( )‘dt’ I :_/ xa( )‘dt;

cy/n<|t|<y/nlogn t [t|>logn t

Moreover, ¢ > 0 is a fixed constant to be specified later.

We now bound each of these integrals in turn. We use extensively the fact hat

9 :
exp(Lx) — Z (w‘:‘)j

; < |z | ¥seo,1]. (A.5)

J=0



Also, define for ¢(t) := Eexp(ttl;) for t € R where oy is positive by Assumption (a).

Bound for I;

We start by decomposing xr(t) = Eexp [uﬁ(%)] = exp(uth)xr+q(t) where x1+g(t) := Eexp(¢tL) exp(:tQ).
Use (A.5) to expand the second exponential in x74+¢(t) to write

Xr+q(t) = Eexp(itL)[1 + tQ — 5(1Q)* + O((tQ)**)]. (A.6)

Since £y, ..., 4y is a i.i.d sequence (for a given n > 2), the first term in (A.6) can be written as

Eexp(LtL)_Eexp@;gei) EHexp<Lt€> ﬁEeXp< ) w"(@)-

For the second term in (A.6), we have

Eexp(itL)itQ = g(Q) Y E H exp < ) %

z<] =
_ ZEHGX 75 ex Lft(ﬁ'—l-ﬂ) i
AT p k p In Lt j) | Qij
i<j  k#ij
it (n\ - ot ot
= 19<2) ;kngexp <19n€k> E exp <29n(£2 + fj)) qij

t t
= %wn—2 (ﬁ) E exp (gn(ﬁl —1—52)) q12-

Similarly, for the third term in (A.6), we use

Eexp(itL)(1tQ)? = [Lg < ) ] {ZE I exp (&) 4

1<) =

+ > E H exp <1;:;€m> i1

i<j=k<l m#i,j,l

+ > E J] e (q;j/m) Qiijl]

i<j<k<l migk,l

[56) T [ (e e )

+9" % () <§)E6XP <1;i(£1 + 0o + 53)) q12423
2
+0" " (55) <Z> <EGXP <1;i(€1 + ﬁz)) Q12> ] .
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For the last in (A.6), we have

-1
[Eexp(tL)(tQ)**| < E[tQI**" = [‘g @

246 £\ 20
E‘ quj — ((1;/’1!) H2+5(7'L)) .
1<J

Using the last four displays, we simplify (A.6) to
xr+(t) = ¥" (37)

Z'2
1/]7L2(t) (t)

-1
n
ﬂEeXP( (b +62))an2 + 55 <2> E exp($5 (01 +f2))(ﬁ2]

1
Z) ] P8 () (3>E6XP( (b1 + L2 + l3))q13G23

(
$<Z>_1] P (L) (4) [E exp( 24 (61 + £2))q12)”

L0 {(19';2)2% Hm(n)} . (A7)

We now expand the exponentials inside the expectation and collect terms. For notation brevity,
write a := ﬁ. For the first one, we have

Eexp(a(fy + £2))q12 = E(exp(aly) — 1) (exp(alz) — 1)q1z
=E [(exp(al1) — 1 — aly) (exp(als) — 1 — als)q2

+aly (exp(aly) — 1 — aly)qiz + aly(exp(aly) — 1 — aly)qi2 + a2€1£2q12]
= a’Blilrqiz + O (|al’E|6ilaqual + |a| "B} 5q12])

for the second term we have
Eexp(a(fy 4 £2))qia = 05 + E[ exp(a(ly + £2)) — 1]¢75 = o7 + O(|a|E|f1gi,)),

and for the third term we have

3
EHexp(aEi)qlgq% = EH (exp(a&) - 1)Q13QQ3 = O(|CL|3E‘€1£2€3(]13Q23|).
=1 =1

Plugging the above expansions back into (A.7) yields
. . (i it)? (n\ !
et = )+ ) | G2 ()

—2
_ 06 [ n
+ynt (ﬁ) %1(9624 <2> (4> [E¢1£2q12)?
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5 3
( (7s) [#;EW%@QIZ\ + Bl Bara| + %E%(ﬁsz
5
+0 (WHS (4) |§L4E|£152€3Q13Q23|>

U
7 8
|55 (B o) (BN aqua]) + L (B ag12) (BN ) )

+0 [(19';2)2” H2+5(n)} . (A.8)

From the Edgeworth expansion theory for sum off i.i.d random variables (Bhattacharya and Rao,
1976; Hall, 1992), we have for [t| < §*y/n for some small enough 6* > 0

e (J/ﬁ) = exp [~ 5] [1 - 65%1{-3 (2)3] +o (W exp(—t2/4)) .

Let oy = LW for k € {0,2,3,4}. Since o < 1 by assumption, where =< denotes proportional

up to a fixed finite positive constant, we obtain

t ot

Wi <19n> _ gk <m)
= exp [—% (akt)ﬂ [1 _ %E <2>3

A first-order Taylor expansion yields

+o (W exp(—(axt)? /4)) .

exp(—(axt)?/2) = exp(—£2/2) [1 = (o} = ) + O(p()(af — 1)?)],

and plugging it back in the previous expression, we have

o (go) oo () ety ()]
+0 (= 1%p(t) exp (=£°/2)) + 0 {W exp(—(akt)z/zl)} .

for |t| < 6*/n.
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Combine (A.8) and (A.9) to conclude that, for |[t| < §*\/n,

Xr+Q(t) = exp ( ) [1 — (1972 — ) t; — 61;212[5@

(i) (n\ " ()3 e (1
L+ 507l o + 9312 Elilaqr2 + 5 9
o2 2 3
+0 (exp ( ) [1 + ( ) 2+ (ﬁ - 1) p(It]) 'tn] R(t)>

+oew () [13°] RO)
#0 ()" assto). (A.10)

where

R(t) = o B\ loqia| + 1|3 Bq1] + ﬁ?ngﬂzwlqu\ + L R0, 65031305]

W 5 (El1laq12) (E|63 laqr2]) + ﬁgne (E£1£2q12)(E]€2£ qQ12])-

After some rearrangement, the first term in (A.10) becomes

<
I M ©
)

—~

SAE

SN—

[

2

S

Trro(t) = exp (—%) P(t) = exp (—%) {1 + )

where

2

—1
w)? (o )3 i) n
P(t) =1+ 3 (19*Z - 1) + oty [B6 + 6Bl laqia] + 55 (W - 1) <2> ol
-1
)3 n o2
+ o [<2> (B6)o2 + 60° (5 — 1) Bl Emw]

—2
(EL3El £2g12 + 12<2> <Z> [Ety62q12]?

—2
B8 [ o2 n n
+ iqgﬁtr)ﬁ <ﬁ B ) <2> (4) (Bt a0ial
-2
£ [T n
+ T s <2> <4>E€? (B loqua]”

Since X1+¢(t) = exp(—ttb)xc(t), we have under Assumption (a) and (b)

IXr(t) = xc(@)] =0 (eXp (—%) R(t) + (%)M H2+5(n)> .
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Therefore,
- 4 5(n) 146
I,=0 / t 1exp—t24tht+/ t|1rode
( \t|§logn| | ( / ) () (79”2)2+6 |t|§10gn‘ ’

oo n 246
=0 (R(l) + (Iﬁ%) H2+5(n)> .

For 1 <m < n, define @, := %(g)_l Doty D iiv1 @ij- Using (A.5) we can write

Bound for I,

2 i k
Eesp(t(L+Q - Q) Y. L)

k=0

IXr(®)] = IxL+Q)] < + [tPHEIQm .

Exploiting the fact that @ — @, is only a function of X,,+1,..., X, we have

[Eexp(et(L+Q — Qu)| < [ (5;) I™

For the second term

Z Z Eexp(ut(L 4+ Q — Qm)qij

i=1 j=i+1

Similarly, using the fact that

n 2 m n m n m m n m n
HBEARD 3 SLES 3 9 ST 35 b ol
i=1 j=i+1 i=1 j=i+1 :;11 i=1 j=i+1 :;1J l;{z:-;,

we conclude for k € {0, 1,2},
N
_ mn (n
[E exp(et(T = Qm)) Q| < [ (55) "7 (79 <2> ) Elgi|".
Finally, using the fact that ¥ = O(oy/+/n) by Assumption (b) and combining the last displays,

(1) s ()

q12
o

k
5 5
2|+ [tPTEIQm [, (A.11)

2
eI S
k=

0

for 1 <m < nandé € [0,1].
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By the triangle inequality followed by (A.5), we have

2 2 3
[ () | = 1L = st < 10 () = (1= seod)] < dmpBlal®

2 2
For |t| < ‘[19” we have |1 — t 20€| =1- (én)2 o? hence

[ (3) | <1 gm0 + SB[ |t < 22,

Assumption (b) together with (A.2) implies that fﬁ — 1 as n — oo. Then, we can find a N; € N
such that \/5/6 < ‘7" < (6/5)'/3 for n > Nj. Also, Assumption (a) implies the existence of a
constant C > 0 and N2 € N such that E|¢;/o¢|> < C for n > No. Then, for |t| < c¢\/n where

= (v/2/(6/5)'/3) A (5/(12C)) and n > Ny := Ny V No, we have

: 2 o0 \2 E|ty/oo® [ o0 \° 2 P
!w(%)lgl_t [1 <19\ZF) f (L\;/ﬁel (ﬁ\;ﬁ)]ﬁl—;ngexp(—gn). (A.12)

For logn < |t| < c\/ﬁ set m = [m] + 1 = O(n), then plug in (A.12) to conclude that
[V (5) ™% < exp(—52) < n~°. Combining this last bound with (A.11), we obtain

k
+ [tPPEIQm| P, (A.13)

q12
oy

= |tk
PRI ZnE:k

k=0

for |t| < ¢y/n and n > Ny. Then,

2 246
1 Elgo|®  [/nl 2+6
LSS 912 +< “ Ogn) () "rogn
k=0n

o¢

—hok2 T GF n
) ) 244
10 logn)o 2
< ——2% +logn % .
nnoy no;

2
Therefore, since % = o(1) by Assumption (b), we conclude
4

5 244
448 2
log n) 2+ g2
IL=on1)4+0 %
nojy
Bound for I3 and Iy

Under Assumption (c), for sufficient large n, we may find a b > 0 such that for |t| > cy/n

¢ (55) | <1 —b < exp(—b),
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where ¢ > 0 is define just before (A.12). Set m = [41%g"] +1, then nm < nlogn and [ ()" 7|
n~4 for sufficient large n and s € {1,3,4,5}. Use these upper bounds on (A.11) to conclude that

2
@) S 0t (14 [ log nElar/or] + 2 (logn)? %% ) + [t (nlog )+ Blgia*,  (A14)

for sufficient large n and [t| > ¢y/n. Then,

I = o(n_1/2) +0 ((nlogn)Hé/QE\qngJ”s /f<| o t’1+6dt>
c t ogmn

246
=o(n Y +0 ([loin] 5, 5(log n)) )

Finally,
9 .
— 2 i
D= [ exp(= ) |14 Y (5) )
[t|>logn =2
<C Lexp( % dt + Z / 71 exp(—%)dt,
t>logn t>logn

where the first integral is o(n~!) and the second is o(1). Therefore,
Li=o|n '+ 29: m
j:

The proof is complete. O]

A.2 Auxiliary Lemmas

Lemma A.1. Letn>2,1<I<m<n andp > 2 then

p ; p
m n (m/\])fl
EY > as| SG-0"Pmax Bl 3 gy < Kyln—D(m =P Elgl,
i=l j=i+1 - i=l

where C), := [8(}) -1(1v 2p_3)]p and K is a constant only depending on p.

Proof. The double summation on the left-hand side can be written as Z?:l 11§ where & =
Z(mAJ ¢ij. Notice that {{;, F;} is m.d.s when F; is the o-algebra generated by {X7,..., X;} for
j > 1 and Fy is trivial. Then by Dharmadhikari et al. (1968) followed by a trivial bound

n

p p
EN D> ay| =E| D & <Cpln-DPP Y- E!ﬁj!pSCp(n—l)p/Zlglj%E\ﬁj\p-

i=l j=it+1 j=i+1 j=l+1
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O]

Lemma A.2. For p € [2,00) there exist a constant Cy, only depending on p such that for S C
{(G,j):1<i<j<n}

Z dij
S

p

E < Gy {ISPP[Eqh.]"* v SE[(E(q) 20)"?] v |SIElaial?}

S ‘ p/2
where |S| denotes the cardinality of the set S, s := s; V sj with s; == 3_; )es <Z(,7]~)GS 1) and

8] 1= (. j)es (Z(i,-)es 1>p/2

Proof. Combining Proposition 2.1 with expression (2.18) in Giné et al. (2000), we obtain the in-
equality above for the decoupled version of g;;, defined as g;; := q(ZZ-(l), Z](-2)) where Zi(j) 11 <i<n,
1 < j < 2arei.i.d. Finally, we can apply the decoupling inequalities in de la Pefia and Montgomery-
Smith (1995) to obtain the result at the expense of increasing the constant without altering the

order of the upper bound. For further details, see section 2.5 in Giné et al. (2000). O

B Proof of Theorem 1 (Standardized Edgeworth Expansion)

We apply Corollary A.1 with u(Z;, Z;) = v'U;j in (2.1) and 6 = 1. We assume throughout that
Assumptions 1 and 2 hold. Condition (a) in Theorem A.l is verified by direct calculations as
in Cattaneo et al. (2010, 2014a,b). Condition (b) in Theorem A.1 is verified because (A.2) gives
0% = LV[V'L;] + (g)_lV[V’QM], which implies

1
o7 = 'S+ O(h) and 03 = [V Av + B2V Vu] + o(h™%),

with V given in Cattanco et al. (2010). These results imply 02 = o(no}) if (and only if) nh®? — .
Therefore, we take ¢ < o < 1/4/n. Condition (c) in Theorem A.1 holds by assumption.

The additional condition B — 0 in Corollary A.1 holds if (and only if, when 3 # 0) v/nh? — 0.
To see this, using integration by parts, E[U12]Z1] = [pa Vé(X1 4+ vh)K(u)du — Y1 [ga V(X +
uh)K (u)du. Then, repeated Taylor series expansions and integration by parts give E[u(Z1, Z2)|Z1] =
§(Z1) + hP(-1)F > k=P ‘,2—’;5(1+k)(z) + o(h?). In turn, this result implies that E[u(Z1, Z2)] =
6, +hPB+o(h?). As a consequence, B = (E[é\,,] —0,)/9 = R B/9 + o(/nh"). See Cattanco et al.
(2010, 2014a,b) for details.

Law of iterated expectations, integration by parts, and Taylor series expansions give
E[63] = k1 + O(RP).
Proceeding analogously, because E[ﬁlfgqlg] == E[EQE[€1Q12|ZQH = E[fzflUlg] and E[fzflUlg] =

4E[E[U12‘21]E[U12’ZQ]UlQ] — 8E[U12]E[E[U12’Z1]2] + 4E[U12]3, we have E[E[U12|21]E[U12‘ZQ]U12] =
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E[6(Z)i(2)] + O(h"), E[E[Ur2|Z1)*] = E[6(Z1)*] + O(h”), and E[U2] = 0 + O(h"”) and E[Uss]* =
62 + O(hP). Collecting these results, we verify

E[t14aq12] = ko + O(RD).

These results imply 73 = O(n™?), 74 = O(n"*h™%72), 75 = O(n™?), 36 = O(n™ 1), 75 = O(n™?),
Y9 = O(n~7/?).
It remains to bound &. First, by standard results E|q12|> = O(h??+3), so

(mn) mn y _mn ) :O< mn )3/2.

3/2
I3(m) = O( L(3/2)(d+2) v L(3/2)(d+2) ¥ p2d+3 Rd+2

3/2

Second, using the results in Cattaneo et al. (2014b, Supplemental Appendix), we have E|(3(2q12| =
O(h=24/3=1) ' E|203q15| = O(h™24/3-1) E|t1¢%,| = O(h™%72), E|t1£203q13q23] = O(h~4%/3=2). Thus,
collecting all the bounds, we verify:

e = o (L) (1)) = o)

This completes the proof. O

C Proof of Theorem 2 (Studentized Edgeworth Expansion)

For any estimated scale ¥ and nonrandom centering 1, we have

6, — 0, ey—ey[l_@“z—ﬁ?+5+2192(52—z92)2]
2092 2020 92+ 92 1

Recall that 6, is a second-order U-statistic satisfying the H-decomposition (6, —6,)/9 = B+L/9+
Q/V. Using standard results for Edgeworth expansions (Bhattacharya and Rao, 1976; Hall, 1992),

i‘gﬂi’ P[éygeu St} _G(t)‘ < E+R1+R2+R3+O(lorgn),

where

E :=sup
teR

- G|,

292

i [(1 _P- 192) (z/i/ﬁJr V’Q/ﬂ) +B<t

B = V/(E[Ui2] — 6)/9, G denoting a distribution function later to be set to either Gy or Gsp as

appropriate, and

D+ 202| (92 — 92)2 .
Ry = || T2\ o |
2020 | 92 + 92 (logn)
0, —0,
Ro :—IP’[ > Clogn]|,
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—2B
0

Rs ::IP’[

fhP]

logn

with C' denoting a generic constant, which can take different values in different places. The term
FE will give the Edgeworth expansion upon setting ¥ and 9 appropriately, while the terms R1—R3
capture higher-order remainders.

Variance Estimators

The estimators 1§§L and 1/92]3 are linear combinations of U-statistics as follows:

n nn—1 n v

1 - L 4n—2_ 4
1/9\§L=l//21/=2<72l> Wl—i-*n Wg—*é\z

and

with

5, = <Z>_lz(V'U,»j), W = (Z) _1Z(V'Uij)2,

1<j 1<j
-1 / / / / / /
. Uij) (VUi Uij) (VU Uir) (V' Uh;
wom (0) 5 Wi s ) U0 ) £ U )
1<j<k

See Lemmas 3.1.1 and 3.1.2 in the Supplemental Appendix of Cattaneo et al. (2014b) for a proof.

Thus, for ¢ € R, we consider the following generic (debiased when ¢ = 1) Studentization:

—1
_ 4 _ 4
2= (2-0) (Z) O L

In particular, 2§§L = 3(2) and ;’\%B = fﬁ\% The centering considered in the literature is 5? is

-1
92 = c(Z) E[W1] + %E[V_Vz] - %(E[@])?,

which implies that ¥3 = 93, and 93 = 935 + o(n™1).

The underlying U-statistics have the following mean square convergence rates:

~

E[(6, — E[0,])?]
E[(W1 — E[(+'U12)%))?]
E[(Wy — E[(E[V'U12| Z1])?])?]

O(n~t4+n2p=172),
n*l h72d74 + n72h73d74)

O(n*1 ) n*3h72d74),

I
S

The proof is given in Cattaneo et al. (2014b, Supplemental Appendix): see Lemma 3.1.3 for the first
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two results, and Lemma 3.1.4 for the third result. (Note that while the statement of those lemmas

gives convergence rates in probability, the proof mean square convergence rates.) Therefore,

E| (92 = 02)?] < Cn~*E[(Wh — B[(v/U12)%))?) + Cn2E[(W: — E[(E[/ Uzl Z1))%))?)
+ Cn_QE[(U — E[Z/IU12])2]
=03 +nth11).

Similar long calculations as in Cattaneo et al. (2014b, Supplemental Appendix) show that:

~

E[(6, — E[0,))"]
E[(W1 — E[(+'U12)%))*]
E[(W, — E[(E[V'Ur2|Z1])*])"]

O(TL_2 +n_4h_d_4 +n_5h_2d_4 +7’l_6h_3d_4)7
O(n72h74d78 +n74h76d78 _’_n75h76d78 +n76h77d78)
O(n72 _’_n74h7d78 _’_n75h72d78 +n76h73d78),

which gives

E[(92 - 02)"] < Cn=E[(W1 — B[(v/U12)?)"] + Cn ™ EI(Ws — E[(E[Y'T12|Z1])))
+ Cn*E[(U — E[V'Ua))"]
=0 8 +n 878,

Consequently, for the remainder of the proof we set 92 = 1/9\? and ¥? = 92

Bounds for R{—R;

For n large enough, and using Markov inequality,

Z&W] +o(rn) < Cn*(log n)4r;2E[(53 _ 193)4] + o)

= n°(logn)*O(n ¢ + n 8h=078) + o(r,) = o(ry).

Ry < P[(ﬁ —92)2 >

Using Theorem A.1 and Corollary A.1, it follows that a valid Edgeworth expansion holds for
%, which implies that

Ro=1-—P GV;HVSC'logn +P Y < —Clogn

U

=1—®(Clog(n)) + ®(—Clog(n)) + CW + o(ryp) = o(ry),

by properties of the Gaussian distribution.

Finally, Markov inequality implies
R3 < Cn(logn)’E [(3? — 19?)2] = n(logn)?0(n=2 +n~4h=94%) = o(r,).
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Therefore, Ry + Ra2 + Rz = o(ry).

Expansion for E

We consider E = p(F;,G.), where

(1 B 2 —ﬁf)(y’L V'Q

202 J\ 9. 0.

and

o Vvnhtp 1 —c¢ VAv 1
Ge(t) = o(t) - ¢(t>{ Vv nhit2uyy Vn6(V'Ev)3

[m(2t2 1)+ ka2 + 1)] }

Recall that, in particular, ¢ = 0 corresponds to AL implementation and ¢ = 1 corresponds to SB
implementation (i.e., Gar(t) = Go(t) and Gsg(t) = G1(t)). Then, applying the smoothing inequality

as in Theorem A.1,

p(Fe,G) Sh+L+Is+ I + NG
where

y - (1) — xa.(t y . (t

1:_/ XFc()X()‘dt’ I :_/ Xﬂ()‘dt,
lt|<logn ¢ log n<|t|<cy/n

9 = (T 9 t

i, ::/ )(Fc()‘dt7 I ::/ XGC()‘dt
cv/n<|t|<y/nlogn t [t|>logn t

The last three integrals above can be upper bounded following the same arguments used in the
proof of Theorem A.1 to conclude that Iy + I3 + Iy = o(y/nh? + n~'h=%2 4+ n=1/2). The first
integral, I, is analyzed by expanding y 7 (t) by generalizing the proof of Theorem A.1 to account
for the contribution from Studentization to the sampling distribution of the linearized version of

the statistic (F¢).
First, by (A.5) we write

Xg, (t) = exp(utBe)E exp(itU;) = [1+ B + O(tQB?)] E exp(utU.), (C.1)
where N
~ e VL VQ
Y Y
U ( 219?)(19c+19c>
From (C.8) below, we have
g — 0%
~ g = H AT (C.2)
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with

n

n\ 'l-c 11 2 2
== () Sl - g 36~ ELE) + 4Bt 71

- Elgijqik| Zj, Z],

i<j

where we define ¢; := V/L; and ¢;; := V/Q;j, and T; := =V, /(29?) with V. is given in (C.8). Next,
applying (A.5) repeatedly, we are left with

Eexp(itU.) = Eexp [Lt (% + TQ)} + tEH, ”ﬂ? exp(uf”l;fj) + O (&(1)), (C.3)
where & (t) = [t|E|T.(V'L) + (H: + To)(V'Q)| + t2(E(H (V'L))? + E|H (V'L)('Q)|. The first term
was expanded in the proof of Theorem A.1, as it corresponds to the standardized version of the
statistic. The second term can be expanded analogously (see, e.g., Appendix B-(a) in Nishiyama
and Robinson (2001)):

(m/i/ﬂc)} (C.4)

4 |1—=cut (n -t 2 hP
= —[%Z)(nfgc)]" ! [2192 <2> E[Q%Q] + ) (n2flf<‘i+2 + n3/2thd+2 + }ﬂiﬂ)]
C

~ () 219§ 5 (LY + 4Rl Loq10) + O (' |)}

2032

— 3+t 2 6 t° A4 |t)3
1Y

s [ w4 4B + 0 (S + nﬂ)]

Combine (A.9), (A.10), (C.3), and (C.4) to obtain

Eexpmﬁ)_exp( )[ wr (Jf] 1)+ W) BE} + O(Exlt) + oles(r)|

9 692n?
202 < ) ) E51€2Q12
) . (44) () o
+ O(&1(t)), 0

where & (t) and E3(t) are the last two rates appearing in (A.9) respectively. Also, proceeding as in
Nishiyama and Robinson (2001),

2410 2440
54(t)=0<nhd+2 + Jn >
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Combine (C.6) with (C.1) and expand the product to obtain

3
X (0) = exp (~4) [1 £ 3w | +OE(D),
where
o ﬁhp B Ef?/Q + 2El102q12
rYC,]. L 19( 295)”2 9
1 2
oo n Eqiy
Ve2 = —(1 - C)<2> 202
. 1
’Yc,?) = — 6n 2193 (2E£3 + 6E€1£2Q12)
and

Ex(t) = [e UL o(n 210 + [t)e )] ot + MEM 4 £4(0)]

“CR2[|t/nh® + 202 + |t)y/nh?F) [nz,’fm + % +€4(t)}

It|/nhE + 2nh2F) [e—ﬁ/z% +o(nM2(t5 + |t|3)e—t2/4)}

it|y/mhE + 2nh2F) [e—ﬂ/z% +o(n2(48 4 \t‘3)e—t2/4)} {#;2 + % + 64(t)}

(
(
(It] + v/nh” + [¢Pnh®") (B|T.L| + E|(He + T)Q) )
(2 + |tPv/nh” + t*nh®") (E(H.L)* + E|H.LQ)|).

e
N
.
N
3

We showed in the proof of Theorem 1 that E6$ = r1+O(h') = o(1) and El142q12 = ko +O(hF) =
0(1), and hence

-1 2
5 242 n Eq 3
1+t (B - 51{9;2:2'{2) — (1t)? <2> —z 6(;?19? (21 + 6K2)

e =e ()

+O(&(t)) + (exp ( ) |t‘j}g|3) .

Note that the first term is the characteristic function of G. Finally, we bound the moments ap-
pearing in &(t): E|T.L|, E|(H:+T.)Q|, E(H.L)?, and E|H,LQ)|. Holder’s inequality combined with

the theorem assumptions give

E|T.L| < \/E|T|?E|L|? = O(n~'h~(@+2)/2)

T

E|(H, + T)Q| < \/E|H + TPE|Q? = O((n_1/2 4 n—lh—d—2)(n—1/2h—d/2—1))
O(n~! + n~2p204)
O((

_1/2+Tl,_1h_d 2)(n_1/2h_d/2_1)).
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Therefore, if (logn)®/(nh4*2) — 0,

v

= (1) — t
I ::/ X () — xa (O] _ o(v/nhP +n 1h=4=2 4 n=1/2),
[t|<logn |t|

The proof is finalized.

C.1 Alternative Decomposition of 11

Let u;; = v'U;; and following Callaert and Veraverbeke (1981) with S%, given in the their main
Theorem, we have

n?(n—1 4(n—1) —
SJQV = (n(_2)2)19 = (( 2)3;yLZ/2

" (n— 1)5(371 —2)2 Z(“ij — Euiz)? + Z Z (uij — Eurz) (ug, — Euia)
i<j i=1 j<k,j#i

Define g; := E[¢;q¢;j|Z;] and use the fact that u;; — Euia = £;/2 + £;/2 + ¢;; to further decompose

1 n 1 n 1 n
== li+4g - <Z> > it +2 <Z> > [+ t)ai; — 9i — 95
=1

i<j 1<J

4/m—-1\"& - 4 n—1\""< -
—n< 5 > Zﬁi Z ij-l-H( 9 ) Z Z ij ik

=1 j<k,j#i

i=1 j<k,j#i
2
dn(n—1) | (n\ 4n n\ 9
S | ) Tw| ratml) T (e
i<j i<j

The first term, we center on its expectation

n

IN 2y ge — g2 L 2 _ g2 .
" ;51 +4g; = E[7] + " Z (67 — E[F]) + 4g.

=1

Define ¢;; := E[qriqi;| Zi, Z;], and for the fifth term we write

4 n—1 -1 n A 171 4 n—1 1 n n
n2< 9 > Z Z qijqik = < > Z¢ij+n2< 9 ) Z Z (QijQik—SOjk).

i=1 j<k,j#i 1<j i=1 j<k,j#i

Finally, for the last term

<n4—nz><3> 245 = n_g@_IZ[q?j”“_%”mq”]ﬂ

1<J 1<j
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8 n
T ; (pii — Elais]) + 2 Elg7]

Plug the last three displays back into (C.7) to conclude

- -1
+ (ninw]E[cﬁz] + %Z (2 —E[3) + 4g,] + 4(” ) 1) S g+ Se

i=1 i<j

Sk =E[f]

where S, collection the remaining terms.

Next, we have

<Z> B >y = (Z) B > (gij — €i/2 — £;/2 — Bugy)®

i<j 1<j
—1 -1 n
n n
= Eqi, + (2> > (g —Eqjj) - (2) Z (0;/2)? — (Euys)?
1<j i=
n\ ! n\ !
_ <2> Zqij(&-}-fj) + 2Eu19 <2> Z(qij +4;/2+4;/2)
i<j 1<J
+ 1 n\ ™ Zg.g.
2\2) &=
1<)
= EQ%Q + QC7
where Q. is by definition.
We have
’(9( = 1/9\12\[. C<2> h_d_2l//Al/
(n—2)% n\ )" 2
n?(n — I)SN 2 2 Zu”
<]
-1 n
n 14+ o0(1 1+o0(1
—-9(y) B+ e+ 2SS (@ - mi) +a0)

1+0(1)  (n\ " 1+0(1) n\
+ - 4(2) Z(pij + - S+ C(Q) Qe

i<j

which gives the following simplified expression for the class of Studentizations:

~ n\ 1 -1
19c:(2—c)(2) E[q%,] + EgQ +—Z (2 — E[63]) + 4g:] + 4<2> Zgoij+vc, (C.8)

1<j

where V, is by definition.
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