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Supplement to “Subspace Perspective on Canonical Correlation Analysis:
Dimension Reduction and Minimax Rates”

To establish the minimax lower bounds of CCA estimates for our proposed losses, we follow the
analytical frameworks in the literature of PCA and CCA, e.g., [5, 1, 2], where the calculation is focused
on the construction of the hypothesis class to which the packing lemma and Fano’s inequality are applied.
However, since we fix both λk and λk`1 in the localized parameter spaces, new technical challenges arise
and consequently we construct hypothesis classes based on the equality (0.1). In this section we also denote
∆ :“ λk ´ λk`1.

0.1. On Kullback-Leibler Divergence

The following lemma can be viewed as an extension of Lemma 14 in [2] from λk`1 “ 0 to arbitrary λk`1.
The proof of the lemma can be found in Section 0.4.

Lemma 0.1. For i “ 1, 2 and p2 ě p1 ě k, let
“

Upiq, Wpiq

‰

P Opp1, p1q,
“

Vpiq, Zpiq
‰

P Opp2, p1q where
Upiq P Rp1ˆk,Vpiq P Rp2ˆk. For 0 ď λ2 ă λ1 ă 1, let ∆ “ λ1 ´ λ2 and define

Σpiq “

«

Σx Σ
1{2
x pλ1UpiqV

J
piq ` λ2WpiqZ

J
piqqΣ

1{2
y

Σ
1{2
y pλ1VpiqU

J
piq ` λ2ZpiqW

J
piqqΣ

1{2
x Σy

ff

i “ 1, 2,

Let Ppiq denote the distribution of a random i.i.d. sample of size n from Np0,Σpiqq. If we further assume

rUp1q,Wp1qs

«

V J
p1q

ZJ
p1q

ff

“ rUp2q,Wp2qs

«

V J
p2q

ZJ
p2q

ff

, (0.1)

Then one can show that

DpPp1q||Pp2qq “
n∆2p1` λ1λ2q

2p1´ λ2
1qp1´ λ

2
2q
}Up1qV

J
p1q ´Up2qV

J
p2q}

2
F .

Remark 0.2. The conditon in (0.1) is crucial for obtaining the eigen-gap factor 1{∆2 in the lower bound
and is the key insight behind the construction of the hypothesis class in the proof. [2] has a similar lemma
but only deals with the case that the residual canonical correlations are zero. To the best of our knowledge,
the proof techniques in [2, 3] cannot be directly used to obtain our results.

0.2. Packing Number and Fano’s Lemma

The following result on the packing number is based on the metric entropy of the Grassmannian manifold
Gpk, rq due to [4]. We use the version adapted from Lemma 1 of [1] which is also used in [2].

Lemma 0.3. For any fixed U0 P Opp, kq and Bε0 “ tU P Opp, kq : }UUJ ´ U0U
J
0 }F ď ε0u with ε0 P

p0,
a

2rk ^ pp´ kqs q. Define the semi-metric ρp¨, ¨q on Bε0 by

ρpU1,U2q “ }U1U
J
1 ´U2U

J
2 }F .
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Then there exists universal constant C such that for any α P p0, 1q, the packing number MpBε0 , ρ, αε0q
satisfies

MpBε0 , ρ, αε0q ě
ˆ

1

Cα

˙kpp´kq

.

The following corollary is used to prove the lower bound.

Corollary 0.4. If we change the set in Lemma 0.3 to rBε0 “ tU P Opp, kq : }U ´U0}F ď ε0u, then we still
have

Mp rBε0 , ρ, αε0q ě
ˆ

1

Cα

˙kpp´kq

.

Proof. Apply Lemma 0.3 to Bε0 , there exists U1, ¨ ¨ ¨ ,Un with n ě p1{Cαq
kpp´kq

such that

}UiU
J
i ´U0U

J
0 }F ď ε0, 1 ď i ď n, }UiU

J
i ´UjU

J
j }F ě αε0, 1 ď i ď j ď n.

Define rUi “ arg min
UPtUiQ, QPOpkqu

}U ´U0}F , by Lemma 0.5,

} rUi ´U0}F ď } rUi
rUJ
i ´U0U

J
0 }F ď ε0.

Therefore, rU1, ¨ ¨ ¨ , rUn P rBε0 and

} rUi
rUJ
i ´

rUj
rUJ
j }F “ }UiU

J
i ´UjU

J
j }F ě αε0.

which implies,

Mp rBε0 , ρ, αε0q ě n ě

ˆ

1

Cα

˙kpp´kq

.

Lemma 0.5. For any matrices U1,U2 P Opp, kq,

inf
QPOpk,kq

}U1 ´U2Q}F ď }PU1
´ PU2

}F

Proof. By definition

}U1 ´U2Q}
2
F “ 2k ´ 2trpUJ

1 U2Qq

Let UJ
1 U2 “ UDV J be the singular value decomposition. Then V UJ P Opk, kq and

inf
QPOpk,kq

}U1 ´U2Q}
2
F ď 2k ´ 2trpUJ

1 U2V UJq

“ 2k ´ 2trpUDUJq

“ 2k ´ 2trpDq.

On the other hand,

}PU1
´ PU2

}2F “ }U1U
J
1 ´U2U

J
2 }

2
F

“ 2k ´ 2trpU1U
J
1 U2U

J
2 q

“ 2k ´ 2trpUJ
1 U2U

J
2 U1q

“ 2k ´ 2trpD2q.
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Since U1,U2 P Opp, kq, }U
J
1 U2} ď 1 and therefore all the diagonal elements of D is less than 1, which

implies that trpDq ě trpD2q and

inf
QPOpk,kq

}U1 ´U2Q}
2
F ď }PU1

´ PU2
}2F .

Lemma 0.6 (Fano’s Lemma [6]). Let pΘ, ρq be a (semi)metric space and tPθ : θ P Θu a collection of
probability measures. For any totally bounded T Ă Θ, denote MpT, ρ, εq the ε-packing number of T with
respect to the metric ρ, i.e. , the maximal number of points in T whoese pairwise minimum distance in ρ is
at least ε. Define the Kullback-Leibler diameter of T by

dKLpT q “ sup
θ,θ1PT

DpPθ||Pθ1q.

Then,

inf
pθ

sup
θPΘ

Eθ
”

ρ2ppθ, θq
ı

ě sup
TĂΘ

sup
εą0

ε2

4

´

1´
dKLpT q ` log 2

log MpT, ρ, εq

¯

0.3. Proof of Theorem 2.2: Lower Bound

For any fixed
“

Up0q, Wp0q

‰

P Opp1, p1q and
“

Vp0q, Zp0q
‰

P Opp2, p1q where Up0q P Rp1ˆk,Vp0q P Rp2ˆk,Wp0q P

Rp1ˆpp1´kq,Zp0q P Rp2ˆpp2´kq, define

Hε0 “

!

`

U ,W ,V ,Z
˘

:
“

U , W
‰

P Opp1, p1q with U P Rp1ˆk,
“

V , Z
‰

P Opp2, p1q

with V P Rp2ˆk, }U ´Up0q}F ď ε0, rU ,W s

«

V J

ZJ

ff

“ rUp0q,Wp0qs

«

V J
p0q

ZJ
p0q

ff

)

.

For any fixed Σx P Sp1` ,Σy P Sp2` with κpΣxq “ κx, κpΣyq “ κy, consider the parametrization Σxy “

ΣxΦΛΨJΣy, for 0 ď λk`1 ă λk ă 1, define

Tε0 “
!

Σ “

«

Σx Σ
1{2
x pλkUV J ` λk`1WZJqΣ

1{2
y

Σ
1{2
y pλkV UJ ` λk`1ZWJqΣ

1{2
x Σy

ff

,

Φ “ Σ´1{2
x rU ,W s,Ψ “ Σ´1{2

y rV ,Zs,
`

U ,W ,V ,Z
˘

P Hε0

)

.

It is straightforward to verify that Tε0 Ă Fpp1, p2, k, λk, λk`1, κx, κyq. For any Σpiq P Tε0 , i “ 1, 2, they yield
to the parametrization,

Σpiq “

«

Σx Σ
1{2
x pλkUpiqV

J
piq ` λk`1WpiqZ

J
piqqΣ

1{2
y

Σ
1{2
y pλkVpiqU

J
piq ` λk`1ZpiqW

J
piqqΣ

1{2
x Σy

ff

,

where
`

Upiq,Wpiq,Vpiq,Zpiq
˘

P Hε0 and the leading-k canonical vectors are Φ
piq
1:k “ Σ

´1{2
x Upiq,Ψ

piq
1:k “

Σ
´1{2
y Vpiq. We define a semi-metric on Tε0 as

ρpΣp1q,Σp2qq “
›

›

›
P

Σ
1{2
x Φ

p1q

1:k

´ P
Σ

1{2
x Φ

p2q

1:k

›

›

›

F
“
›

›PUp1q
´ PUp2q

›

›

F
.

By Lemma 0.1,

DpPΣ1
||PΣ2

q “
n∆2p1` λkλk`1q

2p1´ λ2
kqp1´ λ

2
k`1q

}Up1qV
J
p1q ´Up2qV

J
p2q}

2
F .
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Further by the definition of dKLpT q,

dKLpT q “
n∆2p1` λkλk`1q

2p1´ λ2
kqp1´ λ

2
k`1q

sup
Σp1q,Σp2qPTε0

}Up1qV
J
p1q ´Up2qV

J
p2q}

2
F . (0.2)

To bound the Kullback-Leibler diameter, for any Σp1q,Σp2q P Tε0 , by definition,

rUp1q,Wp1qs

«

V J
p1q

ZJ
p1q

ff

“ rUp2q,Wp2qs

«

V J
p2q

ZJ
p2q

ff

,

which implies that they are singular value decompositions of the same matrix. Therefore, there exists Q P

Opp1, p1q such that

rUp2q,Wp2qs “ rUp1q,Wp1qsQ , rVp2q,Zp2qs “ rVp1q,Zp1qsQ. (0.3)

Decompose Q into four blocks such that

Q “

„

Q11 Q12

Q21 Q22



.

Substitute into (0.3),
Up2q “ Up1qQ11 `Wp1qQ21, Vp2q “ Vp1qQ11 `Zp1qQ21.

Then,

}Up2q ´Up1q}
2
F “ }Up1qpQ11 ´ Ikq `Wp1qQ21}

2
F

“ }Up1qpQ11 ´ Ikq}
2
F ` }Wp1qQ21}

2
F

“ }Q11 ´ Ik}
2
F ` }Q21}

2
F .

The second equality is due to the fact that Up1q and Wp1q have orthogonal column space and the third
equality is valid because Up1q,Wp1q P Opp1, kq. By the same argument, we will have

}Vp2q ´ Vp1q}
2
F “ }Q11 ´ Ik}

2
F ` }Q21}

2
F .

Notice that

}Up1qV
J
p1q ´Up2qV

J
p2q}

2
F “ }pUp1q ´Up2qqVp1q `Up2qpVp1q ´ Vp2qq}

2
F

ď 2}Up1q ´Up2q}
2
F ` 2}Vp1q ´ Vp2q}

2
F

“ 4}pUp1q ´Up2qq}
2
F

ď 8
`

}pUp1q ´Up0qq}
2
F ` }pUp0q ´Up2qq}

2
F

˘

ď 16ε20.

Then, substitute into (0.2)

dKLpT q ď
8n∆2p1` λkλk`1q

p1´ λ2
kqp1´ λ

2
k`1q

ε20. (0.4)

Let Bε0 “ tU P Opp1, kq : }U ´Up0q}F ď ε0u. Under the semi-metric rρpUp1q,Up2qq “ }Up1qU
J
p1q´Up2qU

J
p2q}F ,

we claim that the packing number of Hε0 is lower bounded by the packing number of Bε0 . To prove this claim,
it suffices to show that for any U P Bε0 , there exists corresponding W ,V ,Z such that pU ,W ,V ,Zq P Hε0 .
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First of all, by definition, }U ´U0}F ď ε0. Let W P Opp1, p1´kq be the orthogonal complement of U . Then
rU ,W s P Opp1, p1q and therefore there exists Q P Opp1, p1q such that

rU ,W s “ rUp0q,Wp0qsQ.

Set rV ,Zs “ rVp0q,Zp0qsQ P Opp2, p1q, then

rU ,W s

«

V J

ZJ

ff

“ rUp0q,Wp0qs

«

V J
p0q

ZJ
p0q

ff

,

which implies pU ,W ,V ,Zq P Hε0 . Let

ε “ αε0 “ c

¨

˝

a

k ^ pp1 ´ kq ^

d

p1´ λ2
kqp1´ λ

2
k`1q

n∆2p1` λkλk`1q
kpp1 ´ kq

˛

‚,

where c P p0, 1q depends on α and is chosen small enough such that ε0 “ ε{α P p0,
a

2rk ^ pp1 ´ kqs q. By
Corollary 0.4,

MpTε0 , ρ, αε0q “MpHε0 , rρ, αε0q ěMpBε0 , rρ, αε0q ě
ˆ

1

Cα

˙kpp1´kq

.

Apply Lemma 0.6 with Tε0 , ρ, ε,

inf
pΦ1:k

sup
ΣPF

E
„

›

›

›
P

Σ
1{2
x

pΦ1:k
´ P

Σ
1{2
x Φ1:k

›

›

›

2

F



ě sup
TĂΘ

sup
εą0

ε2

4

ˆ

1´
8c2kpp1 ´ kq ` log2

kpp1 ´ kqlog 1
Cα

˙

.

Choose α small enough such that

1´
8c2kpp1 ´ kq ` log2

kpp1 ´ kqlog 1
Cα

ě
1

2
.

Then the lower bound is reduced to

inf
pΦ1:k

sup
ΣPF

E
„

›

›

›
P

Σ
1{2
x

pΦ1:k
´ P

Σ
1{2
x Φ1:k

›

›

›

2

F



ě
c2

8

"

p1´ λ2
kqp1´ λ

2
k`1q

n∆2p1` λkλk`1q
kpp1 ´ kq ^ k ^ pp1 ´ kq

*

ě C2k

"ˆ

p1´ λ2
kqp1´ λ

2
k`1q

∆2

p1 ´ k

n

˙

^ 1^
p1 ´ k

k

*

The lower bound for operator norm error can be immediately obtained by noticing that P
Σ

1{2
y

xΨ1:k
´P

Σ
1{2
y Ψ1:k

has at most rank 2k and
›

›

›
P

Σ
1{2
x

pΦ1:k
´ P

Σ
1{2
x Φ1:k

›

›

›

2

ě
1

2k

›

›

›
P

Σ
1{2
x

pΦ1:k
´ P

Σ
1{2
x Φ1:k

›

›

›

2

F
.

To prove the results for pΨ1:k, one just need to change the definition of Hε0 to

Hε0 “

!

`

U ,W ,V ,Z
˘

:
“

U , W
‰

P Opp1, p1q with U P Rp1ˆk,
“

V , Z
‰

P Opp2, p1q

with V P Rp2ˆk, }V ´ Vp0q}F ď ε0, rU ,W s

«

V J

ZJ

ff

“ rUp0q,Wp0qs

«

V J
p0q

ZJ
p0q

ff

)

.

By Corollary 0.4, the packing number now satisfies

MpTε0 , ρ, αε0q “MpHε0 , rρ, αε0q ěMpBε0 , rρ, αε0q ě
ˆ

1

Cα

˙kpp2´kq

.
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Following the same arguments for pΦ1:k, one can show that

inf
xΨ1:k

sup
ΣPF

E
„

›

›

›
P

Σ
1{2
y

xΨ1:k
´ P

Σ
1{2
y Ψ1:k

›

›

›

2

F



ě C2k

"ˆ

p1´ λ2
kqp1´ λ

2
k`1q

∆2

p2 ´ k

n

˙

^ 1^
p2 ´ k

k

*

and
›

›

›
P

Σ
1{2
y

xΨ1:k
´ P

Σ
1{2
y Ψ1:k

›

›

›

2

ě
1

2k

›

›

›
P

Σ
1{2
y

xΨ1:k
´ P

Σ
1{2
y Ψ1:k

›

›

›

2

F

0.4. Proof of Lemma 0.1

By simple algebra, the Kullback-Leibler divergence between two multivariate gaussian distributions satisfies

DpPΣp1q
||PΣp2q

q “
n

2

!

Tr
´

Σ´1
p2qpΣp1q ´Σp2qq

¯

´ log detpΣ´1
p2qΣp1qq

)

.

Notice that

Σpiq “

«

Σ
1{2
x

Σ
1{2
y

ff

Ωpiq

«

Σ
1{2
x

Σ
1{2
y

ff

,

where

Ωpiq “

«

Ip1 λ1UpiqV
J
piq ` λ2WpiqZ

J
piq

λ1VpiqU
J
piq ` λ2ZpiqW

J
piq Ip2

ff

.

Then,

DpPΣp1q
||PΣp2q

q “
n

2

!

TrpΩ´1
p2qΩp1qq ´ pp1 ` p2q ´ log detpΩ´1

p2qΩp1qq
)

.

Also notice that

Ωpiq “

„

Ip1
Ip2



`
λ1

2

„

Upiq
Vpiq



”

UJ
piq V J

piq

ı

´
λ1

2

„

Upiq
´Vpiq



”

UJ
piq ´V J

piq

ı

`
λ2

2

„

Wpiq

Zpiq



”

WJ
piq ZJ

piq

ı

´
λ2

2

„

Wpiq

´Zpiq



”

WJ
piq ´ZJ

piq

ı

.

Therefore Ωp1q,Ωp2q share the same set of eigenvalues: 1 ` λ1 with multiplicity k, 1 ´ λ1 with multiplicity
k, 1 ` λ2 with multiplicity p1 ´ k, 1 ´ λ2 with multiplicity p1 ´ k and 1 with multiplicity 2pp2 ´ p1q. This
implies log detpΩ´1

p2qΩp1qqq “ 0. On the other hand, by block inversion formula, we can compute

Ω´1
p2q “

»

–

Ip1 `
λ2
1

1´λ2
1
Up2qU

J
p2q `

λ2
2

1´λ2
Wp2qW

J
p2q ´ λ1

1´λ2
1
Up2qV

J
p2q ´

λ2

1´λ2
Wp2qZ

J
p2q

´ λ1

1´λ2
1
Vp2qU

J
p2q ´

λ2

1´λ2
Zp2qW

J
p2q Ip2 `

λ2
1

1´λ2
1
Vp2qV

J
p2q `

λ2
2

1´λ2
Zp2qZ

J
p2q

fi

fl .

Divide Ω´1
p2qΩp1q into blocks such that

Ω´1
p2qΩp1q “

„

J11 J12

J21 J22



where J11 P Rp1ˆp1 , J22 P Rp2ˆp2 ,

and

J11 “
λ2

1

1´ λ2
1

pUp2qU
J
p2q ´Up2qV

J
p2qVp1qU

J
p1qq `

λ2
2

1´ λ2
2

pWp2qWp2q ´Wp2qZ
J
p2qZp1qW

J
p1qq

´
λ1λ2

1´ λ2
1

pUp2qV
J
p2qZp1qW

J
p1qq ´

λ1λ2

1´ λ2
2

pWp2qZ
J
p2qVp1qU

J
p1qq

J22 “
λ2

1

1´ λ2
1

pVp2qV
J
p2q ´ Vp2qU

J
p2qUp1qV

J
p1qq `

λ2
2

1´ λ2
2

pZp2qZp2q ´Zp2qW
J
p2qWp1qZ

J
p1qq

´
λ1λ2

1´ λ2
1

pVp2qU
J
p2qWp1qZ

J
p1qq ´

λ1λ2

1´ λ2
2

pZp2qW
J
p2qUp1qV

J
p1qq.
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We spell out the algebra for trpJ11q, and trpJ22q can be computed in exactly the same fashion.

trpUp2qU
J
p2q ´Up2qV

J
p2qVp1qU

J
p1qq “

1

2
trpUp2qV

J
p2qVp2qU

J
p2q `Up1qV

J
p1qVp1qU

J
p1q ´ 2Up2qV

J
p2qVp1qU

J
p1qq

“
1

2
}Up1qV

J
p1q ´Up2qVp2q}

2
F .

Similarly,

trpWp2qWp2q ´Wp2qZ
J
p2qZp1qW

J
p1qq “

1

2
}Wp1qZ

J
p1q ´Wp2qZp2q}

2
F .

By the assumption (0.1), i.e., Up1qV
J
p1q `Wp1qZ

J
p1q “ Up2qV

J
p2q `Wp2qZ

J
p2q, we have

trpWp2qWp2q ´Wp2qZ
J
p2qZp1qW

J
p1qq “

1

2
}Up1qV

J
p1q ´Up2qVp2q}

2
F .

Further,

trpUp2qV
J
p2qZp1qW

J
p1qq “ tr

´

Up2qV
J
p2qpUp2qV

J
p2q `Wp2qZ

J
p2q ´Up1qV

J
p1qq

J
¯

“ tr
´

Up2qV
J
p2qpUp2qV

J
p2q ´Up1qV

J
p1qq

J
¯

“
1

2
}Up1qV

J
p1q ´Up2qVp2q}

2
F ,

and by the same argument,

trpWp2qZ
J
p2qVp1qU

J
p1qq “

1

2
}Up1qV

J
p1q ´Up2qVp2q}

2
F .

Sum these equations,

trpJ11q “
1

2

"

λ2
1

1´ λ2
1

`
λ2

2

1´ λ2
2

´
λ1λ2

1´ λ2
1

´
λ1λ2

1´ λ2
2

*

}Up1qV
J
p1q ´Up2qVp2q}

2
F

“
∆2p1` λ1λ2q

2p1´ λ2
1qp1´ λ

2
2q
}Up1qV

J
p1q ´Up2qVp2q}

2
F .

Repeat the argument for J22, one can show that

trpJ22q “ trpJ11q “
∆2p1` λ1λ2q

2p1´ λ2
1qp1´ λ

2
2q
}Up1qV

J
p1q ´Up2qVp2q}

2
F .

Therefore,

DpPΣp1q
||PΣp2q

q “
n

2
trpΩ´1

p2qΩp1qq “
n

2
ptrpJ11q ` trpJ22qq

“
n∆2p1` λ1λ2q

2p1´ λ2
1qp1´ λ

2
2q
}Up1qV

J
p1q ´Up2qVp2q}

2
F .
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