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Summary Most dimension reduction models are suited for

continuous but not for discrete covariates. A flexible model to in-

corporate both discrete and continuous covariates is to assume that

some covariates, a q-dimensional vector Z, are related to the response

variable, Y , through a linear relationship; while the remaining covari-

ates, a p-dimensional vector X, are related to Y through k indices

which are X ′B and some unknown function g. This results in a semi-

parametric model called semi-linear index model, which includes both

the popular single-index model and the partial linear model as special

cases. To avoid the curse of dimensionality, k should be much smaller

than p, and this is often realistic as the key features of a high di-

mensional variable can often be extracted through a low-dimensional

subspace. Two approaches to estimate the model components have

been considered by Carroll, Fan, Gijbels and Wand (1997) and Yu

and Ruppert (2002). Both focus on the simple case where k = 1, as

these approaches are challenged computationally when k > 1. These

computational challenges are partly triggered by the fact that the

estimation of the parametric components is integrated with the non-

parametric estimation of the link function g. Moreover, the theory

for both approaches is incomplete. We show in this paper that a

simple approach which separates the dimension reduction stage to

estimate B from the remaining model components is available when

the two covariates Z and X are independent. For instance, one can

apply any suitable dimension reduction approach, such as the average

derivative method, the projection pursuit regression or sliced inverse

regression, to get an initial estimator for B which is consistent at

the
√

n rate, and then apply a suitable approach, such as the profile
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approach of partial regression, to estimate the regression coefficient

of Z and the link function g. All three estimates can be refined by

iterating the procedure once. Such an approach is computationally

simple and yields efficient estimates for both parameters at the
√

n

rate. We provide both theoretical proofs and empirical evidence.

1. Introduction.. One of the areas Kjell Doksum has made seminal contributions is dimension-
reduction methods. This includes work in transformation models (Doksum (1987), Dabrowska
and Doksum (1988ab)), and Doksum and Gasko (1990)), where the first two papers demonstrate
that the partial likelihood method for proportional hazards model can be extended to general
transformation models. The third paper explores another semiparametric model, the generalized
odds-rate model, and introduces a class of rather efficient estimators for the proportionality pa-
rameter. The last paper links the binary regression model to survival models. Another line of
work, also for dimension-reduction methods is the average derivative estimator (ADE) method
( Doksum and Samarov(1995) and Chaudhuri, Doksum and Samarov(1997)), where the average
derivative approach is shown to be a promising dimension reduction tool. All these aforemen-
tioned papers employed semiparametric models to accomplish the dimension reduction goal and
to further explore inferences for the parametric components.

Our objective in this paper is to explore the dimension reduction topic through a particular
semiparametric model, termed SLIM (semi-linear indices model). We show that in a simple and
special situation, efficiency for the parametric estimators can easily be achieved by various dimen-
sion reduction tools. The model is motivated by the fact that many dimension-reduction methods,
such as projection pursuit regression(PPR), average derivative estimator method(ADE), and
sliced inverse regression(SIR), assume implicitly that the predictors are continuous variables and
will not work well when some of the predictors are discrete. One solution to this problem is the
use of a semiparametric model where it is assumed that the response variable, Y , has a para-
metric relationship with some q-dimensional covariates Z (some of which may be discrete), but
a nonparametric relationship with other p-dimensional covariates X. If X is of high dimension,
additional dimension reduction is needed and the most common approach is to assume that all
information of X that is related to Y is carried through a few, say k, indices. More specifically,
we assume:

(1) Y = Z ′θ + g(X ′B) + e.

The function g (we call it the link function) and the p × k matrix B describe the dimension-
reduction model through which Y and X are related, θ is the vector of parameters describing
the linear relationship between Y and Z, and e is an error term. Model (1) is a semi-linear model
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with k indices and will be abbreviated as SLIM (semi-linear indices model) hereafter. Dimension
reduction is accomplished because k is usually much smaller than the dimension p of X. In
addition, the other covariate vector Z is related to Y through a linear relation. When the link
function g is unknown, the matrix B can be identified only in terms of direction and not size. We
thus assume hereafter that the column vectors of B are all of unit length and the first component
is always nonnegative.

The special case p = 1 has vast appeal to econometricians and is called the ”partial linear
model” (Engle, Granger, Rice and Weiss (1986), Heckman (1986), Rice (1986), Denby (1986),
Chen(1988), Speckman (1988), Severini and Staniswalis (1994), Bhattacharya and Zhao (1997),
Hamilton, S. A. & Troung, Y. K. (1997), Mammen and van de Geer (1997)). Model (1) also
includes another popular model when p might be larger than 1 but k = 1, in which case Y

and X are related through a single dimension reduction direction called index and the resulting
model is called the ”single index model” in the economics literature (Stoker (1989), Härdle, Hall
and Ichimura (1993), Chiou and Müller (1999), Stute and Zhu (2005)). In contrast to partial
linear models and single index models, where hundreds of papers appeared in the literature, the
results are sparse for the SLIM model in (1). Carroll, Fan, Gijbels, and Wand (1997) is the first
work where this topic is explored, focusing on the case k = 1 with a single index. Their methods
sometimes encounter numerical difficulties and this was noticed independently by Chong (1999)
and Yu and Ruppert (2002). The latter authors circumvented the problem by assuming that (in
addition to k = 1) the link function g lies in a known, finite-dimensional spline space, yielding
a flexible parametric model. The approach taken in Chong (1999) is different and completely
nonparametric, employing a local polynomial smoother to estimate g. Moreover, the number of
indices k is not assumed to be 1 or even known, and is being estimated along the way.

We consider in this paper that a random sample of n observations are collected, and use
y = (y1, . . . , yn)′ to denote the vector of observed responses and

Z =




z11 . . . z1q

...
...

zn1 . . . znq


 and X =




x11 . . . x1p

...
...

xn1 . . . xnp




to represent the observed values of Z and X, with the first subscript representing the observation
number and the second subscript representing the position in the array of variables. Restating
equation (1) to reflect the observations we obtain,

(2) y = Zθ + g(XB) + ε,

where ε is the n× 1 vector of observed errors.
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Our goal is to show that simple and non-iterative algorithms are available when the two co-
variates Z and X are independent of each other, and the procedures yield efficient estimators
for parameters θ and β. The independence assumption could be fulfilled, for instance, in clinical
trials when Z models the treatments effects and patients are assigned to treatments randomly.
Specifically for θ, we show that our procedures are as efficient as the nonlinear estimate obtained
as if g and B were both known. We also show that our procedures provide adaptive estimates for
B, in the sense that the asymptotic variance of the B-estimator is equal to the one that assumes
a known link function. Finally, we illustrate our procedures through extensive simulation studies
and show that they compare favorably with the procedure in Carroll et al. (1997). We note here
that the algorithms in Section 2 were first reported in the Ph.D. thesis of Chong (1999), and
have not been published previously. Moreover, the asymptotic results reported here are different
from and deeper than those obtained in Chong (1999). For instance, Theorem 2 in Section 2 is
for a different and better estimator than the one in Theorem 2 of Chong (1999), and Theorem 3
in Section 2 is completely new.

2. Main Results.. Hereafter, we assume that X and Z are independent. Consequently, we
may consider Z ′θ of equation (1) to be part of the error term and use only the values of Y and
X to obtain an estimate of B. The theorem below shows that we can obtain a

√
n-consistent

estimate for B when we apply the sliced inverse regression (SIR) method in Li (1991) to Y and
X, if the following linear condition is satisfied:

(3) for any b ∈ <p, E(X ′b|X ′B) is linear in X ′β1, . . . ,X
′βk.

Theorem 1. Under condition (3), E(X|Y )−E(X) ∝ ΣxBa∗ for some a∗ ∈ <k, where Σx

is the covariance matrix of X, and ”∝” stands for ”proportional to”.

The proof is similar to the one in Li (1991) because E(X|Y ) = E(E(X|X ′B,

Z ′θ, e)|Y ) = E(E(X|X ′B)|Y ), where the last equality follows from the fact that X is inde-
pendent of Z and e. Details of the proof will not be presented here as they can be found in
Section 5.3 of Chong (1999).

Because E(X|Y ) = E(E(X|X ′B)|Y ) = E(ΣxBa∗|Y ) for some a∗ ∈ <k, we can use SIR,
proposed in Li (1991) and reviewed in Chen and Li (1998), to estimate B. Variants of SIR,
such as SIR II (Li (1991)), SAVE (Cook and Weisberg (1991)), PHD (Li (1992)) etc., are
also feasible in case SIR fails. All these SIR based procedures are simple as they do not involve
smoothing and separate the dimension reduction stage from the model fitting stage. Li (1991)
and Zhu and Ng (1995) states that SIR yields a

√
n-consistent estimate for B, when Z is not
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present in model. These results continue to hold when Z is independent of X. Zhu and Fang
(1996) used kernel estimation, where the root n consistency also holds.

By the same token, the average derivative method, ADE, can also be applied under certain
smoothness conditions as described in Härdle and Stoker (1989) and Samarov (1993). The re-
sulting estimate would be

√
n consistent like SIR and it has the same advantage as SIR (or its

variants) that it separates the dimension reduction stage from model fitting. A relevant method,
the Outer Product of Gradients estimation (OPG) proposed by Xia, Tong, Li and Zhu (2002) can
also be applied. While SIR relies on the linear conditional mean design condition (3), it is much
simpler to implement than ADE which involves the estimation of the derivative of g. These two
different approaches compliment each other as dimension reduction tools.

If the additivity assumption is satisfied in the projection pursuit regression (PPR) model
(Friedman and Stuetzle (1981)), one can also employ the PPR-estimators for B, which were
shown to be

√
n-consistent in Hall (1989). Hristache, Juditsky and Spokoiny (2001) provided a

new class of
√

n-consistent estimators. These projection pursuit type estimators typically yield a
more efficient initial estimators for B than SIR or ADE since PPR utilizes the additive model
structure and attempts to estimate B iteratively while estimating the unknown link function.
However, ADE and SIR (or its variants) have the advantage that they rely on no model assump-
tion, separate the dimension reduction stage from model fitting, and are thus computationally
simpler and more robust than the PPR approach.

2.1. Estimation of θ.. There are two ways to estimate θ:

i Procedures starting with dimension reduction: Start with a dimension-reduction procedure
to obtain an estimate B̂ for B and then follow the steps of the partially linear model, using
X ′B̂ instead of the unknown X ′B to estimate θ.

ii Procedures starting with initial estimation of the linear component: Because Z and X are
independent, linear regression of y on Z will yield a consistent estimate of θ. The linear
regression procedure is computationally simple, so we may start with this initial estimate
of θ and use it to improve the dimension-reduction step above.

When using partial linear model estimation to estimate θ, there are two common approaches
based on either partial splines (Wahba (1984)) or partial regression (proposed independently by
Denby (1986) and Speckman (1986)). The partial regression method is a profile approach so it
is also referred to as the profile estimator in the literature. We advocate the use of the partial
regression estimator even though partial spline estimators would be fine when Z and X are inde-
pendent as reported in Heckman (1986). Simulation results in Chapter 6 of Chong (1999) suggest
that the two procedures provide numerically equivalent estimators under the independence as-
sumption, but the partial spline procedure might be biased when the independence assumption
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is violated as demonstrated in Rice (1986). There is thus no advantage to employ the partial
spline procedure in our setting.

The partial regression stage involves a smoothing method to estimate the unknown link func-
tion g. The choice of smoother is not critical; we employed the local polynomial smoother due to
its appealing properties as reported in Fan (1993). This results in a linear smoother in the sense
that we may construct a smoothing matrix S such that Su represents the result of smoothing a
vector of generic observations, u, using the linear smoother S. Details are given in Appendix B.
Below we use the partial regression procedure to estimate θ and provide the algorithms for each
of the approaches above.

Algorithm for Procedure 1 which begins with dimension reduction :

i Apply a dimension-reduction procedure to X and y to obtain an estimate B̂ of B.
ii Use XB̂ to obtain a smoothing matrix S.
iii Take θ̂ = (Z′(I− S)′(I− S)Z)−1Z′(I− S)′(I− S)y to be the estimate for θ.

Algorithm for Procedure 2 which starts with an initial estimator of the linear component:

i Apply least squares to Z and y to obtain an initial estimate θ̂0 of θ.
ii Apply a dimension-reduction procedure to X and y −Z ′θ̂0 to obtain an estimate B̂ of B.
iii Use XB̂ to obtain a smoothing matrix S.
iv Take θ̂1 = (Z′(I− S)′(I− S)Z)−1Z′(I− S)′(I− S)y to be the revised estimate for θ.

Simulation results in Section 3 suggest that Procedure 2 which uses the residuals to perform
the dimension reduction step is slightly more efficient than Procedure 1. We thus present the
asymptotic distribution of θ̂1 based on Procedure 2 only. Note that, following Theorem 1 or the
discussions afterwards at the end of Section 1, many initial

√
n-consistent estimators of B exist.

We thus make such an assumption in the following theorem.

Theorem 2. Under conditions (1)–(11), listed in Appendix A, and ‖B̂−B‖ = OP (n−1/2),

(4)
√

n(θ̂1 − θ) ⇒ N(0,E−1σ2)

for the partial regression estimate in Procedure 2 using residuals, where

E =




E(Z2
1 ) · · · E(Z1Zq)

...
...

E(Z1Zq) · · · E(Z2
q )


 ,

and E(Zi) = 0 for all i.
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In other words, when we start with a
√

n-consistent estimate for β, then θ̂1 is consistent for θ

with the same efficiency as an estimate that we would obtain if we knew β and g. This illustrates
the adaptiveness of θ̂1; no iteration is required, and Many

√
n-consistent estimators for β exist.

2.2. Estimation of B and g.. While our primary interest is in the estimation of θ, we may
also be interested in estimating B and g. Although both procedures in Section 2.1 involve the
estimation of B, we will generally want a refined estimate. For instance, after obtaining θ̂1, we
can obtain a revised estimate B̂2 for B, and then an estimate for g by smoothing Y − Z ′θ̂1 on
X ′B̂2.

i Apply a dimension-reduction procedure to X and Y −Zθ̂1 to obtain a revised estimate B̂2

of B.
ii Use XB̂2 to obtain a smoothing matrix S.
iii Let ĝ(XB̂2) = S(y − Zθ̂1) be the estimate for g.

Next, we present the asymptotic results for the indices parameters. For simplicity, we present
only the single index case with k = 1, which involves only one-dimensional smoothing. The
general case can be derived similarly by using a k-dimensional smoother with modified rates of
convergence.

When k = 1, the matrix B becomes a vector and we denote it by β. Let β̂2 be the corresponding
estimator in step 1 above. Theorem 3 below shows that it is optimal in the sense that the
asymptotic variance of β̂2 is equal to the nonlinear least squares estimator that is obtained when
the link function g(·) is known and when the linear part Z ′θ is absent in the model. That is, the
impact of nonparametric estimation of g(·) and the linear part Z ′θ is negligible asymptotically.
Let

W =
∫ {

X − E(X|X′β)
}{

X−E(X|X′β)
}′

(g′(X′β))2fX(X)dX,

where fX is the density function of the p-dimensional vector, X, and W− denotes the generalized
inverse of W .

Theorem 3. Under conditions 1 – 11 stated in Appendix A and in addition, h = O(n−1/5),
we have, for any unit-vector u 6= β,

n1/2u′(β̂ − β) =⇒ N(0, u′σ2(W−)u)

2.3. Iterated estimate of θ.. While the estimator for θ in Section 2.1 is already asymp-
totically efficient, it might be improved in the finite sample case by iterating the algorithm. For
instance, following the steps of the previous section and after obtaining estimates for B and g,
one can use partial regression to obtain the revised estimate for θ.
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• Let the partial regression estimate θ̂2 = (Z′(I − S)′(I − S)Z)−1Z′(I − S)′(I − S)y be the
revised estimate for θ.

The simulation studies in Section 3 indicate some gain by adding one iteration.

3. Simulations. In this section we check the numerical performance of the procedures in
Section 2 and compare it to the GPLSIM algorithm from Carroll, Fan, Gijbels, and Wand (1997).
We consider two different models, that is, a linear model,

(5) Y = 2 + X ′β + Zθ + 0.3e,

and a quadratic model

(6) Y = (2 + X ′β)2 + Zθ + 0.3e.

In each model, θ is a scalar with value 1. The variable Z will be a single binary variable
with values 0 and 1, and Z = 1 with probability 1/2. The e’s are standard normal, and β are
(0.75, 0.5,−0.25,−0.25, 0.25)′. The X’s are standard multivariate normal, with mean (0, 0, 0, 0, 0)′

and covariance I5. Thus, in these simulations the assumption on the distribution of X is satisfied
for both projection pursuit regression and sliced inverse regression, and we focus on these two
dimension reduction methods. The average derivative method can also be used at additional
computational cost. Although the simulations shown here have X with components independent
from one another, we also ran simulations that have a correlation structure on X. The results
for those simulations are not much different from those shown here.

We ran N = 100 simulations each on the linear model and the quadratic model, and the sample
size is n = 100 in both cases. The link function is estimated with a local linear smoother as defined
in Appendix B, and the bandwidths are chosen by a cross-validation method. We advocate the
generalized cross-validation procedure due to its computational advantage over the least squares
cross validation method. Simulation results not reported here, which can be found in Chapter
6 of Chong (1999), show that the two-cross validation methods yielded very similar results. We
thus only report the findings based on generalized cross-validation (Craven and Wahba (1979)),
defined in equation (41) of Appendix B.

The performance of the two types of partial regression estimators, with and without an initial
estimate of θ, are compared using two types of dimensions reduction tools, the PPR and SIR
with 2, 5, 20, and 20 elements per slice. The results of estimating θ for the linear and quadratic
model are reported in Table 1 and Table 2 respectively.

We find that, as expected, PPR generally outperforms SIR, but only slightly. With only one
iteration, the estimators in section 2.3 are nearly as efficient as the one with β known regardless
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Table 1
Estimates of � in the linear model (5)

W/O initial θ̂ One iter w/o initial θ̂ With initial θ̂ One iter with initial θ̂

PPR Bias -0.0411 -0.0029 -0.0013 -0.0007
SD 0.0623 0.0581 0.0603 0.0592

MSE 0.00557 0.00338 0.00363 0.0035

SIR2 Bias -0.0459 -0.005 -0.0058 -0.0024
SD 0.0708 0.0606 0.0618 0.061

MSE 0.00712 0.0037 0.00385 0.00373

SIR5 Bias -0.0447 -0.0047 -0.0008 -0.0007
SD 0.0621 0.0606 0.064 0.0623

MSE 0.00585 0.00369 0.0041 0.00388

SIR10 Bias -0.0423 -0.0034 -0.0023 -0.0003
SD 0.0655 0.06 0.0624 0.0603

MSE 0.00608 0.00361 0.0039 0.00364

SIR20 Bias -0.0441 -0.0032 0.0006 -0.001
SD 0.065 0.0612 0.065 0.0599

MSE 0.00617 0.00376 0.00423 0.00358

� given Bias 0.0025 0.0025
SD 0.0564 0.0564

MSE 0.00318 0.00318

Table 2
Estimates of � in the quadratic model (6)

W/O initial θ̂ One iter w/o initial θ̂ With initial θ̂ One iter with initial θ̂

PPR Bias -0.0466 -0.0043 -0.005 -0.0009
SD 0.0625 0.0586 0.0786 0.059

MSE 0.00608 0.00345 0.0062 0.00348

SIR2 Bias -0.0385 -0.0002 -0.002 0.0043
SD 0.0915 0.0767 0.1011 0.077

MSE 0.00985 0.00588 0.0102 0.00595

SIR5 Bias -0.0391 -0.004 -0.0017 -0.0002
SD 0.0731 0.0731 0.0974 0.0707

MSE 0.00688 0.00536 0.00949 0.005

SIR10 Bias -0.0425 -0.0022 -0.0049 0.0001
SD 0.086 0.0815 0.1021 0.0808

MSE 0.0092 0.00665 0.0105 0.00653

SIR20 Bias -0.04 -0.0068 -0.0062 -0.0078
SD 0.0853 0.0887 0.0993 0.0885

MSE 0.00887 0.00791 0.0099 0.00789

� given Bias 0.0006 0.0006
SD 0.0571 0.0571

MSE 0.00326 0.00326
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of which dimension reduction method has been employed. Iteration helps the estimator without
an initial estimate of θ much more than the one with an initial estimate. This suggests also that
further iteration will not improve the estimation of θ. We also compared the performance of the
dimension reduction estimators in Section 2.2, but due to space limitation, the results are not
reported here. Details of additional simulations can be found in Chong (1999).

In both simulations we tried to compare our approach with the GPLSIM algorithm in Carroll
et. al (1997) but were unable to obtain any meaningful results for their procedure due to compu-
tational difficulties, triggered possibly by the relatively high dimension of X. The minimization in
the GPLSIM is now for a five-dimensional β and a scalar θ, whereas it is for a three-dimensional
β and a scalar θ in the simulation model (7) in that paper. We thus instead adopt the simulation
model presented in that article. The simulation has n = 200 with N = 100 simulations based on
the model

(7) Yi = sin(π
βT Xi −A

B −A
) + θZi + εi,

with A =
√

3/2 − 1.645/
√

12, B =
√

3/2 + 1.645/
√

12, Xi distributed as a uniform variable on
the cube [0, 1]3, Zi = 0 for i odd and Zi = 1 for i even, and εi ∼ N(0, σ2 = 0.01). The parameters
are β = (1/

√
3, 1/

√
3, 1/

√
3)T and θ = 0.3.

Since the design is nearly symmetric, we do not use the SIR procedure here (Li (1991)) and
only PPR was employed to estimate β. Again, when implementing the program for GPLSIM
encountered difficulties. The initial estimates for both β and θ seem crucial, so we decided to
use our estimates of β and θ in Sections 2.1 and 2.2 as the initial estimates for the GPLSIM
procedure, and then iterate our procedure once to make both procedures comparable as GPLSIM
utilizes the same initial estimates. We used only procedure 1 in this simulation since the results
in Tables 1 and 2 show no benefit using the initial estimator for θ in procedure 2 if we iterate
once for both estimates of β and θ using our procedures. The results for the three procedures,
(a) our estimator in Section 2.1, (b) GPLSIM using our estimator as the initial estimator in
its iterated algorithm, and (c) one iteration of our procedure as described in Section 2.3, are
reported in the last three rows of Table 3. For comparison with the optimal procedure, we also
include in the first row the nonlinear least squares procedure available in S-PLUS, assuming that
everything is known except β and θ. Relative efficiencies with respect to this optimal procedure
are reported for all three procedures in the last column of Table 3. To save computing time, we
used the same bandwidth (based on generalized cross -validation) for the iteration as for the
first partial regression step. The GPLSIM procedure uses a plug-in method for estimating the
bandwidth. The results in Table 3 suggest that the iterated PPR estimators outperform those
from GPLSIM slightly. Note that both approaches utilize the PPR estimators in the second row
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as initial estimators. Our procedures are computationally much more stable and simpler than
GPLSIM.

Table 3
Comparison of our procedures with GPLSIM using the model in Carroll et. al (1997), where the initial

estimators of GLPSIM are our from our Procedure 1 in Section 2.1

Estimate of θ Mean SD MSE RE

NLS 0.3007 0.0106 0.000114 1

PPR-PR 0.2945 0.0229 0.000556 4.89

PPR-PR, iterated 0.3 0.0165 0.000273 2.4

GPLSIM 0.3053 0.0165 0.000302 2.66

4. Conclusions. We have demonstrated that when X and Z are independent, the estima-
tion of the dimension-reduction direction β is straightforward and much simpler algorithms than
those in the literature are available. Consequently, the problem to estimate the linear param-
eter, θ, is equivalent to the one in partially linear model in the sense that the same efficiency
can be attained as in the partial linear model which assumes a known β. In addition, we show
that the indices, B, in the semiparametric index components can also be estimated optimally.
The theoretical results presented in Theorems 2 and 3 here improve upon those in Carroll et. al
(1977), where the asymptotic distributions of both estimates for B and θ were derived under the
additional stringent assumption that those estimators are already known to be

√
n -consistent.

We show that such an assumption can be dispensed with when X and Z are independent.

APPENDIX A: Proofs.
Without loss of generality and for simplicity, we will focus on the single-index model with

k = 1, although the proof can be extended to multiple-indices models. We will use a vector β

instead of the matrix B to describe the relationship between Y and X when k = 1. This is a
partially linear single-index model, given by the equation

(8) Y = Z ′θ + g(X ′β) + e.

We first present the assumptions for the theorems.

1. E(e) = 0, V ar(e) = σ2 < ∞.
2. E(Z) = 0, E(‖Z‖2) < ∞.
3. h = const · n−a, where 0 < a < 1

3 .
4. g is twice differentiable, with the second derivative bounded and continuous.



12

5. The density function, fX : <p → <, of the p-dimensional random vector X is twice differ-
entiable with the second derivative bounded and continuous.

6. fX is bounded away from zero.
7. K is Lipschitz continuous on the real line.
8. K has support [−1, 1].
9. K(u) ≥ 0 for all u and

∫ 1
−1 K(u)du = 1.

10.
∫ 1
−1 uK(u)du = 0.

11.
∫ 1
−1 u2K(u)du = MK 6= 0.

Remark: Assumptions 1 and 2 are necessary conditions for the asymptotic normality of an
estimator. Assumption 3 is commonly used in nonparametric estimation. Assumptions 4 and 5
are also common conditions. Assumption 6 and 5 imply that the distribution of X has bounded
support and the fX is bounded from above. With assumption (4), we can also conclude that g

is bounded from above. These conditions are used to avoid the boundary effect when a nonpara-
metric smoother is employed to construct an estimator of a nonparametric regression function.
All conditions on the kernel function are commonly used in the literature. Therefore, the imposed
conditions are mild.

For the clarity of the proof of Theorem 2 , we divide the tedious proof into five Lemmas.
Suppose we observe the data (Yj , Xj , Zj), j = 1, . . . , n, where X ∈ <p and Z ∈ <q. Consequently,
β ∈ <p and θ ∈ <q. For i1 = 0, 1 and i2 = 0, 1, 2, and any β∗ ∈ <p define

(9) ξi1,i2
j (x, β∗) = Y i1

j Kh((Xj − x)′β∗)((Xj − x)′β∗)i2

and

(10) αi1,i2
n (x, β∗) = n−1

n∑

j=1

(ξi1,i2
j (x,β∗)−E(ξi1,i2

j (x, β∗))).

Lemma 1. Under conditions (1)–(8) for i1 = 0, 1 and i2 = 0, 1, 2 and ‖β∗ − β‖ = O(n−
1
2 ),

(11) sup
x∈<p

sup
β∗:‖β∗−β‖=O(n−1/2)

√
nh|αi1,i2

n (x, β∗)− αi1,i2
n (x,β)| P→ 0.

Proof. In order to use arguments such as those provided in the proof of Theorem II. 37 in
Pollard (1984, pages 34-35), we first show that for any ε > 0, x ∈ <p, β∗ ∈ <p, and ‖β∗ − β‖ =
O(n−

1
2 ),

(12) P

(√
nh|αi1,i2

n (x,β∗)− αi1,i2
n (x, β)| > ε

2

)
≤ 1

2
.
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This is in preparation to apply the symmetrization approach, see, e.g. Pollard (1984,pages 14-16).
The left-hand side of (12) is equal to

(13) P

(
|αi1,i2

n (x, β∗)− αi1,i2
n (x, β)| > ε

2
√

nh

)
,

which is less than or equal to

(14)
4nh

ε2
E{[αi1,i2

n (x, β∗)− αi1,i2
n (x,β)]2}

by Chebychev’s inequality. We now prove that this value is less than or equal to 1/2. Recalling
the definition of αi1,i2

n and the independence of ξi1,i2
j , an elementary calculation yields that

4nh

ε2
E{[αi1,i2

n (x,β∗)− αi1,i2
n (x, β)]2}

=
4h

ε2
V ar[ξi1,i2(x,β∗)− ξi1,i2(x,β)]

=
4h

ε2
E{Y 2i1 [Kh((X − x)′β∗)((X − x)′β∗)i2 −Kh((X − x)′β)((X − x)′β)i2 ]2}.(15)

If i1 = 0, then Y 2i1 = 1 Let MfX
be the upper bound of fX and T = {t ∈ <p : K((t−x)′β∗/h) >

0 or K((t− x)′β/h) > 0}. Then (15) is equal to

4h

ε2

∫

t∈T

[
1
h

K((t− x)′β∗/h)((t− x)′β∗)i2 − 1
h

K((t− x)′β/h)((t− x)′β)i2

]2

fX(t)dt

=
4

hε2

∫

t∈T
[K((t− x)′β∗/h)((t− x)′β∗)i2 −K((t− x)′β/h)((t− x)′β)i2 ]2fX(t)dt

=
4h2i2

hε2

∫

x+hu∈T
[K(u′β∗)(u′β∗)i2 −K(u′β)(u′β)i2 ]2fX(x + hu)d(hu).(16)

Let U = {u ∈ <p : x + hu ∈ T} = {u ∈ <p : K(u′β∗) > 0 or K(u′β) > 0} be a compact set.
Then (16) is equal to

4h2i2hp

hε2

∫

U
[K(u′β∗)(u′β∗)i2 −K(u′β)(u′β)i2 ]2fX(x + hu)du

≤ 4h2i2hp

hε2
CMfX

∫

U
(u′(β∗ − β))2du

=
4h2i2hp

hε2
CMfX

O(h−p)O(h−2n−1) =
h2i2

ε2
O

(
1

nh3

)
.
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If i1 = 1, then (15) is equal to, together with the independence of X, Z and e,

4h

ε2
E

{
Y 2

[
Kh((X − x)′β∗)((X − x)′β∗)i2 −Kh((X − x)′β)((X − x)′β)i2

]2
}

=
8h

ε2
E

{
g2(X ′β)

[
Kh((X − x)′β∗)((X − x)′β∗)i2 −Kh((X − x)′β)((X − x)′β)i2

]2
}

+
8h

ε2

[
E(Z ′θ)2 + E(e2)

]
·

E

{[
Kh((X − x)′β∗)((X − x)′β∗)i2 −Kh((X − x)′β)((X − x)′β)i2

]2
}

.

(17)

The second term of (17) has the same order as (15) because E(Z ′θ)2+E(e2) is bounded. Similar
to (16), the first term of (17) can be bounded as follows:

8
hε2

∫

t∈T
g2(t′β)[Kh((t− x)′β∗)((t− x)′β∗/h)i2 −Kh((t− x)′β/h)((t− x)′β)i2 ]2 ×

fX(t)dt

=
h2i2

ε2
O

(
1

nh3
.

)
(18)

Therefore, the left-hand side of (12) has order O(1/(nh3ε2)), so that it is less than or equal to
1
2 when n is large enough. Thus (12) is proved. This inequality ensures the use of symmetrization
arguments. The next step is to show that conclusion (11) is the maximum value of an empirical
process indexed by a VC class of functions. Hereafter, we will suppress the i1, i2 superscripts.

Let Fn = {fn,x,β∗(·, ·) : ‖x‖ ≤ C and ‖β∗‖ ≤ A} be a class of functions indexed by x and β∗

consisting of

f i1,i2
n,x,β∗(y, t) = yi1 [K((t− x)′β∗/h)((t− x)′β∗)i2 −K((t− x)′β/h)((t− x)′β)i2 ].

Therefore, the left-hand side of (11) is equal to
√

nh supf∈Fn

∣∣ ∑n
j=1 f(Yj , Xj)

∣∣. Note that

f i1,i2
n,x,β∗(Yj , Xj) = h · (ξi1,i2

j (x, β∗)− ξi1,i2
j (x, β))

and
A = ‖β‖+ O(n−1/2) since ‖β∗ − β‖ = O(n−1/2).

For any fixed n, let εn = ε
8

√
h
n . Suppose there is a set F ◦ consisting of functions {f◦1 , . . . , f◦m},

each in Fn, such that

(19) min
i∈1,...,m

n−1
n∑

j=1

|f(Yj , Xj)− f◦i (Yj , Xj)| < εn for every f ∈ Fn.
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Let N1(εn, Pn,Fn) be the minimum m for all sets that satisfy (19). Let f∗ denote the function
out of (f◦1 , . . . , f◦N1

) that achieves the minimum in the expression (19). We now show that Fn is
a VC class of functions, that is, for any n, and some w such that

N1(εn, Pn,Fn) ≤ (const.) · nw.

For each set satisfying (19) and for each f◦i there is a pair (si, βi) such that f◦i (y, t) ≡ fn,si,βi(y, t).
Then

|f i1,i2
n,x,β∗(Y, X)− f i1,i2

n,si,βi
(Y, X)|

= |Y i1 [K((X − x)′β∗/h)((X − x)′β∗)i2 −K((X − x)′β/h)((X − x)′β)i2 ]

− Y i1 [K((X − si)′βi/h)((X − si)′βi)
i2 −K((X − si)′β/h)((X − si)′β)i2 ]|

= |Y i1 [K((X − x)′β∗/h)((X − x)′β∗)i2 −K((X − si)′βi/h)((X − si)′βi)
i2

+ K((X − si)′β/h)((X − si)′β)i2 −K((X − x)′β/h)((X − x)′β)i2 ]|

≤ |Y i1 |hi2

h
(const)(|(X − x)′β∗ − (X − si)′βi|+ |(X − si)′β − (X − x)′β|)

=
|Y i1 |hi2

h
(const)(|X ′(β∗ − βi)− x′β∗ + s′iβi|+ |(x− si)′β|)

≤ |Y i1 |hi2

h
(const)(|X ′(β∗ − βi)|+ |(si − x)′β∗|+ |s′i(βi − β∗)|+ |(x− si)′β|)

≤ |Y i1 |hi2

h
(const)(|X ′(β∗ − βi)|+ ‖si − x‖A + C‖βi − β∗‖+ ‖x− si‖‖β‖).

K has a compact support, so for large n, n−1 ∑n
j=1 |Y i1

j |‖Xj‖ and n−1 ∑n
j=1 |Y i1

j | are bounded
by a constant with probability one. For all x with ‖x‖ < C and all β∗ with ‖β∗‖ < A,

(20) n−1
n∑

j=1

|f i1,i2
n,x,β∗(Yj ,Xj)− f i1,i2

n,si,βi
(Yj , Xj)| ≤ (const)

hi2

h
(‖β∗ − βi‖+ ‖si − x‖).

That is, for any two functions in Fn, the distance only relates to the distances of β and x and
hi2/h. Let εn = ε

8

√
h
n .

N1(εn, Pn,Fn) ≤ (const) · 1
ε2

(
n

h3

)p

= (const) · nw,

where we let w = p(1 + 3a). Let the constant be M/2. This means that Fn is a VC-class of
functions.

Invoking similar arguments that are used to prove Theorem II.37 (Pollard,1984, p.35) or those
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of Zhu (1993), we have

P (sup
x

sup
β∗

√
nh|αn(x, β∗)− αn(x, β)| > ε)

≤ MnwE

(
max

i∈{1,...,N1}
exp

( −n
2 ( ε2

82 · h
n)

n−1
∑n

j=1(fn,si,βi(Yj ,Xj))2

) )

= MnwE

(
max

i∈{1,...,N1}
exp

(
−ε2/128

n−1h−1
∑n

j=1(fn,si,βi(Yj ,Xj))2

) )

≤ Mnw

(
sup

x
sup
β∗

exp

(
−ε2/128

n−1h
∑n

j=1(ξj(x, β∗)− ξj(x, β))2

) )

= Mnw exp

(
−ε2/128
O(1/nh3)

)
→ 0.

because n−1h
n∑

j=1

(ξj(x, β∗)−ξj(x, β))2 has the same order as hE((ξ(x, β∗)−ξ(x, β))2), which has

the same order as (15). Therefore, P (supx supβ∗
√

nh|αn(x,β∗)
− αn(x,β)| > ε) → 0, for any given ε and relation (11) holds. 2

Lemma 2. Under conditions (1)–(8), for i1 = 0, 1 and i2 = 0, 1, 2 and ‖β∗ − β‖ = O(n−
1
2 ),

sup
x∈<p

sup
β∗:‖β∗−β‖=O(n−1/2)

|n−1
n∑

j=1

[Y i1
j Kh((Xj − x)′β∗)((Xj − x)′β∗)i2

−E(Y i1
j Kh((Xj − x)′β∗)((Xj − x)′β∗)i2)]| = OP (1/

√
nh).(21)

Proof. Similar arguments as used in the proof of Lemma 1 apply. Readers are referred to Chong
(1999) for details. 2

Lemma 3. Under conditions (1)–(8), for i2 = 0, 1, 2 and ‖β∗ − β‖ = O(n−
1
2 ),

sup
x∈<p

sup
β∗:‖β∗−β‖=O(n−1/2)

|n−1
n∑

j=1

Z ′
j(θ̂ − θ)Kh((Xj − x)′β∗)((Xj − x)′β∗)i2

= OP (1/(n
√

h)).(22)
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Proof. Note that Z ′
j(θ̂ − θ) =

∑q
i=1 Zji(θ̂i − θi). The left-hand side of (22) is equal to

sup
x

sup
β∗
|n−1

n∑

j=1

[
q∑

i=1

Zji(θ̂i − θi)]Kh((Xj − x)′β∗)((Xj − x)′β∗)i2 |

≤
q∑

i=1

sup
x

sup
β∗
|n−1

n∑

j=1

Zji(θ̂i − θi)Kh((Xj − x)′β∗)((Xj − x)′β∗)i2 |

≤
q∑

i=1

|θ̂i − θi| sup
x

sup
β∗
|n−1

n∑

j=1

ZjiKh((Xj − x)′β∗)((Xj − x)′β∗)i2 |.(23)

Since q ¿ n, the order of (23) is the same as the order of a single term of the first summation.
Without loss of generality, then, we may take q = 1. We have |θ̂ − θ| = OP (n−1/2) because θ̂ is
obtained through a least squares regression of Y and Z, so we want to show that

(24) sup
x

sup
β∗
|n−1

n∑

j=1

ZjKh((Xj − x)′β∗)((Xj − x)′β∗)i2 | = OP (1/
√

nh).

Note that Zj ’s are independent of the Xj ’s. Similar arguments as in the proof of Lemma 1 can
be applied again. For details see Chong (1999). 2

Lemma 4. Under conditions (4)–(11), letting Ei1,i2 = E(Y i1Kh((X − x)′β)((X − x)′β)i2),
we have

(25) Ei1,i2 =





f(x′β) + O(h2), i1 = 0, i2 = 0(
E(Z ′θ) + g(x′β)

)
f(x′β) + O(h2), i1 = 1, i2 = 0

O(h2), i1 = 0, i2 = 1
O(h2), i1 = 1, i2 = 1
O(h2), i1 = 0, i2 = 2

Also, uniformly over x ∈ <p, ‖β∗ − β‖ = O(n−1/2),

|E(Kh((X − x)′β∗))− f(x′β)| = O(h2 + n−1/2),

|E(Y Kh((X − x)′β∗))−
(
E(Z ′θ) + g(x′β)

)
f(x′β)| = O(h2 + n−1/2),

|E(Kh((X − x)′β∗)(X − x)′β∗)| = O(h2),

|E(Y Kh((X − x)′β∗)(X − x)′β∗)| = O(h2), and

|E(Kh((X − x)′β∗)((X − x)′β∗)2)| = O(h2).(26)

Proof. Recall that f is the density function of X′β. By our assumptions, f and g and their
first two derivatives are bounded and continuous. We will use Mf , Mf ′ , Mf ′′ , Mg, Mg′ , and Mg′′

to denote the bounds. We will use the Taylor expansions

(27) f(x′β + a) = f(x′β) + af ′(v1),
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with v1 between x′β and x′β + a,

(28) f(x′β + a) = f(x′β) + af ′(x′β) +
a2

2
f ′′(v2),

with v2 between x′β and x′β + a,

(29) g(x′β + a)f(x′β + a) = g(x′β)f(x′β) + a[g′(v3)f(v3) + g(v3)f ′(v3)],

with v3 between x′β and x′β + a, and

g(x′β + a)f(x′β + a) = g(x′β)f(x′β) + a[g′(x′β)f(x′β) + g(x′β)f ′(x′β)]

+
a2

2
[g′′(v4)f(v4) + g′(v4)f ′(v4) + g(v4)f ′′(v4)],(30)

with v4 between x′β and x′β + a. Here, we only present the calculation for the case with i1 = 0
and i2 = 0, the others can be computed similarly. It is clear that

E(Kh((X − x)′β)) = E(h−1K((X − x)′β/h))

= h−1
∫ x′β+h

x′β−h
K((t− x′β)/h)f(t)dt

=
∫ 1

−1
K(u)f(hu + x′β)du

=
∫ 1

−1
K(u)(f(x′β) + huf ′(x′β) +

h2u2

2
f ′′(v2(u)))du

= f(x′β)
∫ 1

−1
K(u)du + hf ′(x′β)

∫ 1

−1
uK(u)du +

h2

2

∫ 1

−1
f ′′(v2(u))u2K(u)du

= f(x′β) + O(h2),

because

|h
2

2

∫ 1

−1
f ′′(v2(u))u2K(u)du| ≤ h2

2

∫ 1

−1
Mf ′′u

2K(u)du ≤ h2

2
Mf ′′MK = O(h2).

2

Now define ĝ(x′β∗) = Sx′β∗Y , where the subscript on S denotes the variables, x′1β
∗, · · · ,x′1β

∗,
on which the smoothing matrix is based as defined in Appendix B.

Lemma 5. Under conditions (1)–(11),

(31) sup
x∈<p

sup
β∗:‖β∗−β‖=O(n−1/2)

|ĝ(x′β∗)− E(Z ′θ)− g(x′β)| = OP

(
1√
nh

+ h2
)

.
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Proof. Let Sn,i2(x, β∗) = n−1 ∑n
j=1 Kh((Xj − x)′β∗)((Xj − x)′β∗)i2 . Then

Sn,0(x, β∗) = α0,0
n (x,β∗) + E(Kh((X − x)′β∗))

= OP (1/
√

nh) + f(x′β) + O(h2 + 1/
√

n),(32)

Sn,1(x,β∗) = α0,1
n (x, β∗) + E(Kh((X − x)′β∗)(X − x)′β∗)

= OP (1/
√

nh) + O(h2),(33)

and

Sn,2(x, β∗) = α0,2
n (x, β∗) + E(Kh((X − x)′β∗)((X − x)′β∗)2)

= OP (1/
√

nh) + O(h2),(34)

by Lemmas 2 and 4. Also,

n−1
n∑

j=1

ξ1,0
j (x, β∗)

= α1,0
n (x, β∗) + E(Y K((X − x)′β∗))

= OP (1/
√

nh) +
(
E(Z ′β) + g(x′β)

)
f(x′β) + O(h2 +

√
n),(35)

and

n−1
n∑

j=1

ξ1,1
j (x,β∗) = α1,1

n (x, β∗) + E(Y K((X − x)′β∗)(Xj − x)′β∗)

= OP (1/
√

nh) + O(h2),(36)

also by Lemmas 2 and 4. The bounds for the above five equations are uniform over x and β∗.
We have

(37) ĝ(x′β∗) =
n−1 ∑n

i=1 ξ1,0
i (x, β∗)Sn,2(x, β∗)− n−1 ∑n

i=1 ξ1,1
i (x,β∗)Sn,1(x, β∗)

Sn,0(x,β∗)Sn,2(x, β∗)− S2
n,1(x, β∗)

,

so

ĝ(x′β∗)− E(Z ′θ)− g(x′β)

=
(
(
E(Z ′θ) + g(x′β)

)
f(x′β) + OP (h2 + 1√

nh
))Sn,2(x, β∗)−OP (h2 + 1√

nh
)Sn,1(x, β∗)

(f(x′β) + OP (h2 + 1√
nh

))Sn,2(x, β∗)− S2
n,1(x,β∗)

−
(
E(Z ′θ) + g(x′β)

)
((f(x′β) + OP (h2 + 1√

nh
))Sn,2(x, β∗)− S2

n,1(x, β∗)

(f(x′β) + OP (h2 + 1√
nh

))Sn,2(x, β∗)− S2
n,1(x, β∗)

=
(OP (h2 + 1√

nh
))2

OP (h2 + 1√
nh

)
= OP

(
h2 +

1√
nh

)
,
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with bounds uniform over x and β∗, showing (31). 2

Proof of Theorem 2. Define En = Ĉov(Z) the sample covariance matrix of Z and Ĉov(Z, Y )
the sample covariance between Z and Y . Further, let

g =




g(X ′
1β)

...
g(X ′

nβ)


 , and ĝ =




ĝ(x′1β̂)
...

ĝ(x′nβ̂)


 .

Then

θ̂ = (En)−1Ĉov(Z, ((I− S)Y )

= (En)−1(Z− Z̄)′(Y − Ȳ − (ĝ − g)

= Z′(g + Zθ + e− ĝ)

= θ + (Z′Z)−1Z′e + (Z′Z)−1Z′(g − ĝ)(38)

Because E(e) = 0 and e and Z are independent, E((Z′Z)−1Z′e) = 0. It is easy to prove that,
by the Weak Law of Large Numbers, V ar((Z′Z)−1Z′e) → E−1

n σ2 in probability. nE−1
n

P→ E−1,
so
√

n(Z′Z)−1Z′e d→ N(0,E−1σ2) by the Central Limit Theorem.
Now we need to show that

√
n(Z′Z)−1Z′(g − ĝ) P→ 0. As stated above, n(Z′Z)−1 = nE−1

n
P→

E−1 = O(1), it remains to show that 1√
n
Z′(g − ĝ) P→ 0. Towards this, we will show that

(39) sup
β∗
‖ 1√

n

n∑

j=1

Zj(ĝ(X ′
jβ

∗)− g(X ′
jβ))‖ P→ 0.

Using an argument as in Lemma 3, we will let q = 0 without loss of generality. We will thus write
Z in place of Z, and the norm becomes an absolute value.

Note that Z is independent of (ĝ(X ′
jβ

∗)− g(X ′
jβ)). Using arguments similar to those found

in the first three lemmas, we have

P (sup
β∗
|n−1/2

n∑

j=1

Zj(ĝ(X ′
jβ

∗)− g(X ′
jβ))| > ε)

≤ 4E

[
Dnw sup

β∗
exp

(
−ε2/128

n−1
∑n

j=1(Zj(ĝ(X ′
jβ

∗)− g(X ′
jβ)))2

)]
.(40)

Lemma 5 implies that

sup
x∈<p

sup
β∗:‖β∗−β‖=O(n−1/2)

|ĝ(x′β∗)− g(x′β)| = OP

(
1√
nh

+ h2
)

,
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so n−1 ∑n
j=1 |Zj |2 = OP (1), and

n−1
n∑

j=1

|Zj(ĝ(X ′
jβ

∗)− g(X ′
jβ))|2 = OP (((1/

√
nh) + h2)2).

Therefore, the probability in (40) goes to zero, which implies (39) . The proof of Theorem 2 is
now completed. 2

Proof of Theorem 3: Let

g(u|β) = E(Y − Z ′θ|X ′β = u).

Here and below, β is always a unit p-vector. g(·) is estimated by local polynomial smoother. Let
X = (X1, · · · , Xn)′, Y = (Y1, · · · , Yn)′ and Z = (Z1, · · · , Zn)′. The estimator is defined as

ĝ(X ′β|β) = SX′β(Y −Zθ̂),

where SX′β is the smoothing matrix based on the variables X ′
1β, · · · , X ′

nβ similar to the sit-
uation right before Lemma 5 . For the convenience of notations, we define Ỹ = Y − Z ′θ and
g̃(u|β) = SX′βỸ . Since g(u|β) = g(β′X) we may estimate β by selecting the orientation β∗

which minimizes a measure of the distance g(·|β∗)− g. To this end, define

D̂(β∗, h) =
n∑

i=1

[Yi − Z ′iθ̂ − ĝ(X ′
iβ
∗|β∗)]2 = (Y −Zθ̂)′(I − S

X′β∗)′(I − S
X′β∗)(Y −Zθ̂).

Note that our initial estimator β̃ of β is root-n consistent. Therefore, the minimization only
needs to be taken over β∗ such that |β∗− β̃| = O(1/

√
n), that is, |β∗ −β| = O(1/

√
n). We then

define the minimizer β̂ as the estimator of β.
It is clear that

D̂(β∗, h) = Ỹ
′
(I − S

X′β∗)′(I − S
X′β∗)Ỹ

+ (θ̂ − θ)′Z ′(I − S
X′β∗)′(I − S

X′β∗)Z(θ̂ − θ)

− (θ̂ − θ)′Z ′(I − S
X′β∗)′(I − S

X′β∗)Ỹ

− Ỹ
′
(I − S

X′β∗)′(I − S
X′β∗)Z(θ̂ − θ)

=: D̃(β∗, h) + In1(β∗, h) + In2(β∗, h) + In3(β∗, h).

Invoking the arguments used to prove Theorem of Härdle, Hall and Ichimura (1993), we have

D̃(β∗, h) = D̃(β∗) + T (h) + R1(β∗, h) + R2(h)
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where

D̃(β∗) =
∑

(Ỹi − g(Z ′iβ
∗|β∗))2

T (h) =
∑

(ĝ(Z ′iβ|β)− g(Z ′iβ))2

and uniformly over β∗ and h such that ‖β∗ − β‖ = O(1/
√

n), h = O(n−1/5)
‖R1(β∗, h)‖ = op(n1/5) ‖R2(h)‖ = op(1).
Furthermore, from their arguments, we have for some constants A1 and A2,

D̃(β∗) = n
[
W 1/2(β∗ − β)− n−1/2(W−)1/2Un

][
W 1/2(β∗ − β)− n−1/2(W−)1/2Un

]

+ R3 + R4(β∗),

T (h) = A1h
−1 + A2nh4 + R5(h)

where

Un =
∑

[Xi − E(X|X ′
iβ)]g′(X ′

iβ)εi,

sup
‖β∗−β‖=O(1/

√
n)

‖R4(β∗)‖ = op(1), sup
h=O(n−1/5)

‖R5(h)‖ = op(n1/5).

g′ is the derivative of g and R3 is a constant independent of β∗ and h. Note that our initial
estimator θ̂ is root-n consistent to θ. By the independence between Ỹ and Z and the root-n
consistency of β̃ to β, we obtain easily that, and uniformly over β∗ and h such that ‖β∗ −β‖ =
O(1/

√
n), h = O(n−1/5),

‖Inl(β∗, h)‖ = op(1), l = 1, 2, 3

‖ 1√
n

Z ′(I − S
X′β∗)′(I − S

X′β∗)Ỹ ‖ = op(1)

Therefore, uniformly over β∗ and h

D̂(β∗, h) = D̃(β∗) + T (h) + op(n1/5) + Cn,

where Cn is a constant independent of β∗ and h. Hence the minimum of D̂(β∗, h) within a radius
O(n−1/2) of β for the first variable and on a scale of n−1/5 for the second variable satisfies for
any unit vector u 6= β

u′(β̂
∗ − β) = n−1/2u′(W−)Un + op(n−1/2)

= n−1/2u′(W−)
∑

[Xi −E(X|β′Xi)]g′(β′Xi)εi + op(n−1/2)

In other words,
n1/2u′(β̂

∗ − β) =⇒ N(0, u′σ2(W−)u).
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The proof is completed. 2

APPENDIX B: Linear Smoother
We first consider the simple case of one-dimensional smoothing to estimate the mean response,

m(x) = E{Y |X = x}, based on data {(Xi, Yi), i = 1, · · · , n}. For a given scalar point x and
bandwidth h, the local polynomial smoother (Fan and Gijbels (1996)) is based on a window,
(x− h, x + h), and a kernel weight function to fit locally a weighted polynomial regression, and
then uses the fitted value at x as the estimate for m(x). For instance, a locally linear smoother
with a kernel K, using a linear polynomial to estimate the regression function via the least
squares method, yields the following estimate:

m̂(x) = arg min
a

min
b

n∑

i=1

[yi − a− b(xi − x)]2Kh(xi − x),

where Kh(u) = h−1K(u/h). The solution to the minimization equation is

m̂(x) =

n∑

i=1

Kh(xi − x)[
n∑

j=1

Kh(xj − x)(xj − x)2 − (xi − x)
n∑

j=1

Kh(xj − x)(xj − x)]yi

n∑

i=1

Kh(xi − x)[
n∑

j=1

Kh(xj − x)(xj − x)2 − (xi − x)
n∑

j=1

Kh(xj − x)(xj − x)]
.

This smoother belong to a class called the class of linear smoothers, which is a linear combination
of the observed responses. For a linear smoother, we may construct a matrix Sx such that the
estimated mean response is ŷ = Sxy, where the subscript x denotes the covariate variables,
{x1, · · · , xn}, on which the smoothing is based. We will call Sx the smoothing matrix. It depends
on the type of smoother and kernel function K used, the observed values of the covariates x, and
the smoothing parameter h.

Suppose, for example, that x = (x1, . . . , xn) is observed and that we are using a kernel K that
has support [−1, 1]. The matrix S corresponding to the locally linear smoother above will have
elements

Sij =

Kh(xj − xi)[
n∑

k=1

Kh(xk − xi)(xk − xi)2 − (xj − xi)
n∑

k=1

Kh(xk − xi)(xk − xi)]

n∑

k=1

Kh(xk − xi)[
n∑

l=1

Kh(xl − xi)(xl − xi)2 − (xk − xi)
n∑

l=1

Kh(xl − xi)(xl − xi)]
.

Automatic bandwidth choices based on Generalized cross validation
The bandwidth h which minimizes

(41) GCV (h) =
1
n

∑n
i=1(Yi − ĝh(Xi))2

( 1
ntr(I− Sh))2

,



24

is the generalized cross-validated bandwidth, where Sh is the smoothing matrix corresponding to
a bandwidth of h and ĝh(Xi) is the estimated regression function corresponding to a bandwidth
of h, evaluated at Xi.

Multivariate smoothing
For multivariate smoothing like in our setting of model (1), x will be a k-dimensional vector,

the kernel will be replaced by a k-variate kernel function and the bandwidth by (h1, · · · , hk).
The above simple linear regression based on weighted least squares fit will now be replaced by a
multiple linear regression based on weighted least squares fits.
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