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Abstract

This paper analysis a data mining/bump hunting technique known as PRIM
(Fisher and Friedman, 1999). PRIM finds regions in high-dimensional input
space with large values of a real output variable. This paper provides the first
thorough study of statistical properties of PRIM. Amongst others, we charac-
terize the output regions PRIM produces, and derive some rates of convergence
for these regions. Since the dimension of the input variables is allowed to grow
with the sample size, the presented results provide some insight about the quali-
tative behavior of PRIM in very high dimensions. Our investigations also reveal

some shortcomings of PRIM, resulting in some proposals for modifications.
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1 Introduction

PRIM (Patient Rule Induction Method) is a data mining technique introduced by
Friedman and Fisher (1999). Its objective is to find subregions in the input space
with relatively high (low) values for the target variable. By construction, PRIM
directly targets these regions rather than indirectly through the estimation of a
regression function. The method is such that these subregions can be described by
simple rules, as the subregions are (unions of) rectangles in the input space.

There are many practical problems where finding such rectangular subregions
with relatively high (low) values of the target variable is of considerable interest.
Often these are problems where a decision maker wants to choose the values or
ranges of the input variables so as to optimize the value of the target variable. Such
types of applications can be found in the fields of medical research, financial risk
analysis, and social sciences, and PRIM has been applied to these fields.

While PRIM enjoys some popularity, and even several modifications have been
proposed (see Becker and Fahrmeier, 2001, Cole, Galic and Zack, 2003, Leblanc et
al, 2003, Wu and Chipman, 2003, and Wang et al, 2004), there is according to our
knowledge no thorough study of its basic statistical properties. The purpose of this
paper is to contribute such a study in order to deepen the understanding of PRIM.
Our study also reveals some shortcomings of the algorithm, and proposes some
remedies aimed at fixing these shortcomings. Moreover, the methodology developed

here should be useful in studying the modifications of PRIM. In particular, we

e provide a rigorous framework for PRIM,

e describe theoretical counterparts of PRIM outcomes,

e derive large sample properties for PRIM outcomes, thereby allowing the di-
mension of the input space to increase with sample size. These large sample
results also provide some information on the choice of one of the tuning pa-
rameters involved. Last but not least, we also

e reveal some shortcomings of PRIM and propose remedies.



A formal setup is as follows. Let (X, Y) be a random vector in d + 1 dimensional
Fuclidean space such that Y € R is integrable. Suppose that X ~ F with pdf
f which is assumed to be continuous throughout the whole paper. Further let m
denote the regression function m(x) := E[Y | X = z], * € R%. Without loss of
generality we assume throughout the paper that m(z) > 0. Assume that F has

support S C R? also called the input space. Put
[(C) = / m(z)dF(z) and F(C) = / dF(z) CcCS.
C C

The objective of PRIM is to find a subregion C' C S for which

where A is a pre-specified threshold value. This is equivalent to finding sets C with

[(C) = AF(C) = /C(m(a:) _ A dF(z) > 0, (L.1)

From this point of view an ‘optimal’ outcome (maximizing I(C) — AF(C)) is a
regression level set

CA) ={x: m(z) > A}

Thus it could be said that the conceptual idea behind PRIM is to estimate (or
approximate) regression level sets, and this motivation is quite intuitive, as is the

algorithm itself.

In order to understand the conceptual idea behind the actual algorithm underlying

PRIM, notice that each subset A of C(\) also has the property that % > A and

each subset A of S\ C(\) satisfies % < A. Hence, as an idea for an algorithm to

approximate level sets, one might think about iteratively finding ‘small’ (disjoint)

I(By)
F(By)

mation of C(\). In fact, this is what the PRIM algorithm is attempting to do. In

subsets By, satisfying

> A, and to use the union of those sets as an approxi-

a greedy fashion the PRIM algorithm iteratively constructs ‘optimal’ axis parallel



rectangles (or boxes) BY, ..., Bj; satisfying
k—1
B;j € argmax I(B\UB;),kzzl,...,K, (1.2)
F(B|S\USZ! B})=Bo j=1
where j is a (small) tuning parameter to be chosen, and for a set A we denote by
F(-]A) the conditional distribution of F' given A. Hence, PRIM iteratively construct
‘small’ sets B}, each times removing the outcome B;_, of the preceding step and

applying the algorithm to what is left over (details are described below). This results

in a partition of the input space. The final outcome, R}, consists of the union of
I(B)\U)Z! B))
F(BR\USZ) BY)

However, as Figure 1 shows, PRIM in general does not approximate level sets, and

those boxes B;; with average exceeding A.

the individual sets B; are not really ‘small’ in the sense of ‘local’.

PUT FIGURE 1 HERE

(showing a unimodal regression function an some nested sets By )

The theoretical considerations in the paper mainly concentrate on two substeps
of the PRIM algorithm called peeling+jittering (a modification of peeling+pasting
to be proposed below), where the empirical version is based on iid observations
(X;,Y;)) e R R, i=1,...,n, from the same populations as (X,Y’). Our main the-
oretical results provide rates of convergence of outcome regions of empirical PRIM
to their theoretical counterparts for a given (y. For instance, we will derive condi-
tions under which we have the following type of result. Let Ek, k=1,..., K denote

the outcomes of K successive applications of the empirical peeling+jittering,

Suppose that E|Y|Y < oo for some v > 3. Let 0 < fy < 1 and X\ be fized. Choose
1

the peeling parameter o = ay ~ (% logn)3, and suppose that %logn = o(1).

Then, under additional assumptions (cf. Theorem 4.3) there exist optimal outcomes

B, k=1,...,K such that

dp(R5, Ry) = Op( (£ 10gn)"?). (1.3)



R ) 7> I(BR\UFZ By
where Ry = Ugy) B where K(\) = {k : Fn((éz\\tﬁﬁij

Ry (BY,...,Bj) is a theoretical counterpart (cf. Section 4.3).

> )\} and Ry =

Here I,, and F,, denote empirical counterparts to I and F', respectively. (See be-
low for precise definitions.) Notice that this result just asserts that there exists an
optimal region R that is approximated by the peeling+jittering outcome. Except
for very special cases (e.g. a unimodal regression function with a uniform F') we
cannot hope for a unique optimal outcome R}, and the above type of result is the
best one can hope for. We will, however, present a description of the possible sets
Bj. It also should be noted that the sets Ek are closely related to so-called mini-
(52) "

mum volume sets. Rates of convergence of the order have been derived

for d-dimensional minimum volume ellipsoids and other minimum volume sets in
so-called Vapnik-Cervonenkis (VC) classes with d fixed (see Polonik, 1997, and ref-
erences therein). This motivates the rates of convergence derived in this paper, since

boxes (or rectangles) in R? form a VC-class.

Section 3 explores the outcomes of peeling+jittering, thereby also revealing some
shortcomings of PRIM. Before we do that, we first describe PRIM in some more
detail (Section 2). This is necessary in order to understand the derivations of the
large sample results, which are presented in Section 4. These results indicate that
tuning of parameters involved in PRIM (see Section 2) should depend on the di-
mension as well as on moment conditions in terms of the output variable. Proofs
of some technical results can be found in Section 5 where also some technical tools
are formulated which are needed in the proofs of the main results. Notice again
that while the PRIM algorithm is designed to be applicable for both discrete and

continuous X-variables, we only study the continuous case.

2 The PRIM algorithm

Peeling. The class of all closed d-dimensional boxes, or axis parallel rectangles



B C [0,1]¢ is denoted by B. Given a subset S C [0,1]¢ and a value (3 the goal of

peeling is to find
B — I1(BNS) . F(B o
Bo — argIBnCag{ F(BNS) - ( ‘S) - /80 }: (2'1)

where F'(:|S) denotes the conditional distribution of X given X € S. We always
assume that such a set BZO exists. Beginning with B = S, at each peeling step a small
subbox b C B is removed. The subbox to be removed is chosen among 2d candidate
subboxes given by bj1 == {x € B : 7j < zjo)},bje i ={r € B:x; > xj0_0)}, J =
1,...,d, where 0 < o < 1 is another tuning parameter, and x;(,) denotes the a-
quantile of F;(:|B N S), the marginal cdf of X; conditional on X; € BNS. The
particular subbox b* chosen for removal is the one that yields the largest target
value (/-measure) among B\ bj+, j = 1,...,d. The current box is then updated,
i.e. Bisreplaced by B\ b* and the procedure is repeated on this new, smaller box.
Notice that the conditional distribution in each current box is used. Hence, in the
kth-step the candidate boxes b for removal satisfy F(b|S) = a (1 — a)*~1. Peeling

continues as long as the current box B satisfies F'(B|S) > fo.

The quantity « is usually taken to be quite small so that in each step only a small
part of the space in the current box is peeled off (hence the terminology patient rule

induction). That « cannot be too small is indicated in our theoretical results.

Pasting, has been proposed in order to readjust the outcomes of the peeling strategy.
The procedure for pasting is basically the inverse of the peeling procedure. Starting
with the peeling solution, the current box is enlarged until the next pasting will

cause the average I(BNS)/F(BNS) in the box to decrease.

Covering. The final output region R* of the PRIM algorithm is a union of boxes
from iterative applications of the peeling procedure. The first box B is constructed
using S = [0,1]? as described above. The second optimal box B, is constructed in
the same fashion but using the conditional distribution of F' given [0, 1] \51, and so

on, each time removing the optimal outcome of the previous step. The final result



of the PRIM algorithm then is

— _ IBN\UE B
where mg, = Wfﬁ&)

, and A is pre-specified.

2.1 Jittering

The pasting procedure has the disadvantage that the size (measured by F-measure)
of the box resulting from the peeling procedure cannot be controlled, and under
certain circumstances this might lead to a relatively large set to be removed in
one peeling+pasting step. We propose to replace pasting by what we call jittering.
Rather than just adding small sets as done in the pasting procedure, we simulta-
neously add and subtract a box from the 2d candidate boxes, as long as we can
increase the average of the box. This does not change the F-measure of the box. Of

course, the complexity of the algorithm is somewhat increased by doing so.

Jittering is quite important for the below results. It actually enables us to derive
a characterization of the boxes resulting from peeling + jittering (cf. Lemma 3.1).
This fact makes the use of jittering (rather than pasting) attractive from both a
theoretical and a practical perspective. As for the theory, this characterization en-
ables us to derive large sample results for the PRIM outcomes (see below). Another
advantage of jittering shows when realizing that peeling might end up in a local
minimum. Assuming that this happens, pasting would tend to enlarge the peeling
outcome quite significantly. While it might be argued that the covering step fol-
lowing peeling+pasting, or peeling+jittering might eventually remove this set from
consideration (since the average of this set might be too low), there is a clear po-
tential that this relatively large set contains interesting parts which in fact carry a
high mass concentration. For instance, potential modal regions might be ‘eroded’

from below.



2.2 The empirical version

By definition of I(C) we have
1(C) = E{Y 1{X € C}}. (2.3)

Hence, if (X;,Y;),1 < ¢ < n, is an independent sample with the same distribution

as (X,Y), the empirical analog of I is given by
1 n
(C) =~ Z}Y 1{X; € C}. (2.4)
1=

The empirical analog to F' is given by Fj,, the empirical distribution of X1, ..., X,,.
Then the actual PRIM algorithm is performed as described above but with I and F
replaced by their empirical versions I,, and F),, respectively. We replace a = «,, by
[nay, | /n, the smallest rational number k/n which is larger than «,, and we make

similar changes to the quantities a,(1 — ay,)?, 7 =1,... and .

3 PRIM Outcomes

Here we provide a characterization of PRIM outcomes. Some discussions and ex-

amples provide some further understanding for what these optimal outcomes are.
Local mazimizers.
For a given O C [0,1]¢ with O open in S C [0,1]% let

B} 5, = argmax{ st F(B|S) = fo, BC O, B € B}, (3.1)

and define the class of all local mazimizers of the average é((gg‘z)) of size [y as

Mooc(Bo) =1{ Bo 5,, O C S, O open in S}. (3.2)

It is important to note here that the sets O are open in S, whereas sets B € B
by definition are closed. In other words, the sets By, 5, cannot touch boundaries of

O, unless this boundary of O also is a (subset of a) boundary of S. Therefore, in



regular situations, for many sets O there will exist no set B, 5, and there might
exist many sets O with the same set By, 5 . As a result the class My,.(Bp) might
be small, and often will be finite. Also notice that for the global maximizer BEO as
defined in (2.1) we have Bj = B 5 .

We introduce some notation. For a box B = ®§l:1[a¢1, aia], apn < ap,j =

1,...,d,d>2,and k =1,2 let
Fj(-,Bj) :/A. A.f(...,l‘jfl, 7xj+17)d£’j\/F(S) (33)
BinsJ

Ij(- ,Bj) = /A. Am( . ,SL‘j_l, ',ﬂfj+1,...) f( . ,SUj_l, ,$]+1,)d£;/F(S)
BINSJ
(3.4)

where z5 = (T1,. s Tj1,Tjt1, .-, 2q), and BI = ®?:17i¢j[ai1, ap] C [0,1]4 L
Notice the dependence on S which is not reflected in the notation just introduced.
Further we denote

Fj1(0B) = Fy(a, BY) and  L;(9B) = I;(aj, B).
For d = 1 we define F1;,(9B) = f(aix) 1s(aix) and I15(0B) = m(ax) f(a1x) 1s(aix).

We also use the notation

j-1 d
OBji = ®[ai1, aia] X ajp x ® lai1, ain], j=1,...,d, k=1,2, (3.5)
i—1 i=j+1

for the (jk)-th boundary facet of B. We sometimes use the notation ‘(jk)’ rather than

0Bjj. 'Boundary averages’ turn out to be of importance. Therefore we introduce

- Ij(z,B -
ave;(z, BY) := M, for F;(z, B’) > 0, (3.6)
Fj( z, B])
and use the shorthand notation

Aﬁ(aB) = avej(afk,Bj), (3.7)

where avej(a;rk,BF) and avej(a;k,B?) denote the limits of avej(x,BE) as T ap-

proaches aj, from the outside of the box B and from the inside of the box B,



respectively. Of course, if B is such that its boundary 9By, lies at a boundary of S,
then Ajk(ﬁB) is not defined. Also, A;.tk(aB) is only defined for such boxes B with
Fj(aj,,B))>0forall j=1,2 k=1,...,d.

Observe that the peeling procedure consists in peeling off that boundary with the
smallest average, and hence it has the tendency to keep boundary averages as close

as possible. This motivates the following function:

U(B) := max max AZ‘m
(3k) ~ (bm)#(5k)

(0B)) — A5,(0B)] (3.5)
where for any (jk) the max inside [- - -] is taken over all those (¢m) # (jk) for which
A} (OB) exists. In case A (0B) does not exist for all (¢m) we define ¥(B) =
—o00. Lemma 3.1 indicates that boxes B with W(B) < 0 are potential limits of

peeling+jittering. Therefore, for 0 < Gy < 1 let
Neoe(Bo) = { B € B: F(B|S) = b, and ¥(B) < 0}. (3.9)

Observe that if avejk(x,By)) is continuous at all # = a;; (so that Aﬁ(@B) =
A% (0B) for all jk), then ¥(B) = 0 with ¥(B) = 0 iff all the boundary averages of B
are equal. Such boxes are typical candidates for PRIM outcomes. However, Nyo.(0)
does not only contain local maximizers, but also minimizers and ’saddlepoints’. A
class of typical local minimizers, i.e. boxes minimizing I(B N S)/F(B N YS) is the

following. Let
Myoc,e(0) = { B* € Nioe(Bo) such that (m.i) and (m.ii) hold } (3.10)

where (m.i) and (m.ii) are as follows. The constant ¢ > 0 such that for each B* =
®?:1[a;f1,a;f2], € Myoee(fo) there exists B = ®?:1[5j1’5j2]a B = ®?:1[Qj1’2j2]a
such that B C B* C B with max{|a;; — alil laj, — aj [t = e > 0 for all j =
L,...,d, k=1,2. Let U(e, B*) := { B € B, BC B C B}, then for all B € U(e, B}
and all j € {1,...,d} we have that

(m.i) ave;(-, BF) is strictly decreasing in [@;1, a;1] and strictly increasing in [ao, @j2]-

9



(m.ii) For some constant k; > 0 not depending on B and j,

k?l |£C1 — I2| S ’ avej(ml, BJ) — avej(a:Q, B]) |,
for either x1,z2 € [@j1,a;0] or x1,22 € [a;1,Tj2).

The crucial assumption is (m.i). It is obvious that (m.ii) is not necessary for a set
being a local minimum. Also, as can be seen from the proof of the following result,
the ‘global’ constant € > 0 is not really needed here. However, all this is needed
for proving our large sample results for PRIM, and it is introduced here for later

convenience.

Lemma 3.1 Suppose that assumptions (A2)g, and (A3)g, hold (cf. Section 4).

Then for every 0 < By < 1 and € > 0 we have

Méoc(ﬁ(]) C Moc(ﬁO) \ Myoc,e (ﬁ(])

In the following we consider some specific examples in order to provide a better

feeling for what the sets in My,.(fo) are.

The one-dimensional case. Although one would likely not use PRIM in the one-
dimensional case, a consideration of this simple case provides some insight. Suppose
m is a symmetric bimodal regression curve, and let X be uniformly distributed in
[0,1]. Figure 2) shows some outcomes of peeling+pasting and peeling+ jittering,

respectively for

m(x) =

ex —30m—0.32, 0<z<0.5;
p(=30(z - 0.3)?) )
0.5

exp(—30(z — 0.7)%),

If §y is small enough, the solution of (2.1) is one of two intervals with support
B each corresponding to each mode. The nature of having two disconnected sets
indicates that there are two distinct modes. The population version of the peeling
procedure results (when o — 0) in an interval with support Gy with one endpoint

being a mode (see figure 2, plot 2).

10



PUT FIGURE 2 HERE

The proposed bottom-up pasting procedure will increase the average value of the
box, but it also increases its support (see figure 2, plot 3). If we apply peel-
ing+jittering, then the result approaches the optimal set as « — 0 (see figure 2,
plot 4). An application of the covering strategy (i.e. removal of the just found op-
timal interval, and a second application of the peeling to the remainder) will result
in the analogous interval around the second mode. Thus, the two modes will be

resolved.
PUT FIGURE 3 HERE

The multidimensional case. There is a somewhat surprising shortcoming of PRIM
in the multidimensional case. In contrast to the one-dimensional case, in two or
higher dimensions PRIM might not be able to resolve two distinct modes, even if
0o is chosen small enough, and also the covering strategy might not help. This is
actually what is shown in Figure 3. The long, thin box in plot 2 of Figure 3 is a local
maximum, whereas the other two boxes both are global maxima. The covering leads
to nested boxes of similar shape, and the two modes are not resolved. A possible

remedy is as following.

For a box B = ®§l:1[aj1,aj2], let £; = |ajo — aj1|, i = 1,...,d denote the length
of the box in the i-th coordinate and R = %Zf: the ratio of the box. The idea
is to first standardize all the marginals to have same mean and variance. Then, in
each peeling step £, to allow only such boxes By with Rp, < Rp, , or R, <r
as candidates for next peeling. Here r is a pre-chosen parameter to control the
final peeled box ratio should avoid boxes which are too thin. A simulation study
conducted by the authors indicated that for d = 2 a reasonable choice appears to

be 1.5 < r < 2.0. However, more simulations are necessary to make a more general

statement.

11



4 Convergence results

Next we derive a result about how far the solution of the peeling result differs from
its theoretically optimal counterpart. To this end we need some more notation and

assumptions.

First we introduce two distance measures between boxes. For two boxes B =
®Y_1laj1, ajs] and B = @7_, [aj1, Gjo] let

F(BAB):=F(B\ B)+ F(B\B),
the set-theoretic symmetric difference between B and B , and let

poc(B, B) 1= o mex | ajk — ajp |-

We also need the following quantities in order to deal with the overlap between two
candidate boxed for peeling+jittering. For a box B = ®f:1[ai1, aig], 0 < ap <
ajo < 1,j:1,...,d, d23, andkzl,?let

Fj7g(l'j,1,‘g,Bj’€) = /Af A‘Af(...,:nj, ce, Xy, ...)c@j"/Z (4.1)
Bi-tNS3.L
Iﬂ(xj,a:g,Bj’Z) :/AA -om(exg, oz, ) f 7y, - T, ...)d@j’z
Bitngit
(4.2)
where QE"? = (@1, o1, g1y e Bp—1, T, - - -, Tq) , and B denotes the (d —

2)-dimensional box ®;i:17 Yy [ai1, a;2). Further we denote

Fjiom(0B) = Fj g(ajp, agm, B7) and  Ijm(0B) = Ij(ajk, apm, B*").
For d = 2 and j,k,4,m = 1,2, let Fjim(0B) = f(ajk, aem)1s(ajk, apy) and
Likom(0B) = m(ajk, aem) f(@jk, aem) Ls(ajk, aom).

Assumptions.

(A1)g, The parameter 0 < By < 1 is such that there exists a ¢ > 0 and a constant

¢1 > 0 (only depending on ¢) such that

. R |8 — Bol
sup sup inf  po(Bj, Bs,) < cp ———.
BE(O115—6ol<5 By, ENzoc(50) BENtoc(®) 0 0 R d

12



(A2)3, The parameter 0 < ffp < 1 is such that
O<e ot MECB S s (B < Ko
with constants €p, K neither depending on the index j € {1,...,d} nor on d.
Here || - || denotes sup-norm. Further, there exists an L € N such that the
following holds. For each j there exists cji,...,c; such that for all B with
F(B|S) > Bo/2 the functions Fj(:, BF) are uniformly Lipschitz continuous in

(Cjk,Cjk+1), k=1,...,L — 1, with Lipschitz constant not depending on d.
(A3)3, The parameter 0 < ffy < 1 is such that
sup | Li( BY) [loo < K1
B:F(B|S)2f0/2
for a constant K neither depending on the index j nor on d. Further, for
each B with F(B|S) > (/2 the functions Fj(, BE) are uniformly piecewise
Lipschitz continuous (in the sense described in (A2)3,) with Lipschitz constant

not depending on d.

(A4)s, The parameter 0 < ffy < 1 is such that both

Sup H Fjl(' )" 7Bj7€) HOO < Ko,
B:F(B|S)>f0/2

sup I Ll - B oo < Ko,
BiF(BIS)>00/2

for a constant Ky neither depending on the indices j, ¢ nor on d.

(A5)3, The parameter 0 < y < 1 is such that there exists a § > 0 and a constant
¢ > 0 such that for all B ¢ Ny,.(F(B|S)) with | F(B|S) — fo| < § we have

¥(B) > ¢ poc(B, BY). (4.3)

inf
B*eNoc(F(B|S))

Discussion of the assumptions. Assumption (A1)g, says that in a small (enough)

neighborhood of an optimal set BEO we also find an optimal set BE for 3 close to

13



Bo. A scenario where (A1)g, holds is the following. Suppose that F' is the uniform
distribution and m is rotationally symmetric locally around BZ}O (or possesses other
appropriate symmetry properties), and also is monotonically de(in)creasing, again
locally around Bj , when moving outward of an optimal set Bj (depending on
whether Bj is a lcoal minimum of a local maximum). Then there exist optimal
sets { B}, |8 — fol/d < €} which form a class of totally ordered sets (with respect to
inclusion). If follows that (A1), holds.

Assumption (AbB)g, is crucial. It implies that when ‘moving away’ from an
optimal set Bj;, while keeping the ‘size’ I'(B) fixed (equal to 3) then the maximal
difference of boundary averages increases (recall that for an optimal set Bj we have
¥(Bj) < 0). Condition (A5)g, holds under the scenario given in the discussion
of (A1), above, provided, for instance, m is differentiable with partial derivatives

bounded away from zero.

4.1 Performance of population version of peeling + jittering

The following results presents conditions such that for given Gy > 0 the outcome
of peeling+jittering is ‘close’ to one of the set in My,e(5o) \ meoc%(ﬁo) (with S =
[0,1]¢) as long as d « is small. We will see below that under appropriate assumptions

the empirical version of peeling+jittering behaves similarly.

Theorem 4.1 Let 0 < fy < 1, ¢1 > 0, and let « = v, be such that day, = o(1) as
n — oo. Suppose that (Al)s, - (A5)g, hold for S =[0,1]¢. Let B denote the result

of the population version of peeling + jittering. Then as n — co we have

inf (B*, B)=O0(ay), 4.4
B*EMOC(/BO)\mZOC’% (60) p ( ) ( ) ( )

and hence
inf F(B*AB)=0(day). (4.5)
B*GNeoc(ﬁo)\mgoc,%(ﬁo)
It is straightforward to derive the proof of this theorem from the proof of Theorem 4.2

presented below. Both proofs have the same basic structure, except that the proof

14



of Theorem 4.1 does not involve stochastic arguments, and this makes it simpler.

The proof is hence omitted.

4.2 Empirical performance of peeling + jittering

Let B denote the outcome of empirical peeling+jittering as applied to S = [0, 1]%.

The following result shows that B behaves similar to its population version B.

Theorem 4.2 Suppose that E|Y|Y < oo for some v > 2. Let 3y > 0 and € > 0 be
fized, and assume that (Al)g, - (A5)g, hold for S = [0,1]¢. Further suppose that

an, = o(1) satisfies

L_l
max(\/%anlogi , (afn log%) 2 ) = o(a?). (4.6)

Then we have for n, > a, that

inf w(B*, B) = Op(n, ’ A7
B*ENZ"C(BO)\WOC,%(,BO)'O ( ) P(1n) (4.7)

and hence

inf F(B*AB) = O0p(dn,). L3
B* ENzoc(B0) \my,., 1 (B0) ( ) = Op(dny) (4.8)

The above result indicates that one has to balance the choice of «,, with the dimen-
sion d and moment conditions on Y in order to obtain good statistical properties.
Notice that the extra factor of d in the rates of F(B* AE) reflects the curse of
dimensionality. Although all the ‘one-dimensional’ distances might be small, i.e.
pos(B*, B) is small, the truly d-dimensional distance F(B* A B) might be large due

to the fact that d is large.

From Theorem 4.2 we for instance obtain the following two corollaries on consistency

and rates of convergence of peeling in dp-distance.

Corollary 4.1 (Consistency) Suppose that E|Y|Y < oo for some v > 2. Let 0 <
Bo < 1 be fived and assume that (A1)g, - (A5)g, hold for S = [0,1]%. If ay, is such
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that

a1 1 -
max{ sg" d( Oin )1 T} = o(an) and doy, = o(1),
then
inf d B*’ E —0 1),
B*GNZOC(ﬂO)\\meoc,%(ﬁo) F( ) P( )

For fixed d, for instance, the above result requires «;, to be such that a,, = o(1) with
ot §
an ( % )71 — o0o. When d is allowed to vary with n, then the strongest condition

on d is for 7 = 2 where we need % logn = o(1). For v > 3 we need % logn = o(1).

We can go a little further by choosing the ‘optimal’ sequence «,, which balances the
two terms in the ‘max’ in (4.6). This leads to the following rates of convergence. We
use the notation a, ~ b, for sequences of real numbers {a,}, {b, } with a, /b, —

c>0asn— 0.

Corollary 4.2 (Rates of convergence) Suppose that E|Y |7 < oo for some v >
2. Let 0 < By < 1 and €1 > 0 be fized, and assume that (Al)g, - (A5)g, hold for
S =1[0,1], and that %logn = 0(1). Then we have the following.

1
(i) If v > 3 and we choose ay, ~ (4 logn)? then

inf d B*’B\ -0 d*410 n 1/3 ' 19
B*EMoc(ﬁO)\m 1(50) F( ) P(( n g ) ) ( )

Loc, 3

-1
(i) If2 <~ < 3 and we choose ay, ~ (4 logn)lﬁ then

27+1) 1—1

dp(B*,B) = Op( (%27 logn )73 ). (4.10)

n

inf
B* 6-/\/'Zoc (60)\m€oc, % (ﬂo)

Remarks. (i) The rates in Corollary 4.2 are of the form Op(day,), with a,, as
provided in the formulation of the corollary. Hence for those choices of o, the derived
rates are in alignment with the rate of the population version (cf. Theorem 4.1).

(ii) Tt is known that minimum volume sets in VC-classes converge at rates n~ /3

(up to log-terms). This for instance holds for the minimum volume ellipsoid, or the
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shorth). Hence, the rate in part (i) does not come as a surprise, since by definition
of B it is a kind of minimum volume set in a (sub)class of axis-parallel rectangles

which forms a VC-class (e.g. see Polonik 1997)

Proof of Theorem 4.2: The rate for dp(B* A B) asserted in (4.8) follow from
(4.7) because F(B* A B) = O(d pso(B*, B)).
This proof for the rate of poo(B*, E) is a ‘stochastic version’ of the proof of

Theorem 4.1. For C; > 0 let
An = {zu%\(Fn—F)(B)\ <Ciy/4}
€

U{ sup ](Fn—F)(B)\gCH/%anlogi}

F"(B)San
-1
O{ s (1= DB)| < € max(yfHan log & (7 logl 1) T ).
F(B)SQOHL n n n

It follows from Proposition 5.1 and Proposition 5.2 that for each ¢ > 0 we can choose
Cy > 1 such that for n large enough we have P(A,) > 1 —e. We prove the theorem

in two steps. First we show that for C' large enough we have

P inf wo(B*, B) > C2n,; Ay) =0. 4.11
(B*emoc(mp( ) 7 ) (4.11)

To complete the proof we then show that

P( inf pos(B*, B) < cey; Ap) =0, (4.12)
B*Eméoc,é/d(ﬁ())

for some constant ¢ > 0. Let 3, := F (E) Notice that on A,, we have

Bo < Bn = Fu(B) — (F, — F)(B)

< (Bo+ o) + C1 /4 logd

< fo+ (C1 + 1) 6n, (4.13)
with 6y, := max(an, /2 logd). Using (A1) g, we obtain that for all B% € Nioe(Bn)
there exists a B* € Nyye(fp) such that on A,, we have

B — ol ca (Ch1+1)
d - d

poo(B: , B) < |

Bn On:
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Now suppose that for all Bj € Nioe(Bo) we have pOO(BZ;O, E) > 2Cdn, for some
C > 0. Since n, > 9, we obtain by using triangular inequality that for all B% €

/\fgoc(ﬁn) we have on A, for C large enough that

c1 (Cl =+ 1)

peo(B5,

O0n > C1y.
In other words, for C' large enough

inf wo(B*, B)>2Cnn, A,
{B*GNZOC(ﬁo)p ( ) 7 }

c{ inf poo(Bg\,g)ZCnn, Ay} (4.14)
BéneNZoc(ﬁn) "

We will show that the probability for the event on the r.h.s. equals zero for both C
and n large enough. First notice that because of (A5)3, we have ¥(B) > . It
follows that there exist two boundary facets of B indexed by, let’s say, (jk) and (¢m),
respectively, with Aﬁ. (8B) > A[m(ﬁg )—l—% - Let bj, and by, be the two candidate
sets for jittering. We have Fy,(bji \ bem) = Fp(bem) = [nan(1 — ay,)52 1 /n, with
bjr being outside the box B and bem inside. We will show that for C' large enough,
I (bjk \ berm) > In(ber) which means that adding bj, and removing by, leads to an

increase in I,-measure, while leaving the support of the resulting box constant. In

other words, B is not an ‘optimal’ set, i.e. not a solution to (2.1). A ion.
For a box B and a box b, adjacent to 0B, let

T:t( ),: I(bjk)
A (7S

— A,(0B) (4.15)
We have the following result the proof of which can be found in the Appendix.

Lemma 4.1 Suppose that (A2)g, and (A3)g, hold and that F(bj;) > 0. Then for
e > 0 we have uniformly in j € {1,...,d}, k € {1,2} we have

sup \rﬁ(B) | = O(F (bjr)) as F(bji) — 0. (4.16)
{B: F;x(0B) =€}
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It now follows by using (4.16) that

I(bj) = F(bj) [A},(0B) +r.(B)]
= (F(bm) — (F(bem) — F(bjr))) [ A5 (0B) + r}i(B)]

~

> (F(bgn) — (F(bam) — F(bji))) [ A, (0B) +r,,,(B)

cC ~ PN
+ 777n+7"ﬁ(3) ~Tin(B)]

Hence we obtain

1(bjk) = I(bem) = (I) = (11),

where

(I) := F(bom) [ 1 + 71 (B) =75, (B)],  and
(IT) i= (F(bem) = F(bjx) ) [Apm(9B) + 1y, (B)

— Lo+ (B) — 1 (B)].
We will now show that for large enough n we have on A,, that
1) = I(bam) = (1) = (1) > 2 C oy ary (4.17)
for C' large enough. We prove (4.17) by showing that on A,, we have both

(1) > % C o N, and (4.18)

(I7) < <k gy, (4.19)

with constants €y, K1 > 0 from (A2)3, and (A3)g,, respectively. Since the constants
in (4.19) are fixed these two inequalities imply (4.17) for C' large enough.

First we show that on A,, for large enough n we have
Boan/2 < F(byy) < 2. (4.20)

To see the first inequality observe that by construction of the PRIM algorithm we

have Fy,(bem) > an(1 — ) 5771 If at each step of the peeling procedure we were to
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cut off eractly a fraction of a, from the current data set then (1 — a,)%»~1 = f,.
However, that due to the discrete nature of the empirical peeling the actual fraction
cut off at each peeling step lies in [ay,, a;, + 1/n). Hence, the peeling procedure in
general stops after fewer steps (than in the case of cutting off exactly a fraction of

), and hence we have (1 — )57~ > ;. This implies
(079 2 Fn(bém) 2 (079 (]- - an)Knil Z 7% 60‘

We also have on A, that sup(gy,) [(Fn — F)(bem)| < C1 4/ %an log % = o(a2) =
o(ay). This implies (4.20).

To see (4.18), observe that the upper bound from (4.20) together with Lemma 4.1
imply that rﬁ(g) — r;m(é) = O(ay,). Adding in the lower bound from (4.20) the
assertion now follows for large enough C' from the definition of (I) (note that by

assumption 7, > ).

In order to see (4.19) observe that on A,

| F(bjk) = F(bem) |
= | Fn(bjr) = Falbem) [+ (Fn — F)(bjk) — (Fn = F) (bem) |
<OE)+2C1/ Laylogt < 3Canmm. (4.21)
Also observe that from (A2)g, and (A3)g, we have Apm(0B) < Ki/ep . Again
using Lemma 4.1 we obtain that the second term in (I7) (i.e. the term in [---]) can

be bounded by 2 K /ey > 0. Hence, (4.19) follows.

The last step of the proof is to show that the analogue to (4.17) also holds for the
difference of the I,-measures (rather than the I-measures), i.e. we show that on A,

for n large enough

Li(bj1) — In(bem) > 22 C v 1. (4.22)
Writing
In(bji) — In(bem) = 1(bj) — 1 (bem) + ((In — 1) (bjk) — (In — I)(bfm))
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we see that it remains to show that (I, — I)(bjx) — (In — I)(bem) = Op(on mn).
We have seen above that on A, we have sup;, F'(bjr) < 2ay, for n large enough.

Consequently, on A,
(I = D)(bj5) = (I = 1) (bm) < 201 max (/o log [£1, (7 loa ) )% ),

It follows from assumption (4.6) that the r.h.s is o(a?2). This completes the proof

for the non-overlapping case.

Now consider the case of an overlap of b, and bg,. For each (jk) let bjr =
®j:1[cff,cz§] and denote the width of bj, by hji = c?lf - cjg We have uniform

upper and lower bounds for these widths, namely,
(679} ﬁo/K{) < hjk < Oén/Eo. (4.23)

The first inequality follows from

om B < o (1= )" = F(bjy,) = / Fj(z, B) dz

Jk
71

< hyy, sup Fj(z, B7) < hjy, Ko.
T

The second inequality in (4.23) follows similarly. Next observe that we can write

]1+h]k C[2 T +hom =7
I Jkﬂbgm / / ]g a:],a;g,B]’)dxjdxg.
cl

This implies with K5 from (A4)g, that

I(bjk Nbem) < Ko hjk hom < Ko ai/e%. (4.24)

A similar inequality (with different constants) also holds for I replaced by I,,. This
follows directly from (4.23) together with the definition A,, and assumption (4.6).

~

Now observe that we have show in the proof above that if poo(B*, B) > C'2d oy,
for some C' > 0 large enough, then on A, the difference I,(bjx) — I (bem) > C a2

where C increases with C. We also have seen that I (bjr N ber,) < C’ a for some
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constant C’ > 0 (also on A,). These two inequalities imply that on A,, the overlap

is negligible for C' large enough . (Further details are omitted.)

It remains to show (4.12). Write By, for the outcome of the peeling procedure
(after k, peels). Suppose there exists a set B* € Nyoe(Bo) \ Myoc,e, 7a(Bo) with
Poo(Bk, , B*) < cay for some ¢ > 0. We now show that this implies that on A,
jittering can be applied, leading to a sequence By, 1, By, +2, ..., Bk, with By, = B
being the final outcome of peeling+jittering, satisfying poo(g, B*) > 2C ay, with
the same C' as in (4.11). This essentially completes the proof, because the arguments

of the above proof can be repeated to show that this leads to a contradiction.

Without loss of generality assume that Af; (0B, ) exists. We can also assume that
Af,(0By,) > AL(dBy,) (cf. proof of Lemma 3.1). Further let %7, b3 be two
corresponding candidate sets for jittering, b]f’f lying outside of By, and blfg inside,

and F,(b%n) = F,(b%3). We show that on A,, with n large enough we have
L (V1) > In(b3). (4.25)

Consequently, adding blff and subtracting b’fg leads to By, 41 with a larger aver-
age than By, . Repeating this process leads to By, o with I,(By, +2)/Fn (B, +2) >
I,(Bk, +1)/Fn(Bg, +1) etc. This process can be repeated (at least) as long as we
are still in the neighborhood U(e1/d, Bj ) which means until for some p we have
(bl tPHL G phr Pty \ (B \ B) # 0. Since doy, = o(1) and the widths of the candi-
date sets are of the order O(a,) it follows that for a,, small enough dr(B*, Bk, ) >

cer/d > Ceray,.

To complete the proof we now show (4.25). Our assumptions assure that we can

assume both Fi (-, BT) and I (-, BT) to be continuous (except in aj; and ap2).
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We have

ail - ~
HERE / L@B) b (3, BY) da

_ L(af,BY) ppkn o L(zBY)  L(af,BY) 2
= Fial,BY) F(by) + a11—h11( FeB)  Fi(alBY) ) Fi(z,B") dx

> D) pagy 4 [T Fi(z,B')d
= Fi(af;,B) (1) + a1y —h11 tle—an | Fi(@, BY)dr
Li(afy.BY) ok . [
> 11— n _
2 Fial.B) F) + ki lI%f Fi(z,B") /auhu |z — ay |dx
ni(at,BY . Ky infa BT
= TS F(by) + e b, (4.26)

Fl (a-l‘—l 7BT)

A similar, but simpler, argument shows that I(b75) < % F(bj5) and hence

N(af1,BY) ok 11(619,BY) mopkay | ki infe Fy(2,BY) ;2
- F(G‘Tl’BT) F(bll) Fl(al_Q,BT) F(b12) + 2 hll
L(af;,BY) ke ko, ky infy Fy (z,BL
= Fll((zlfll,BT) (F(f7) = F(b) ) + Rmbe im0 g,y (4.27)

The first term in the last line could still be negative. However, we can show that
on A, this term actually is of smaller order than the second. This follows from the
fact that

F(bky) — F(Sg) = (Fu — F)(03) — (P — F)(0l),

and since F,(0%) = F,(b¥3) < a, we obtain form definition of A,, that

|F(bif) = F(bi3)| < C1y/ 5 am log 5= = o(a3)).

The last equality follows from assumption on «,,. On the other hand, we have seen
that hi1 > const. a, (see (4.23)), and hence on A, we have (by continuing (4.27))

that (for n large enough)

ky inf, F(z,B1)

+ gl
T(kmy — 1ok > —Mo(ai) + =5~ const. o2 > const. a?.

- Fl(ai‘—lvBT)

Hence we have shown (4.25). The fact that on A, this lower bound translates to

a similar bound for the difference of the I,, measures (rather than the I-measures)
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follows by using similar arguments used above to show that (4.17) implies (4.22).

As has been outlined above, this completes the proof.

4.3 Empirical Performance of Covering

The peeling+jittering (or peeling+pasting) procedure is applied iteratively, each
time removing the optimal set found by peeling+jittering and applying the proce-
dure to what is left over. In other words, the input space S is different for every
iteration step. For this reason we need an additional condition to ensure that it will
be possible to compensate to a certain degree the small errors made in each step.

We will assume that

(A6)g, Forall j =1,...,d and k = 1,2 there exists a constant p > 0 such that we
have uniformly in By, By € B with F(B1|S) > (p/2 and F(B3|S) > (/2 that

sup’Ij(:C,B{)—Ij(ZU,B%)‘ < P poo(B1, Ba), and
x

Sup‘ Fj(va{) - F](:L',B%) ‘ < ppOO<BluBQ)7
z

This assumption for instance holds if the function  — m(z) - f(x), z € S = [0,1]¢

is Lipschitz continuous.

For a given subset R C [0,1] and € > 0 let Opoe.c (o, R) = Neoe(Bo, R) \ Muoc,e(Bo, R)
denote a class of ‘optimal’ peeling+jittering outcomes with Ny, and myoc ¢ as defined
as in (3.9) and (3.10), respectively, but replacing S by R. Recall that here ¢ > 0
indicates some regularity condition on boundary averages required to be satisfied

by sets in My (see (3.10)). Now set
1
Ofe) (o) = Otoc,e(Bo, [0,1]%).
Observe that Theorem 4.2 deals with this class. For k = 2,3, ... define iteratively

: S\ UF1pr.
Ofoc.c(Bo) = U Otoci (Bon S\UL B, ), (4.28)
{ B(Zv60532,6(50),jzl,...,k:—1}
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which are classes of possible outcomes of peeling+jittering after the k-th application
of the procedure. Using this notation we define the class of all possible covering

outcomes after k iterative peeling+jittering applications as

Oclgvere {U B () E OZoc 6(,80) } (429)
For a given Gy let E(l), e ,ﬁ( k) denote outcomes of K consecutive applications of

empirical peeling+jittering. With

. _ L(Bw\UZ B
R ={B - <( (J) AL
(k) k-1 5
F, ( (k) \ U B >
let
ByeK(\N),
denote covering outcomes. Analogously, for szk) E oc, 6(ﬁo) k=1,...,K and a
given A let
( \Uk lB* )
KO ={ Bjy - — >},
F (B \ U B)
and

(k)GK()\)

Theorem 4.3 Let 0 < By < 1, €1 > 0 and A be fixed. Suppose that for all B* €
/\Q(fc) (Bo), k=1,...,K for some K > 1 the assumptions of Theorem 4.2 and (A6)g,
hold with F(-|S) replaced by F(-|B*). Then there exists R} = R;(BZ‘D, e B(*K)),
BEkk:) € (’)Zz%(ﬂo) such that the rates of convergence asserted in Theorem 4.2 also

hold for dp(R%, Ry).

Proof. We present the proof for K = 2. Let E(l) and B\(Q) denote two successive
outcomes of empirical peeling+jittering. We have seen in Theorem 4.2 and its proof

that there exists a set Ay, (with P(A4,) — 1asn — o0), and a set B()) € (’) 0c, (Bo)
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such that on A4,, we have poo(g(l), BZ‘U) <2Cmn, and dF(B(l), Ba)) <2Cdn,. We

hence obtain that on A,

inf dp (E(l) U E(g), B*)

weod,
< 1nf [dp(ﬁ(l) (1) + dF(B(2 @ \ B{) ]
(2)60 (ﬂo)

< 2Cdn+  inf  dp(Bw), By \Bjy)

B{3) 0,0, o1 (50)

Further we have with ) = §\ Bj

dr(Ba), By \ Byyy) = F(S®) 'dF(-IS@))(E@)’ B(y)
=(1- /o) - dF(-\S(Q))(E(Q)’ B?2))’

and therefore it suffices to show that for n large enough and some ¢* > 0 we have

P( inf dF(~\S(2))(§(2) Ba)) > c* Cd?’]n, An) =0.

By, €0 ) (6o)
> d

We follow the ideas of the proof of Theorem 4.2 with S replaced by S®). Let 5@ =
S\ E( and let 3, = F( ]S )) . We obtain that on A,, (for n large enough)
(Bip)|S®) — (F, — F)(B)S?)

F,
< Fu(B)|S®) + Fu(Buy A By) — (Fu — F)(Bz)|S@)
F,

2 d
< (Bo+an)+2Cdn, + Ci1\/— logd
1— 0o n

<Bo+(2Cd+1+ C1) M

1
1 - 0o
<Go+3Cdn,
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for C' large enough. Similar to (4.14) we now obtain that for C' and n large enough

we have

inf pOO(BEkQ)J ./B\(2) ) > c* CT]n7 An}

o NG E Bo) 2z (" =4)Cm, A}, (4:30)
B, %o, g ()

for any constant ¢* > 0. Observe further that the function ¥(-) depends on F'(+|.S)
(through the quantities Ajck(aB), and that F(-|S) is now replaced by F(-|S?)). To
make this more clear in the notation we denote the corresponding function ¥(-) by

T(-|S@).

Hence, assuming that

inf poo(Blyy: Bay) = ¢* Cpn, (4.31)

* (2)
B(2> e(géoc, % (BO)

assumption (A5)g, (with F(-) replaced by F(-|S®) ) and (4.30) give us that on A,
U(B()|S?) > c(c* — 4) O (4.32)

Without loss of generality assume that \ll( 2)|S 2)) = Af, (8B |S ))— 22(83 )8
so that
AH(0By|S®) — A3 (0B IS > (¢ —4) C . (433)

We will show that (4.33) implies the existence of a constant ¢’ > 0 with
Af(0Bo)|S®) = A3 (9B(3)|8®) > ¢ (¢ = 4) Cy. (4.34)

We need (4.34) rather than (4.33) (i.e. S® rather than S®), because following the
key arguments from the proof of Theorem 4.2 inequality (4.34) implies the existence
of two candidate sets bj; and bgy, for jittering with I, ( ]k]S ) > In(bgm]§(2)) which
is a contradiction by definition of peeling, and hence (4.31) cannot be true. (The
similar inequality with 5@ replaced by S does not lead to a contradiction because

empirical peeling+jittering is performed conditional on 5 (2).)

27

@),



To see that (4.33) implies (4.34) if (A6)g, holds it is enough to show that there
exists a constant K’ > 0 (not depending on ¢* ) such that for (jk) = (11), (22) we
have

| A5 (0B ()| S®)) — A% (9B)|S?) | < K’ Cn. (4.35)
This is sufficient, because the constant ¢* in (4.32) can be chosen large enough. We

only present the proof of (4.35) for (jk) = (11). Write

@®,a%) o
jl, 0l =12

II®&

d
By = Qa),aly], and By,
j=1
We have

Il(aitl? E(TQ) N 5(2)71\)

Fi(af;, Bl n $@:1)’

AL (0B )|8?) =

and a similar equation holds for S replaced by S As for the numerator of the

right hand side we then have by using (A6)g,

~ o) 74\
Bl n§®)]|
< ‘Il(azlth Bgl)) - Il(aitla B€1)) ‘

~

< pp(Bay, Buy)) <p2Cny

| Li(aiys Bl 0 SP1) = N(af,

A similar inequality can be shown for Fl(alil, E(TQ) NS (2)’T) and this implies that
(4.35) holds. In fact, this implication can be seen by using the same arguments
as in the proof of Lemma 4.1. Observe here that we have already seen that Bn =
F (E(g) |5®) is bounded away from zero, and hence assumption (A2) 3, applies which
provides us with F. j(alil, B\é) ns (2)’7) being bounded away from zero uniformly in

d and j.

We have shown that under the present assumptions the outcomes of 2 successive
applications of peeling+jittering converges to (one of) their theoretical counter-
parts. Clearly, this also implies that the corresponding I-measures and the corre-
sponding F-measures converge, so that the sets K(A\) — K(A) in the sense that
K (MAK(A) — 0 in probability as n — oco. This implies the result.

28



5 Appendix

Here we present proofs of some technical results presented above. We also provide

some additional technical results which are tools in the proofs of our main results.

Proof of Lemma 3.1: Suppose that B is such that F/(B|S) = §y and ¥(B) > 0.
Then there exists € > 0 and two boundary facets (jk) and (¢m) with

A%(0B) — A, (0B) > . (5.1)

Let bj, and by, be two boxes adjacent to 0Bj;, and 0By, respectively, with bj
lying outside the box B and by, inside. Our assumption assure that we can chose
those boxes bji, and by, such that F'((bjx \ b ) NS) = F(bem N S) < 55 < % It
follows from Lemma 4.1 that there exists a constant C' > 0 such that both
‘ I((bjr \ bem) NS)
F((bjk \ bem) N'S)

| I(bgmﬂS) B
F(bfm)ms

— AL (O(B\byn))| < CF((bjk \ by )N S), and
A, (0B)| < CF(by,NS). (5.2)

This implies I( (bjx \ bem ) N'S) > I(bem NS), and hence removing by, and then
adding bjj, increases the I-measure but leaves the F'(-|S)-measure constant, and

hence B ¢ Myoc(5o)-

The assertion that My,.(50) N Mgoc,e(Bo) = @ can be seen as follows. First observe
that for B € myoc(Bo) we actually have ¢(B) = 0, for if —oo < ¥(B) < 0 then by
definition of ¥(B) we can further decrease the average via jittering. This follows
by a similar argument provided above to show that we can increase the average of
a set B if ¥(B) > 0. Similarly we can see that in fact we need A;Fk = A, for all
(¢m) # (jk), and thus all A} (0B) = AT and A5 (0B) = A for some AT, A~
and since ¥(B) = 0 we even need to have AT = A~. Hence, if B € myocc(S0)

then, because boundary averages are equal, it is clear that (m.i) implies that adding

29



a small set to a boundary (j1) and subtracting a set of same F(-|S)-measure at

boundary (j2) leads to an increase in the average and hence B ¢ My,.(fo).
U

Proof of Lemma 4.1 Since the proof for IT/F* is the same as for I~ /F~ we
drop the superscripts ‘+’. Let B = ®?:1[aj1,aj2] and let hjj, denote the width of
bji, such that we have F'(bj;) = faaiﬁhﬂ“ Fj(z, BY) dz. We can assume that there is

J

no discontinuity of F; and I; except at aj; (because by assumption we only have

finitely many discontinuities and hj; — 0 ). By using (A2)g, we thus obtain
-~ ajr+hjk -~ -~
| F(bji) — hjk Fj(an, B?)| = \/ (Fj(z, B’) = Fj(aj, B’) ) dz |
Ajk

ajethjk
SKl/ |z —aj,|de < K1h§k7

ajk
where K; denotes the Lipschitz constant of Fj(-,BE). By using (A3)g, similar
estimates holds for F; replaced by I;. We thus obtain

I(b) _ hjklj(ajk,Bi) + O(hfy) _ I(9B) © Oy,
F(bjr) hj Fj(aji, BI) + O(h%) Fjx(0B) ’

The last equality uses the fact that Fj;(0B) is bounded away from zero. It remains

to observe that hjj is of the same order as F'(bj;) (cf. (4.23) ). 0

Next we present two technical results which are important tools in the proofs pre-
sented above. The result essentially are Theorem 2.14.1 and Theorem 2.14.2 from
van der Vaart and Wellner (1995) which, however, had to be adapted to our situa-

tion.

To this end we need to introduce some notation. Let G be a class of functions with
lgl? = Eg*(X,Y) < oo, and let Ng(u,G) be defined as the smallest number of
Lo-brackets of size u needed to cover G. An Lo-bracket [g1,g2] in G of size u is

defined as [g«,9"] = {9 € G : g« < g < ¢g*}, with ||¢g* — g«]| < u. The quantity
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Np(u,G) is called the covering number (with bracketing) of G. The metric entropy

with bracketing of G with respect to the Lo-norm is defined as
Hp(u,G) :=log Ng(u,G).

Covering numbers for classes of sets are defined analogously by identifying sets with

their indicator functions.

Lemma 5.1 We have
d
Hﬂu,B)ﬁleog(;] (5.3)

Proof. First partition each of the d coordinate axis into {%1 intervals each with

marginal probability measure < u. With F; denoting the i-th marginal distribution
function this can be done by using a; ) = F(;)l(k u), k=1,..., [%1 — 1 as well as
F~1(0) and F~1(1). Now consider the set of all rectangles determined by picking
two of the partitioning points in each coordinate as lower and upper boundary.
Notice that there are [%1 + 1 such points in each coordinate. This results in a set
B,, consisting of ([%Q]H)d rectangles. By construction, any rectangle B € B has a
lower and an upper approximation B, B* € B, with F(B* A B,) < du. Hence we
have shown that Hp(vVdu,B) < d log ([%;H) =d logm < 2d log[17.
It follows that Hp(u,B) < 2d log[ %]. O

Proposition 5.1 Suppose that { (X;,Y;), i =1,...,n} are iid and continuous ran-
dom variables with B(Y2|X1) < M < oo a.s., and E|Y1|? < oo for some v > 2.
Then there exists a universal constant Cy > 0 and a &g > 0 such that for 0 < 6 < g

we have

B( s (L~ D(B)) < Co (/M Lolog[d] +(M? % 10g[4] )T ).

F(B)<¢;BeB

Proof. Write v/n (I, — I)(B) = 7= i1 95(Xi, m) — Bgp(X;, Vi) with gp(x,y) =
y1(z € B). In other words /n (I, — I)(B) is an empirical process indexed by
G ={9gp, B € B}. Let further

95(2,y) =y 1(z € B),
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where b =0 VvV 0 and b~ = — (b A 0). By definition both g§ are positive functions.
Since Egp(X1,Y7) = EgE(Xl,Yl) — Egp(X1,Y1) we have

Vii(l,~1)(B) = jﬁZ[g;f(Xi,m—Eg;(Xi,m]
=1

- ;ﬁ > [9p(X0,Yi) — Egp(X., Yy)]
=1

= Vn(gg) - l/n(g]}).

Let G* = {g*, g € G}. Notice that F(B) < § implies that ||g5|| < v/M . Hence

E( sup val(L, =I)(B)|) <E(  suwp  |w(gh)|) +E( sup  |va(gp)l).
F(B)< lgf I <VATs lopll<vATs

In order to bound the r.h.s. we will apply Theorem 2.14.2 of van der Vaart and
Wellner (1995) to both processes {vn(g%), g7 € GT} and {vn(g95), g~ € G~}

Notice that |g3(z,y)| < |y|. Hence the function G(y) = y is an envelope for both
classes G* and we have ||G|| < VM.

Also, let
VM u

it He (T u,Gt)

With this notation Theorem 2.14.2 of van der Vaart and Wellner says that

a(u)

VM$
E( sup  |wlgh)]) < / \/1+HB(u\/M,gi)du (5.4)
g II<vVM 6 0

+ VRE[VIL{Yi] = a(VDI3) Vi }].
(5.5)

We will now estimate both of the quantities on the r.h.s. This will give the assertion
of our theorem. First we estimate the metric entropy of G* by using (5.3). For

B, € B C B* we have

95. — El95.) <95 —E(g7) < g5. — E(g3,),
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and since E( [gg* — E(gg*)] - [gg* — E(gﬁ*)] ) < M F(B* A B,) it follows that

d
Hp(uvM,G*) < Hp(u, B) < 2d log[ .
We now can estimate the r.h.s. of (5.4). For 0 < ¢ < §y := L we have

1 <2dlog (u%} and hence we obtain for such ¢ that

VM VM
/ \/l—i—HB(uvM,gi) dug/ \/1+2dlog[u%1 du
0 0

§2\/M6dlog[%].

It remains to estimate (5.5). We have for v > 1 and 0 < § < ¢ that

E[|Vi|1{ V1| > a(VM )/ }]
1
({315 i)

< (402 & log[ 41)T B(Vi[ 1{ %3] > a(VTS ) Vir }].

B[V 1{ Y1 > (VDTS ) Vi }]

This completes the proof of the proposition, since the last expected value is bounded.

O

Next we present a result for the standard empirical process using random entropy
numbers. To this end let G be a class of functions. Let further N(u,G, Q) denote
the smallest number of Ly(@Q)-balls needed to cover G. Using the fact that B is a
VC-class with VC-index 2d+ 1, we have the well-known estimate (for a definition of
VC-class and VC-index, as well as the estimate see e.g. van der Vaart and Wellner

(1995), section 2.6.1):
sgplogN(u,B,Q) < Kdlog %, 0<u<l.

Here K > 0 is a universal constant. W.l.o.g. we assume K > 1. Using this result
the following proposition is a straightforward corollary to Theorem 2.14.1 of van der

Vaart and Wellner (1995).
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Proposition 5.2 There exists a universal constant Co > 0 such that for 0 < § < 1

we have
B( sup  [(Fu—F)(B)])<Co\/25(1+logl).
Fn(B)S(S,BEB
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Figure 1: Comparison of theoretical solutions of (2.1) (right, nested squares) and true level
sets (right, nested circles) for uni-modal two-dimensional regression curve. Left plot is the

regression curve.
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Figure 2: Comparison of optimal solution of (2.1) with peeling/pasting/jittering results
for (3.11) by parameters a=.005 and (p=.12. The optimal intervals are (local) level sets
and all the intervals shown in the plots are drawn at the same height corresponding to the
level of the level sets. Plot 1: Optimal intervals of (2.1) are [.24, .36] and [.64, .76]. Plot 2:
Peeling result is [.2993, .4199] with 5y = .1206. Plot 3: Peeling + Pasting result is [.2506,
.4199] with 8y = .1693. Plot 4: Peeling + Jittering result is [.2396, .3602] with 5 = 0.1206.
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Figure 3: Plot 1 shows the model (symmetric bimodal curve). Plot 2: the level sets
(circles) and optimal boxes (squares and rectangles) for fy = .1. Plot 3: indicates
the (first) peeling procedure and the outcomes. Plot 4: the covering results for the

first 6 peeled boxes. The parameters are o = .02 and [y = .1.

Plot 1. Symmetric Bimodal Curve. Plot 2: Level Sets and Optimal Sets.
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