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SUMMARY

We introduce covariate-adjusted regression for situations where both predictors and re-
sponse in a regression model are not directly observable, but are contaminated with a
multiplicative factor that is determined by the value of an unknown function of an observ-
able covariate. We demonstrate how the regression coefficients can be estimated by estab-
lishing a connection to varying-coefficient regression. The proposed covariate adjustment
method is illustrated with an analysis of the regression of plasma fibrinogen concentra-
tion as response on serum transferrin level as predictor for 69 haemodialysis patients. In
this example, both response and predictor are thought to be influenced in a multiplicative
fashion by body mass index. A bootstrap hypothesis test enables us to test the signifi-
cance of the regression parameters. We establish consistency and convergence rates of the
parameter estimators for this new covariate-adjusted regression model. Simulation studies

demonstrate the efficacy of the proposed method.

Some key words: Bootstrap; Diagnostics; Linear regression; Multiplicative effects; Smooth-

ing; Varying-coefficient model.



1. INTRODUCTION

1.1 Preamble

We address the problem of parameter estimation in multiple regression when the actual
predictors and response are not observable. Instead, one observes contaminated versions
of these variables, where the distortion is multiplicative, with a factor that is a smooth
unknown function of an observed covariate. The simultaneous dependence of response and
predictors on the same covariate may lead to artificial correlation and regression relation-
ships which do not exist between the actual hidden predictor and response variables. An
example is the fibrinogen data of Kaysen et al. (2003), where the regression of fibrinogen
level on serum transferrin level in haemodialysis patients is of interest. Both observed re-
sponse and predictor are known to depend on body mass index, defined as weight /height?,
which thus has a confounding effect on the regression relation. The theme of this paper is

to explore such confounding in regression and to develop appropriate adjustment methods.

1.2 Proposed covariate-adjusted regression model

Consider the simple linear regression model
Yi = +mnXi + e, (1)

for the data (X;,Y;), i = 1,...,n, where Y; is the response for the ith subject in the
sample, X; is the predictor, e; is an error term, and -y and ~; are unknown parameters. A
departure from the usual regression model is that X; and Y; are not observable. Instead

one observes distorted versions (f(i, ffz), along with a univariate covariate U;, where
YVi=9(U)Y, and X =o(U)X;, (2)

and ¢(-) and ¢(-) are unknown smooth functions of the covariate U. For the above-
mentioned fibrinogen data the confounding variable U is body mass index. In medical
studies variables are commonly normalised by dividing them by a confounder such as
body mass, implicitly assuming that the relationship between the confounder and the
unobserved underlying variable is of a multiplicative nature. Equation (2) extends this to

a more flexible and general multiplicative confounding model.



Identifiability constraints for ¢(-) and ¢(-) are implied by the natural assumption that

the mean distorting effect should correspond to no distortion, i.e.

E{pU)} =1, E{o(U)} = 1. (3)

We also assume that (X;,U;,e;)i=1,.., are independent and identically distributed where
E(e;) = 0, var(e;) = 02, and X, e and U are mutually independent. A central goal
is to obtain consistent estimators of the regression coefficients in model (1), given the
observations of the confounding variable U; and the distorted observations (X;,Y;) in (2).
Under the identifiability conditions (3), given a consistent estimator 4; of 1, the estimator
Yo =n"tY, Y; — fint > X; will be consistent for 7o. Thus it suffices to consider the

estimation problem for 7; only. We refer to model (1) - (3) as the multiplicative distortion

model or covariate-adjusted regression model.

1.8 Other distortion models

Adjustment for confounding variables per se is a classical problem. We start by investi-
gating a sequence of nested models, for all of which standard adjustment methods already
exist.

First, consider model (1) with additive instead of multiplicative distorting effects, i.e.
Y =Y +1,(U) and X = X + ¢,(U). The identifiability constraints here are E{t,(U)} =
E{¢.(U)} = 0, for the distorting effects of U to average out to 0. A simple adjustment
method for the consistent estimation of +; in the additive distortion model is to use an
estimator of the slope a; obtained by regressing €y on €xy by least squares, where
Ew,|w, is the set of residuals from the nonparametric regression of Wy on W,. However, as

is shown in the Appendix, under (1)-(3), the estimator of «; is targeting the value

§1 =714, (4)

for A = E{(U)d(U)}/E{¢*(U)}, where A and therefore £; can assume any real value.
Thus, while this simple adjustment works for the special case of an additive distortion
model, it fails for the multiplicative distortion in the covariate-adjusted regression model.

The second model we consider is a special case of the additive effects model, where the

distorting functions ¢,(-) and ¢,(-) are linear functions of U. In this case, a consistent
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estimator of «; in the regression model Y = g+ a1 X + apU + e will also be consistent for
71 in model (1). This simple adjustment method however fails for the covariate-adjusted
regression model, since, under (1)-(3), the target value & of the estimator of a; will
generally not satisfy £ = ;. Indeed it holds that £ = &, where &; is as given in (4); see
the Appendix.

As a third model that is nested in all of the above models we consider the case of no
distorting effect. This amounts to ¥(-) = ¢(-) = 1 in the covariate-adjusted regression
model, and 1,(+) = ¢,(-) = 0 in the additive model. In this case we would simply regress
Y on X, and use the slope estimator as a substitute for the estimator of ~1. It is shown in
the Appendix that, under (1)-(3), the slope estimator obtained from this regression model

is targeting the value

_ E{o(U)p(U)HE(X) + nEX?)} — n{EX)}? — v E(X) (5)
E{¢*(U)}E(X?) —{E(X)}?

instead of 71, and that &3 can assume any real value. Therefore, arbitrarily large biases

€3

may result if the confounding covariate is ignored within the covariate-adjusted regression
model.

Fourthly, applying logarithmic transformations to ¥ and X to change the effect of the
distortion functions 1(-) and ¢(-) from multiplicative to additive also fails in the frame-
work of the covariate-adjusted regression model, as it destroys the linearity of the model.
Problems encountered when transforming multiplicative error regression models have been
studied in Eagleson & Miiller (1997).

Our proposed covariate-adjusted regression model also has similarities with multiplica-
tive measurement error models where the error affects both the predictors and the response.
Hwang (1986) derived consistent estimators for the regression coefficients under multiplica-
tive measurement error in the predictors. Other estimation methods in this setting have
been proposed by Iturria et al. (1999). However, the case of multiplicative measurement
errors that affect both the predictors and the response has not been considered previously
to our knowledge, and, furthermore, in the covariate-adjusted regression model the mul-
tiplicative errors affecting predictors and response are functions of an observed covariate

U.



1.4 A motivating example

Assume the following simple linear regression model:
Y=3+X+e, (6)

where e ~ N(0,0.25) and X ~ N(1,0.81). Assume that the distortion variable is U ~
Un(1,7) and the distortion functions are ¢¥(U) = (U — 0.5)*/15.25 and ¢(U) = (U +
1)2/28, which satisfy the identifiability conditions. Then 1000 samples of ¥ and X were
simulated from the specified distributions with sample size 400. For each sample, v; was
estimated using covariate-adjusted regression by applying estimators (11) and (12) from
§3. In addition, the three simple adjustment methods introduced in §1.3 were applied,
namely using an estimator of the slope ay from the regression models Y = ag + a1 X + e,
Y = oy + alX + asU + e and éf/|U =y + alé;(‘U + e as a substitute for the estimator of
~v1. The estimated biases were 0.0006, 1.1450, 0.1335 and 0.0850 for the estimators using
covariate-adjusted regression and the three simple adjustment methods, respectively.
Note that the target bias values for the three adjustment methods are |§; —v1| = 1.1460,
|€3 — 11| = 0.0841 and &5 — 71| = €5 — 7], since ¥(:) and ¢(-) are close to linear in the
interval (1,7). These results, along with the plots of the original variables Y versus X
and the observed variables Y versus X, given in Fig. 1, demonstrate that the distortion

fundamentally changes the relationship between Y and X and that simple adjustment

methods are not feasible.

2. CONNECTION WITH VARYING-COEFFICIENT MODELS

Consider the multiple regression model

P
YZ,YO_FZ’YTXT_‘_e? (7)

r=1
with predictors Xi,..., X, response Y and error e. The observed variables that one has

for (7) are U and
X.(U)=6¢,(U)X, and Y(U)=v(U)Y,

for r = 1,...,p, where ¢, and 1 are unknown smooth functions of U. If we write X =



(Xq,... ,Xp)T, the regression of the observed response on the observed predictors leads to

E(Y|X,U) = E{Y¢(U)|p(U)X1,...,0,(U)X,, U}
= w(U)E{%+Zer+e!¢1(U)X1,..-,¢p(U)Xp,U}-

If we assume that E(e) = 0 and that (e, U, X,) are mutually independent, for r = 1,..., p,

this reduces to

E(Y|X,U0) = $(U)yp+y(U) Zv%

where
o M
Bo(u) = ¥ (u)yo, Br(u) %gzﬁr(u)’ (9)
Therefore,
Y =6o(U)+ ) 8:(U)X, + (U, (10)

which is a multiple varying-coefficient model; that is an extension of regression models
where the coefficients are allowed to vary as a smooth function of a third variable (Hastie
& Tibshirani, 1993). A unique feature is that in model (10) both response and predictors
depend on the covariate U.

For varying-coefficient models, Hoover et al.(1998) have proposed smoothing methods
based on local least squares and smoothing splines, and recent approaches include a com-
ponentwise kernel method (Wu & Chiang, 2000), a componentwise spline method (Chiang
et al., 2001) and local maximum likelihood estimators (Cai et al., 2000). Wu & Yu (2002)
provide a review of recent developments. We develop a consistent estimation method that

is tailored to the special features of our model.

3. ESTIMATION AND CONSISTENCY

The available data are of the form (U;, X;, YZ) 1 =1,...,n, for a sample of size n, where
X; = (X Liy -« - ,Xpi)T are the p-dimensional predictors. To estimate the smooth varying-
coefficient functions fGy(+),...,5,(+) in (10), we use local smoothing methods based on an

initial binning step. The binning is motivated by similar developments for longitudinal



data in Fan & Zhang (2000), who use the data collected at each fixed time point to fit a
linear regression, obtaining the raw estimators for the smooth varying-coefficient functions.
Generalising this idea to our independent and identically distributed data scheme, we
partition the support of U into a number of bins, within which the covariate U has nearly
constant levels. We then use the observed data (X;,Y;) within each bin to fit linear
regressions and to obtain raw estimators of the smooth varying-coefficient functions that
contain the targeted regression parameters . Averaging these raw estimators over the bins
with a special weighing scheme eliminates the influence of the contaminating functions of
U, due to the identifiability conditions, leading to the targeted regression parameters ~.

We assume that the covariate U is bounded below and above, —co < a < U < b < o0,
for real numbers a < b, and divide the interval [a, b] into m equidistant intervals denoted
by Bi,..., By, and referred to as bins. Given m, the B;, j = 1,...,m are fixed, but the
number of Uj’s falling into B; is random and is denoted by L;. Let {(Uj, X;jk, f/j’k), k=
1,...,Ljr=1,...,p} = {(U, X,,Y3),i = 1,...,n,7 = 1,...,p : U; € B;} denote the
data for which U; € B, where we refer to (U, X;jk, 17]’,6) as the kth element in the jth bin
B;. Further define (U7, X]’-, f/j’) to be the data matrix belonging to the jth bin, where U} =
Uity -+ ]/-Lj)T, Yj’ = (%’1a-~-a}~/lej)T and )~(]’k = (1,)~({jk,...,)~(}’7jk)T for k =1,...,L;
contains p components of the kth element in bin B;, and )~(J’- = ()~(J’-l, o aX]/'Lj)ij(pH)'

After binning the data, we fit a linear regression of Y/ on X} within each bin Bj,
7 =1,...,m. The least squares estimators of the multiple regression of the data in the
jth bin are

Bi = (Bog, -, Bp)" = (X[T X)XV
Our proposed estimators of 79 and ~,., for »r = 1,...,p, are then obtained as weighted

averages of the Bj’s, weighted according to the number of data L; in the jth bin,

Yo = Z—jﬁo;' (11)
=1 "
) 1 &KL .
Vr = = _ﬁr‘ﬂ~’,7 (12>
1z, ; n



where fig =n'>" X,; and fig, = L' S X/~ These estimators are motivated by
E{Bo(U)} = 0 and E{5,(U)X,} = % E{¢(U)X,} = % E(X,) = 73, E(X,); see (3) and (9).

The f; are the raw estimators for B({UM) = {B(UM),...,3,(UM)}T, for midpoints
UM = a+(2) —1){(b—a)/(2m)} of the bins B;. Since these raw estimators are not
necessarily smooth, smooth estimators of the coefficient functions 3,.(-), »r = 0,...,p (10)
are obtained by smoothing the scatterplot {(U JM , BTj), j=1,...,m} for each component

r, 1 <r <p. If a linear smoother with weight functions w,(-) is used, we obtain the linear

smooth estimator

B (u) = Z Bjw;(u) (13)

for (,(-). The smooth estimators (3,(-) are used in the bootstrap test proposed in §4.
Next, we show the consistency of estimators 4 and 4, for 7o and ~, in model (7), when
the number of subjects n tends to infinity. As is typical for smoothing, the number of bins
m = m(n) is required to satisfy m — oo and n/(mlogn) — oo as n — oo.
For the estimators given in (11) and (12) to be well defined, the least squares estimator
Bj must exist for each bin B;. This requires that the inverse of X ;TX 7 be well defined, i.e.

det(f(ff(]/-) # 0. Define the event
A ={w € Q:inf |[det(XTX})| > 0}, (14)
J

where (2, F, P) is the underlying probability space. On event A, 4o and 4, are well defined.
It is shown in the Appendix that pr(A) — 1 as n — oc.

Theorem 1. Under the technical conditions given in the Appendiz, given event A,

Y = %+Op(n_1/2)+0(m_1), r=0,...,p.

4. BOOTSTRAP TEST
It is often of interest to test for the significance of the regression coefficients. Equation
(9) shows that ~, = 0 is equivalent to 3,(-) = 0, for 7 = 0, ...p, whenever ¢(-) and ¢,(-)
satisfy the identifiability conditions. Thus, testing Hy : 5,(-) = 0 is equivalent to testing
Hy : 7, = 0. Testing Hy : B-(-) = 0 is a special case of testing the ‘no-effect’ hypothesis,
i.e. testing Hy : 3,.(U) = c for a real ¢ (Hart, 1997, p. 140).
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Under the null hypothesis, the smooth estimator 3,(-) in (13) of £,.(-) is expected to
be close to a horizontal line through zero. Reasonable test statistics quantify departures
of the smooth estimator from this line. Similarly to the statistics proposed by Hart, we

adopt, as a measure of departure,
.
= 20U )
m :

where BT(U]M ; hr) is the linear smooth, fitted using the bandwidth hr, evaluated at UJM .

For an automatic data-based choice of the bandwidth parameter hr, we define

(1/m)RSS(h) }
1—=2tr(Wy)/m |’

hr = arg mhin{T(h)} = arg m}}n{ (15)

(Rice, 1984), where W), is an m x m matrix with (¢, j)th element w;(UM; h) and RSS(h) =
18, = Go||? for Br = (B, -+, Bem) ™, By = (B (UM), ..., 3.(UM)T . This criterion allows
for fast implementation and led to good results.

The raw estimators Brj are heteroscedastic, since the density function of U is in general
not uniform. For this reason, the sampling distribution of R,, is approximated using the
wild bootstrap. The bootstrap samples are obtained under the null hypothesis, and have
the form [{UM, (31— 15, ) Vit - o, AUM, (Bom— iz )Vin}, where fiz, = m™' 32, B, and V; is
sampled from the two-point distribution attaching masses (v/541)/2v/5 and (v/5—1)/2v/5
to the points —(v/5—1)/2 and (v/5+1)/2 (Davison & Hinkley, 1997, p. 272). The variables
V; defined in this way have means equal to zero, and variances and third moments equal
to one. Variables {(@7 — f15,)V;} have means zero, and crudely approximate the variance
and skewness of the underlying distribution. The distribution of R; computed from the

bootstrap samples is used as an approximation to the distribution of R,.

5. APPLICATION
Fibrinogen is a risk factor for cardiovascular disease, and its plasma concentration in-
creases with inflammation. It is of particular interest to elucidate the relationship between
this acute phase protein and other plasma proteins such as transferrin, ceruloplasmin and
acid glycoprotein for haemodialysis patients. This motivated a study of seventy haemodial-

ysis patients (Kaysen et al., 2003) where the main tool was linear regression of plasma
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fibrinogen concentration, FIB, against various predictors, which included the serum trans-
ferrin level, TRF. A simple linear regression model would be F'IB = vy+v T RF +e¢e, where
e is the error term. Body mass index, BMI= weight /height?, was considered to be a major
confounding factor for both response and predictor. We applied the covariate-adjusted
regression model, (8), (9), using body mass index as the confounder U.

The parameters 7 and ; were estimated by the covariate-adjusted regression algorithm
and the results were compared to the estimators obtained from the least squares regression
of the observed FIB on observed TRF. One outlier was removed before the analysis. The
estimates and p-values for the significance of the parameters for both methods are given in
Table 1. The p-values for covariate-adjusted regression estimates were obtained from the
bootstrap test proposed above, using the empirical percentiles of R} from 1000 bootstrap
samples.

Estimated coefficient functions 5o(-) and 3;(-), obtained by local linear smoothing using
bandwidth choices given in (15), are displayed in Fig. 2 together with the raw estimates
Bo and Bl. We tested whether or not the covariate-adjusted regression model is more
appropriate for the data than the additive effects model by testing whether or not ()
was equal to a constant, as discussed below in §6. The p-value of 0.07 from this test, and
the increasing pattern of Bl(-), provide evidence that 3;(-) is not constant for these data,
so that the covariate-adjusted regression model is preferred. Bin widths were chosen such
that the average number of points falling in each bin is p + 1, enough to fit the linear
regression, where p is the number of parameters of the regression model. Bins with fewer
than p + 1 elements were merged with neighbouring bins.

For least squares regression, TRF was close to being significant, p = 0.101, while with
covariate-adjusted regression it became highly significant, p = 0.002, with an increasing
trend in ﬁ]() As BM1 increases, the negative slope of serum transferrin level as predic-
tor for plasma fibrinogen level approaches zero, while the intercept declines. The effects
of BM1 are thus masking the true overall negative effect that T'RF' has on FIB in the
unadjusted regression. It is believed that high fibrinogen levels are caused by inflamma-

tion and stimulation of albumin synthesis (Kaysen et al., 2003). While in least squares



regression modelling transferrin was not among the factors that had significant effects on
fibrinogen levels, our analysis with covariate-adjusted regression indicates that there is a

strong negative association if BM 1 is taken into account.

6. MODEL DIAGNOSTICS AND SIMULATION STUDY

Consider the three alternative distortion models that were discussed in §1.3. We note
that the general adjustment method provided by covariate-adjusted regression works for
these models as well, and in fact one of the attractions of the proposed adjustment is that
the specific nature of the distortion of the variables need not be known. Nevertheless, in
applications it may be of interest to investigate whether any of these models approximates
the data sufficiently well, in which case the corresponding simpler adjustment could be
implemented to obtain consistent estimation of the regression coefficients in (1).

If we focus on the simple linear regression case, in the additive effects model, Y is related
to X and U through a partial linear model (Heckman, 1986), Y = ~o + 11X + v(U) + e,
where v(U) = 9,(U) — 71¢0,(U). This partial linear model is a special case of the varying-
coefficient model associated with the covariate-adjusted regression model, Y = £y(U) +
BL(U)X + 9(U)e, where the smooth coefficient function (1 (U) is constant, 5i(U) = i,
and [o(U) = v(U) 4+ 7. If $1(U) is not constant, then this implies that covariate-adjusted
regression is more appropriate for the data than the additive distortion model. Otherwise,
if 51(U) is constant, this implies by (9) and the identifiability conditions that ¢ (U) = ¢(U)
in the covariate-adjusted regression model. In this case, the adjustment method proposed
in §1.3 for the additive distortion model can be used for consistent estimation regardless of
which model is providing the best fit, since &; in (4) equals ;. Thus, one way of testing if
the covariate-adjusted regression model is more appropriate for the data than the additive
model is to test whether or not [3;(-) is equal to a constant, which is the ‘no effect’ test
mentioned in §4. This test is equivalent to testing the null hypothesis 5;(-) = 0 after the
sample is centred around zero, and one could carry out the bootstrap test for Hy : 1(-) =0
with the data Bl — [, rather than Bl.

To check if the additive model reduces to the model with linear distortion functions

¥a(-) and ¢,(-), leading to the multiple regression relationship ¥ = ag + onU + 1 X + e,
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it is enough to test if fy(-) is equal to a linear function; see Hart (1997) for suitable test
statistics. For checking whether or not the model further reduces to the no effect case,
Y = ag + o X + e, one would check if Fo(+) is equal to a constant; see §5.

We carried out a simulation study to show the efficacy of the proposed adjustment
method. The confounding covariate U was simulated from N(6,1), truncated at two

standard deviations. The underlying unobserved multiple regression model was
Y = 1 —+ Ole + 2X2 — 02X3 + e,

where X; ~ N(2,1.44), X5 ~ N(0.5,0.25), X3 ~ N(1,1), and e ~ N(0,0.25). The
distortion functions were chosen as ¥(U) = (U + 3)%/81.8090, ¢ (U) = (U + 10)/16,
&2(U) = (U +1)%/49.8015 and ¢3(U) = (U + 3)/9, satisfying the identifiability conditions.
We conducted 1000 Monte Carlo runs with sample sizes 70, 200, 400. The estimated mean
squared errors for the estimators of g, 71, 72 and 73 are (0.1192, 0.0493, 0.0235), (0.0165,
0.0067, 0.0031), (0.1029, 0.0295, 0.0170) and (0.0273, 0.0154, 0.0060), respectively, for the
sample sizes n =(70, 200, 400) and number of bins (11,25,50). These values are obtained
after removing two outliers for each sample size. The cross-sectional means of the 1000
estimates (o(-), B1(+), B2(-) and Bs(-) of the smooth coefficient functions Go(-), 31(-), Ba()
and (5(-) are shown in Fig. 3 for sample sizes n = 70 and n = 400. While the estimation
is seen to work well in the interior, there is evidence of boundary bias near the endpoints
of the range of U.

To examine the power of the proposed bootstrap test, we assume the model given in
(6) with distortion functions ¥(U) = (U + 3)?/81.8090 and ¢(U) = (U + 3)/9, satisfying
the identifiability conditions when U ~ N/ (6,1), truncated as above. The null hypothesis
is Hy : 71 = 0. Fig. 4 depicts power functions for the significance levels 0.05, 0.10 and 0.20,
based on 1000 Monte Carlo runs with sample sizes n = 70 and n = 400. The observed
type I errors at v; = 0, for the above mentioned significance levels are, 0.055, 0.121 and
0.223 for n = 70, and 0.046, 0.089 and 0.197 for n = 400. The levels of the bootstrap test
move closer to the target values and the power functions increase more rapidly as v; moves

away from zero when the sample size increases.
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APPENDIX

Technical details

Technical conditions. The following assumptions are made.

Condition 1. The covariate U is bounded below and above: —o0 < a < U < b < o0,
for real numbers a < b. The density f(u) of U satisfies inf,<,<, f(u) > 0,
SUP,<,<p f (1) < 00, and is uniformly Lipschitz; that is there exists a real number M

such that sup,<,<, | f(u+¢) — f(u)| < M|c| for any real number c.
Condition 2. The variables (e, U, X,) are mutually independent for r =1,...,p.
Condition 3. For the predictors, sup;<;<, 1<,<, | Xri| < B for some bound B € R.

Condition 4. Contamination functions ¥(-) and ¢,(-), 1 < r < p, are twice continuously
differentiable, satisfying EY(U) =1, FE¢.(U)=1, ¢.()>0 1<r <p.

Condition 5. As n — oo, £ XTX — X in probability, where the limiting (p + 1) x (p+ 1)

matrix X is nonsingular.

Condition 6. The function h(u) = [ zg(x,u)dz is uniformly Lipschitz, where g(-, ) is the
joint density function of X and U.

These are mild conditions that are satisfied in most practical situations. Bounded covari-
ates are standard in asymptotic theory for least squares regression, as are Conditions 2

and 5 (Lai et al., 1979). The identifiability conditions, Condition 4, are equivalent to
B(VIX) = E(YIX),  E(XX) =X,

This means that the confounding of Y by U does not change the mean regression function,

and the distorting effects of the confounding variable U average out to 0.

Proof that pr(A) — 1. For the event A as defined in (14), the following result leads
to pr(inf;d; > 0) — 1 as n — oo for d; = det(L;lX]’-Tf(J’»), which further implies that

pr(A) — 1 as n — oo; X and UJM are as defined in Condition 5 and §3 respectively.
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Lemma 1. For a sequence ry, such that r, = Op[y/{(mlogn)/n}],
sup|d; — GAUM) .. (UM det(X)| = 0,(r,).
j

Furthermore, inf; ¢7(UM) ... ¢2(UM)det(X) > 0.

Proof. Define X(Z) L' Z,ﬁ 1X7’£k, (X’ X! DO =1L Zk (X ]sz]k) and analogously
for XTj and (X;jX;j)(Z). Note that L} 1XJ’-TXJ’~ = (Xrs)p+1D)x(p+1) for r,s =0,...,p, where
Xrs = (X’ X’j)(l) and X(’)j = 1. Thus, d; = Z(—l)Sign(T)(L;l)E'J‘TX]’-)lT(l) .

(L; 1X’ X! )p+1),7(p+1), Where the sum is taken over all permutations 7 of (1,...,p + 1),
and sign(7) equals +1 or —1, depending on whether 7 can be written as the product of

even or odd number of transpositions. The terms in the above sum have the general form

/(1) 1)
Xrlj (X, XTI’QJ)( ) (X/ X’I/‘erlj)( Y (A]‘)
where (r1,...,7rp+1) is a permutation of (0,...,p). Considering the definition of the

Nadaraya-Watson estimator (Fan & Gijbels, 1996), we note that an arbitrary term in
(A1) has the form (X;X] O =i, ,(UM) for 0< s <p+1, K(-) = (1/2)I([-1,1]),
h = (b—a)/m, and U} as defined in Lemma 1 . Uniform consistency of Nadaraya-Watson
estimators with kernels of compact support has been shown in Hérdle et al.(1988),

SUP [1itgr, (1) — Mgy, (W) = Op(ra), (A2)

a<u<b

where myg, ., (u) = B(X,X,.,|U = u) = ¢s(w)¢,,, (u)E(X,X,.,,), and 7, is as defined
in Lemma 1. Then (A2) implies that sup, |, (UY) — me, ., (UM)] = Oy(r,) and
sup; (X!, X;HU) R ¢ (UM, (UM E(XX,,.,)| = Op(ry,). Hence the uniform con-

sistency of (A1) follows, where the limit of (A1) is ¢1(U) ... ¢2(UM) E(X,,)E(X1X,,) ...
E(X,X,,,,), and Lemma 1 holds.

Proof of Theorem 1. As X, is bounded, since X, = O(1), U has compact sup-
port and ¢,(-) is continuous for 1 < r < p, )~(,’,j is also bounded for 1 < r < p.
Thus sup;<;<,, |LJ_1)~(J/T)~(]’| = O(D)1ps1)xpr1), Where Lpinyxptn) isa (p+1) x (p+ 1)-
dimensional matrix of ones. On event A, sup;;<,, [(L; 1X’TX’) = O(M)1psnxpen)
and sup; <<, [(L; 1X’TX') 1X’»| = O(1)1py1yxi- Deﬁmng dojr. = Y(Ujy,) — »(U),
St = Or(Ulg) — O (UF) and 8y = $(U}) /00 (U}y) — $(U})/6,(UF) for 1 < k < L,
and 1 < r < p, where U}* = Lj Zkﬂ:l x> 18 the average of the U’s in B;, we obtain the
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following results for 1 < r, s < p, using Taylor expansions and boundedness considerations:
) supy, ; |Ujy = Ui < (b—a)/m
b) supy, ; [do;u| = O(m™);
c) supy,; [0%] = O(m™");
d) Supy, ; |6, jk| O(m~ )
e) sup; [ L 33 {(Ly X7 X)) T XS o] = O(m™);
) sup; |1y " Sl { (L7 KT X)) 7 X Yok X i = O(m™Y);
g) sup; |Lj Zk 1X;§k O] = O(m™1), 1 < £ < 2;
) sup; | L5 3l X jedogel = O(m ™).
On event A, least squares estimators 3; are well defined:

(a
(
(
(
(
(
(
(

Bo(Up) + Bi(Uj) Xijy + -+ Bp(Up) X0 + e(Ufy)

ﬁ‘;I‘ (X/TX ) 1X‘;T
Bo(Up,) + 61(U;1Lj)X{ij + ..+ G (U, )X;/aglL +€(Ujp,)

Y(U5") »(U7)

T
= (X;TX;)_IX‘;TX;{’}/()’(#(UJ/*)? rylm? e 77p¢p(U/*> }
J J

+ (XJI'TX]/')_IXJI'T((Sojlq/O + fyléile{jl +oo+ PYP(S;)]l pjlo
. 750ij70 + 7151ijX{ij +.ot %%JL XI/’JL )

HETRD IR {H(U)el . AU )T (A3)
If we substitute L;'(L;'X/TX) 71X/ in place of (X/"X))7'X/T and use (A3), 4
becomes
Vr < L‘A w<U,*)
~ Z_JILLX/ ]/*
Px, = ™ ¢ (Uj")
m L;
1SN o
o Z#MX;ijlz{(lengxg) LX Y e (Yoo + 1005 + -+ Vo0h i X k)
r =1 k=1
lmLJ‘A —1Lj 15T /=1 $/T
i b D ) U = T+ T
Xrj=1 k=1

By property (g) above, fig, = ¢, (U)X}, + Ly Y42y X)jpdge = 6r(Uf) XY + O(m ™),
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and, by property (h), T} becomes

m

DS Ly gy s oy = 2 Z Z L0 (UL) = Sy + O(m™)

¢ n
'uer—l Xr =1

" g Z¢ DX+ O(m™) =5 + Oy ™) + Om ™).

By properties (e) and (f), and the fact that (L]-_IX J’TX j’-)*lf( 7 is bounded uniformly over
jon event A, Ty = O(m™'). Note that, on event A, E(T3|U, X, L;, X) = 0 and

~2
M

Z 1X/TX) 1X/T} 1#/’2( J,k) = O(n_l)-

2
var(Ts|U, X, L;, X) = =
n j=1 nﬂf(r k=1

Thus, E(T3) = 0 and var(T3) = O(n™!), implying that 73 = O,(n"'/?) on A.
It follows that, on A,

L
X m L R m L 1 J ~ ~ R o ~
0= = () Tk s i)
7j=1 Jj=1 I k=1
1 m L 5 b
= DDV ik, =i, = BY = DD BX 4 Oy(n7) 4 O(m )
j=1 k=1 =1

= Yo+ O0p(n %)+ 0(m™").

Analysis of & defined in (4). Assuming Conditions 1-6, we estimate -; by the slope
obtained from the least squares regression of €y ;; on €y, where éy;; and €z, are the
residuals from the nonparametric regression models Y = E(Y |U)+ey; and X = E(X|U)+
ex s respectively. Thus, ey, =Y — E(Y|U) =Y — (U){y + nE(X)} and ez =
X —EX|U) = X —¢(U)E(X). Therefore, using the population normal equations for
regression, we have

E(e?wef(w) - E(€)7|U)E<6X|U)

Var(eX‘U)

where A as defined in §1.3 is equal to [y, E{¢(U)p(U)}]/E$*(U).

Next, we show that & can assume any real value under suitable conditions. Let

=7A = ¢,

& =

{p1, p2, p3, - . .} be an orthogonal basis of the inner-product space Cla, b], which is the space

of continuous functions on [a, b], using the inner product
b
<onge>= [ gilu)go)fw)du,
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where f(-) represents the density function of U and we choose p; = 1. Then ¢ and ¢ can
be expanded as ¢ = >, wip; and ¢ = > . n;p;, for sets of real numbers p; and 7. The
identifiability conditions imply that pu; = 1, = 1. Assume without loss of generality that
for a given set of m;, i > 2, y; = An; for an arbitrary real number A, and that .., n} =1,
ie. < ¢,¢ >= 2. Hence, A = (1 + \)/2, which along with £ may assume any real value,

since A\ was arbitrary.

Analysis of &. In the regression model Y = ag + ou X + aulU + e, ay is equivalent to
the slope when regressing ey, on eg;, where ey ;; and ey, are the residuals from the
regression models Y = ag + a;U + ey and X = by + U + ez respectively. Assuming
that Y(U) = ¢y + iU and ¢(U) = dy + d,U, for some real numbers ¢y, ¢, dy and dy,
we can evaluate ey and e\ and thus «;. Using the population normal equations
for regression, we find that a; = {E(YU) — E(Y)E(U)}/var(U) = c1{v + mE(X)},
ap = E(Y)—=a,E(U) = co{mo+mEX)}, by = {E(XU) — E(X)E(U)}/var(U) = d, E(X),
and by = E(X) — byE(U) = dyE(X). Therefore, ey = Y — {0 + nEX)}co + aU),
exw =X — E(X)(do + d1U), and

E(€?|U€X\U) - E(617|U)E<€X|U)

Var(eX‘U)

= 1A = &.

o] =

Analysis of & in (5). Consider the regression model Y = ay + a; X + e. Applying the
population normal equation for the regression slope, and simplifying terms, we find that
E(YX) - E(Y)E(X)

@ var()Z') =&

Expanding ¢ and ¢ in the same way as in the above analysis of &, and also assuming that
E(X) = 1, which implies that F(X) = 1 under the identifiability conditions, we see that
& =114+ MN{vw+71EX?} -9 —n]/{2E(X?) — 1} can assume any real value under

minimal conditions.
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Table 1: Parameter estimates for the regression model F'IB = vy + /T RF + e, calculated
by least squares regression of ¥ on X and by covariate-adjusted regression, for n = 69
haemodialysis patients. The p-values were obtained from t-tests and the proposed boot-

strap test, respectively.

Least sq. Reg. Covariate Adj. Reg.
Coefficients Estimate p-value Estimate p-value
Intercept 675.987 0.000 701.163 0.000

TRF -0.704 0.101 -0.844 0.002
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Figure 1: Data (X;,Y;) (squares), i = 1,...,400, generated from the underlying regression
model in (6), along with the distorted data (X;,Y;) (crosses). Least squares linear fits
for distorted data, § = 1.8231 + 2.1706% (dashed) (7? = 0.7763), and for original data,
y = 3.0665 + 0.9652z (solid) (7* = 0.8748) are also shown.
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Figure 2: Plots of the estimated smooth coefficient functions (a) Go(-) and (b) £(-) for
the covariate-adjusted regression model FIB = [y(BMI) + $1(BMI)TRF + e¢(BMI),
estimated with local linear smoothing with smoothing parameter choices of h = 16 for
each curve, obtained by applying (15). Sample size is 69, the number of bins formed is 13,
and BM I =body mass index, F'I B =plasma fibrinogen concentration and T'RF' = plasma

transferrin level.
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Figure 3: Cross-sectional means of the 1000 estimates of (a) Go(-), (b) Bi(-), (¢) Ba(-)
and (d) f35(-) of the smooth coefficient functions Go(-), B1(-), B2(-), B3(-) of the model in
86, fitted using local linear smoothing. On average three curves considered as outliers
have been removed for each plot. The solid, dotted and dash-dotted lines correspond,

respectively, to the target coefficient functions and the cross-sectional means for sample

sizes of n = 70 and n = 400.
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Figure 4: Power functions of the proposed bootstrap test for +; in (6) for the simulation
as described in §6, at the three significance levels 0.05, bottom curve, 0.10, middle curve,

and 0.20, top curve. Solid lines correspond to n = 70, and dotted lines to n = 400.



