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Abstract

Multivariate functional data are increasingly encountered in data analysis, while statistical mod-

els for such data are not well developed yet. Motivated by a case study where one aims to quantify

the relationship between various longitudinally recorded behavior intensities for Drosophila flies,

we propose a functional linear manifold model. This model reflects the functional dependency

between the components of multivariate random processes and is defined through data-determined

linear combinations of the multivariate component trajectories, which are characterized by a set of

varying coefficient functions. The time-varying linear relationships that govern the components of

multivariate random functions yield insights about the underlying processes and also lead to noise-

reduced representations of the multivariate component trajectories. The proposed functional linear

manifold model is put to the task for an analysis of longitudinally observed behavioral patterns of

flying, feeding, walking and resting over the lifespan of Drosophila flies and is also investigated in

simulations.

Keywords: Behavior; Drosophila; Functional data analysis; Longitudinal data; Multivariate

random functions; Principal component analysis.



1 Introduction

Multivariate functional data derived from realizations of multivariate random functions typically arise

from a collection of simultaneous recordings of several time courses for a sample of subjects or units.

Such multivariate longitudinal data are recorded in various areas, including road traffic monitoring,

where vehicle speed, flow rate and occupancy are continuously monitored, as well as across the biolog-

ical and social sciences. While in engineering applications such as traffic monitoring there is often an

underlying theory that may lead to postulated relations between the different components of multivari-

ate time courses (see, e.g., Bickel et al. 2007, Li 2008), in biological applications this is typically not

the case, as usually not much, if anything, is known a priori about the relationships between various

longitudinally recorded components and one is therefore interested in learning what these relationships

are.

A typical example is provided by longitudinal behavioral monitoring experiments involving Drosophila

flies with the goal to study the relationship between various behaviors as flies age and to characterize

age-specific behavioral patterns (Carey et al. 2006). The quantification of age-related changes in the

relationship between the intensities of four simultaneously recorded key behaviors of flies (Flying,

Feeding, Walking, Resting) is of particular interest to determine behavioral patterns that are associ-

ated with the process of aging. Smoothed trajectories reflecting the levels of occurrence of these four

behaviors in dependence on age are shown in Figure 1 for a randomly selected subsample of 62 flies.

Inspection of these random trajectories indicates substantial random variation across individuals,

supporting the concept that these are realizations of a stochastic process with high variability at the

individual level. At the same time, there is indication of patterns of behavioral relationships in terms

of age-related changes and in the association between various behaviors with each other. For example,

flying and feeding behaviors appear to follow more similar patterns than resting and walking. The

proposed model will be used to extract and quantify such connections and their relation with aging.

Further details about this analysis can be found in Section 5 below.

In addition to behavioral monitoring, there are many other situations in which one encounters mul-

tivariate functional data. The modeling and analysis of such data is a practically important statistical

problem that has received surprisingly little attention so far. Besides functional regression (see, e.g.,
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Figure 1: Behavioral trajectories for a random sample of six flies (corresponding to rows). Smoothed

trajectories are shown in logarithmic scale for processes U1 (Flying), U2 (Feeding), U3 (Walking), and

U4 (Resting) (columns from left to right).

Ramsay and Silverman 2005; Li and Hsing 2007), a focus in multivariate functional data analysis has

been the development of measures to quantify the dependency of components of multivariate functional

data, such as dynamical correlation (Dubin and Müller 2005) and canonical correlation analysis (Leur-

gans, Moyeed and Silverman 1993; He, Müller and Wang 2003), with further developments in Cupidon
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et al. (2008) and Eubank and Hsing (2008). Related methods include factor analysis in multivariate

time series analysis (Pan and Yao 2008).

In this article, we develop statistical methodology for modeling the relations between the com-

ponents of multivariate functional data. For samples of trajectories corresponding to realizations of

multivariate processes, we aim to learn their dynamic dependency structure. For this purpose, we pro-

pose a linear manifold model that is characterized by a set of data-determined linear combinations of

multivariate component trajectories. These linear combinations are subject to the condition that the

integral of their variance vanishes, so that the linear manifolds are global features over the entire time

domain. They are determined by varying coefficient functions that satisfy orthonormality constraints

and define time-varying relationships between the multivariate functional components.

The coefficient functions may be approximated by expansions into basis functions, such as those

derived from the Karhunen-Loève representation. Under mild conditions, the integrated variance of the

linear manifold can then be expressed as a quadratic form that is characterized by the cross-covariance

between the functional components. This result facilitates the construction of linear manifold mod-

els. The dimension of the functional linear manifold is typically small and usually the manifold will

correspond to interpretable relationships between the individual component functions of the multivari-

ate functional vector. In addition, the functional linear manifold approach leads to noise-reduced and

sparse representations of multivariate longitudinal trajectories.

The article is organized as follows. In Section 2 we present the setting and underlying ideas of

modeling time-dynamic relationships for multivariate random trajectories, including estimation of the

coefficient functions and the derivation of the noise-reduced multivariate process representation that re-

sults from the linear manifold. Consistency properties of the estimated model components are provided

in Section 3. The proposed methods are illustrated with an application to multivariate behavioral trajec-

tories in Section 4, followed by a simulation study presented in Section 5. Discussion and concluding

remarks can be found in Section 6 and technical derivations are compiled in the Appendix.
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2 Functional linear manifold models

2.1 Preliminaries: Representing multivariate component functions

Suppose that the observed sample trajectories {(X1i, . . . , XMi); i = 1, . . . , n} are sampled from the ran-

dom M-component functions (U1, . . . ,UM), where each component function Ui lies in the Hilbert

space L2(T ) of square integrable functions for a compact domain T . We aim to study the underly-

ing dynamic dependency between these M component functions, which we assume to be intrinsically

related through K time-dynamic relationships, where K is unknown. Assume that each component

function U j, j = 1, . . . ,M, has an unknown smooth mean µ j(t) = EU j(t) and auto-covariance function

G j(s, t) = cov(U j(s),U j(t)), for s, t ∈ T .

Under mild conditions the component covariance functions can be expanded into an orthonormal

system, defined by eigenfunctions {φ jl} of the covariance operators with nondecreasing eigenvalues

{λ jl} as l increases, for each j = 1, . . . ,M and l = 1, 2, . . ., as follows,

cov(U j(t),U j(s)) =

∞∑
l=1

λ jlφ jl(t)φ jl(s), (1)

subject to
∫
φ jl(t)φ jm(t)dt = δlm, where here and below δlm = 1 for l = m and δlm = 0 for l , m. For

notational convenience, we denote the centered process for each component function by

Ũ j(t) = U j(t) − µ j(t), j = 1, . . . ,M,

where EŨ j(t) = 0. It follows by the Karhunen-Lòeve expansion (see, e.g. Ash and Gardner 1975) that

Ũ j(t) =

∞∑
l=1

ξ jl φ jl(t), (2)

where ξ jl =
∫

Ũ j(t)φ jl(t)dt with E(ξ jl) = 0 and var(ξ jl) = λ jl. In practice, Ũ j(t) is approximated by a

finite number of components, especially when noisy recordings are made at discrete times, leading to

the approximated processes

ŨL
j (t) =

L j∑
l=1

ξ jl φ jl(t), (3)

where the truncation points L j need to be determined. We assume that by choosing L j large enough

the approximation error is negligible and note that representations in any other fixed basis system such

as B-splines or trigonometric bases can alternatively be used to represent processes Ũ j and the linear

manifolds in function space that we discuss below.
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2.2 Defining linear manifolds by constrained time-varying linear combinations

To model the dynamic dependency between the M component functions, we define K constraints for

the integrated variance of varying coefficient linear combinations of the components,∫
var

 M∑
j=1

βk j(t)Ũ j(t)

 dt = 0, 1 ≤ k ≤ K. (4)

Here the coefficient functions βk j that define the time-varying linear combinations of the component

processes for which integrated variances vanish are assumed to be smooth functions that are orthonor-

mal as k varies, i.e.,
M∑
j=1

∫
βk j(t)βl j(t)dt = δkl, 1 ≤ k, l ≤ K, (5)

where δkl = 1 for k = l and 0 otherwise. Noting that E{
∑M

j=1 βk j(t)Ũ j(t)} = 0 for all t ∈ T , the

constraints in (4) imply that
∑M

j=1 βk j(t)Ũ j(t) = 0 a.s. almost everywhere on T .

Assume the coefficient functions βk j(t) corresponding to the jth component function of the kth

constraint in (4) are expanded into basis functions {ψ jp(t)}p=1,2,... and that these coefficient functions are

sufficiently well approximated when including the first P j terms only, leading to the approximations

βP
k j(t) =

P j∑
p=1

bk jpψ jp(t), (6)

with suitable coefficients bk jp. When approximating Ũ j(t) by ŨL
j (t) and βk j(t) by βP

k j(t), the left-hand-

side of the functional linear manifold constraints (4) becomes∫
var

 M∑
j=1

βP
k j(t)Ũ

L
j (t)

 dt

=

∫ M∑
r=1

M∑
s=1


Pr∑

p=1

bkrpψrp(t)




Ps∑
q=1

bksqψsq(t)


 Ls∑

l=1

Lr∑
m=1

E(ξrlξsm)φrl(t)φsm(t)

 dt

=

M∑
r=1

M∑
s=1

Pr∑
p=1

Ps∑
q=1

bkrpbksq

 Lr∑
l=1

Ls∑
m=1

E(ξrlξsm)
∫

ψrp(t)ψsq(t)φrl(t)φsm(t)dt

 . (7)

From now on we replace the original constraints in (4) by the analogous constraint for these ap-

proximations. Specifically, define P j-vectors bk j = (bk j1, . . . , bk jP j)
′, Pr × Ps matrices Ars = (arspq)

with elements

arspq =

Lr∑
l=1

Ls∑
m=1

E(ξrlξsm)
∫

ψrp(t)ψsq(t)φrl(t)φsm(t)dt, (8)
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for 1 ≤ p ≤ Pr and 1 ≤ q ≤ Ps, P∗-vectors bk = (b′k1, . . . , b
′
kM)′ and P∗ × P∗ constraint matrices

A = (Ars), 1 ≤ r, s ≤ M, where P∗ =
∑M

j=1 P j. Then, in view of (7), the K constraints for the

approximation to (4) that define the linear manifold model can be expressed in terms of the following

quadratic form,∫
var

 M∑
j=1

βP
k j(t)Ũ

L
j (t)

 dt =

M∑
r,s=1

b′kr Ars bks

= b′k A bk = 0 for 1 ≤ k ≤ K, subject to b′k bl = δkl. (9)

Here the vectors b1, . . . , bK are not identifiable, only the K-dimensional vector space that is spanned

by these vectors and that defines the linear manifold (9). We may define L as orthogonal complement

L = span(bK+1, . . . bP∗)⊥, (10)

where eigenvectors bK+1, . . . , bP∗ are uniquely defined if their corresponding eigenvalues are positive

and unique. We note that a straightforward calculation shows that the normalization constraint in (9)

guarantees the orthonormality of the βk j in (5).

2.3 Obtaining the functional linear manifold

Observing that arspq = asrqp, the constraint matrix A that defines the quadratic form in (9) is symmetric.

From
∫

var(
∑

j βk j(t)Ũ j(t))dt ≥ 0 it follows that A is also non-negative definite. Hence, its eigenvalues

are real and non-negative. To find the constraints that define the linear manifold L in (9) for given K

is then equivalent to determining the kernel of the linear map A, which is the vector space {v ∈ RP∗ :

Av = 0}. However, both K and A are unknown.

Finding consistent estimates Â for A is relatively straightforward. Various functional designs may

be encountered in applications. In a first scenario, underlying processes X ji are observed on the entire

time domain and without error. Then estimates for the mean functions µ j and auto-covariance functions

G j, j = 1, . . . ,M, are obtained simply by taking pointwise averages,

µ̂ j(t) =
1
n

n∑
i=1

X ji(t), Ĝ j(t1, t2) =
1
n

n∑
i=1

(X ji(t1) − µ̂ j(t1))(X ji(t2) − µ̂ j(t2)). (11)

A second scenario is that the data are observed on a grid and may be contaminated with measurement

noise. With {(Y ji(sp); j = 1, . . . ,M, i = 1, . . . , n, p = 1, . . . , P} denoting observations of the random

7



trajectories corresponding to the ith random function of the jth functional component X ji, recorded on

a discrete grid of times sp, the observed data then are Y ji(sp) = X ji(sp) + ε jip, where the measurement

errors ε jip are independently distributed with Eε jip = 0 and var(ε jip) = σ2
j , for each 1 ≤ j ≤ M.

In this scenario of dense and noisy recordings, one may use the data {(sp,Y ji(sp)); i = 1, . . . , n, p =

1, . . . , P} to implement estimators (11) first on the grids {sp} for µ j and {sp, sq}, p, q = 1, . . . , P, and

then interpolating these estimators linearly to obtain estimates on the continuum. An alternative esti-

mation scheme that also works for sparser and less regular data is the PACE procedure described in Yao

et al. (2005a). The estimates of the eigenvalue and eigenfunction pairs {λ jl, φ jl(t)} in (1) correspond to

the solutions {λ̂ jl, φ̂ jl(t)} of the eigenequations such that∫
T

Ĝ j(t1, t2) φ̂ jl(t1) dt1 = λ̂ jl φ̂ jl(t2), (12)

where λ̂ jl ≥ 0, subject to
∫
T
φ̂ jl(t)φ̂ jk(t)dt = δlk. Estimation of the random coefficients ξ jl in (2) are

obtained by

ξ̂ jli =

∫
(X ji(t) − µ̂ j(t))φ̂ jl(t)dt, (13)

or alternatively by the PACE method, which leads to the same estimators as the above in the case of

fully observed trajectories (Müller 2005).

We note that

E(ξrlξsm) =

∫
T

∫
T

φrl(t)Grs(t, u)φsm(u)dudt, (14)

where Grs(t, u) = cov(Ur(t),Us(u)) is the cross-covariance function of Ur and Us. Estimates for the

elements arspq of A are obtained by plugging in the empirical cross-covariance estimates of Grs(t, u)

and the estimated eigenfunctions φ̂rl and φ̂sm obtained in (12). For the following, the orthonormal

basis functions ψrp, into which the varying coefficient functions βkr are expanded according to (6),

are chosen by the user and therefore may be considered known. A user might for example select an

orthonormalized version of the B-spline basis. Another straightforward choice, which we adopt in the

implementation, is to use the eigenbasis, i.e., to set ψrp = φ̂rp.

We then obtain estimates Â = (Ârs), where the estimated matrix ( Ârs) = (ârspq) is defined through

its estimated elements

ârspq =

Lr∑
l=1

Ls∑
m=1

Ê(ξrlξsm)
∫

ψ̂rp(t)ψ̂sq(t)φ̂rl(t)φ̂sm(t)dt. (15)

8



Here, relation (14) suggests estimates

Ê(ξrlξsm) =

∫ ∫
φ̂rl(t)Ĝrs(t, u)φ̂sm(u)dudt (16)

for E(ξrlξsm), and Ĝrs(t, u) is the estimated cross-covariance of Ur(t) and Us(u), which is obtained in

analogy to (11) or in the sparse sampling scenario as in Yao et al. (2005b).

According to (10), the functional linear manifold can be determined from estimates (b̂K+1, . . . , b̂P∗)

of eigenvectors (bK+1, . . . , bP∗) of A, yielding the estimate

L̂ = span(b̂K+1, . . . , b̂P∗)⊥ of the linear manifold L = span(bK+1, . . . , bP∗)⊥. (17)

In practice, as the matrix Â almost surely will not have eigenvalues of multiplicity more than 1, the

eigenvectors (b̂1, . . . , b̂K) belonging to the K smallest eigenvalues of Â can be uniquely determined.

One may therefore alternatively use the estimates L̂ = span(b̂1, . . . , b̂K). They are computed by the

solving the eigensystem

Âb̂k = γ̂k b̂k, (18)

subject to b̂
′

k b̂k = 1, with the γ̂k corresponding to the eigenvalues of Â, ordered from smallest to largest,

which are estimates of the eigenvalues γk defined by Abk = γkbk. This is the implementation we adopt,

expressing the manifold constraints conveniently in terms of the smallest K eigenvectors of Â. This

leads to the estimated constraint functions

β̂P
k j(t) =

P∗∑
p=1

b̂k jpψ jp(t), (19)

where the vector components bk jp are as defined after (8).

In practical implementations, it is convenient to select the basis functions ψ jp that are used for the

expansion of the coefficient functions βk j as in (6) to be equal to the basis functions φ jp that corre-

spond to the eigenexpansions of the corresponding component Ũ j as in (3), setting ψ jp = φ jp. Given

eigenvalue-eigenvector pairs (γ̂k, b̂k) of Â, k = 1, . . . , P∗, arranged in nondecreasing order in terms

of the eigenvalues γ̂k, one may base the selection of the number L j of included components on the

estimated proportion of total variance that is explained by the leading components in a corresponding

functional principal component analysis,

L j = min

L :
L∑

l=1

λ̂ jl
/ ∞∑

l=1

λ̂ jlI{λ̂ jl≥0} > ϑ

 , j = 1, . . . ,M, (20)

9



where 0 < ϑ < 1 and ϑ is a preselected threshold value. We adopted the following approach, which is

easy to implement and led to good practical results: Set ϑ = 0.9 and use criterion (20) to select L j and

then choose P j = L j.

Another important step is to determine the number of constraints K that define the functional linear

manifold. We proceed as follows. Observing from (9) that
∫

var
(∑M

j=1 β
P
k j(t)Ũ

L
j (t)

)
dt = γk, and given

a set of values {P j = L j} j=1,...,M, the number of constraints is chosen by

K∗ = max
1≤K≤P∗

K :
K∑

k=1

γ̂k < τ

P∗∑
k=1

γ̂k

 , (21)

for a small threshold τ > 0.

The value of τ determines the fraction of the (estimated) total variance that the integrated variance

for the estimated linear manifold may assume. This fraction cannot be expected to exactly reach its

target value of zero, due to deviations between estimates and true quantities. So while the correct value

of τ depends on the unknown size of the deviations of the true eigenvalues from their estimates, it should

be small. The smaller one chooses the fraction τ, the smaller is the dimension of the resulting manifold.

In our data analysis a value of τ = 0.05 provided a reasonable choice, but this is not a universal

recommendation. The trade-off is between dimension reduction through the manifold representations

described in section 2.4 and the corresponding prediction error for the component processes, which can

be determined by k-fold cross-validation, for example.

2.4 Representing the multivariate component functions on the functional linear manifold

Recall that with eigenfunctions φ jl and inclusion of L j eigencomponents, the jth component function

Ũ j(t) is assumed to be sufficiently well represented by ŨL
j (t) as in (3),

Ũ j(t) ≈ ŨL
j (t) =

L j∑
l=1

ξ jlφ jl(t), j = 1, . . . ,M,

with functional principal components ξ jl. Once one has identified the functional linear manifold with

K constraints on (or rather near) which the component functions are situated, given the constraints and

equating them to zero, one only needs to represent the “remaining features” of the M component pro-

cesses to obtain a complete (approximate) representation of the multivariate process. Thus, if the linear

10



manifold model holds, this constrained representation will be more parsimonious than unconstrained

componentwise representations.

Formally, setting ψ jp = φ jp and assuming L j = P j, as described in Section 2.3,

∫ M∑
j=1

βL
k j(t)Ũ

L
j (t)dt =

∫ M∑
j=1


L j∑

p=1

bk jpφ jp(t)




L j∑
l=1

ξ jlφ jl(t)

 dt =

M∑
j=1

L j∑
l=1

bk jl ξ jl, (22)

where the bk jl are the coefficients for the expansions of the varying coefficient functions βk j, due to the

orthonormality of the basis functions. In order to find the representation of the component processes

constrained to be on the manifold, the components for k = 1, . . . ,K in (22) are set to equal zero.

This leads to the desired representation, which is given in equation (28), with estimated versions in

equation (29) below.

More specifically, we concatenate the L j-vectors ξ ji = (ξ j1i, . . . , ξ jL ji)
′
L j×1, where ξ jli =

∫
(X ji(t) −

µ j(t))φ jl(t)dt, that consist of the L j leading principal component scores of X ji(t), the jth component for

the ith subject, to L∗M-vectors ξi = (ξ′1i, . . . , ξ
′
Mi)
′
L∗M×1, where L∗M =

∑M
j=1 L j. Then by (22),

ζki =

∫ M∑
j=1

βL
k j(t)X

L
ji(t)dt =

M∑
j=1

b′k j ξ ji = b′k ξi, (23)

where XL
ji(t) = µ j(t) +

∑L j

l=1 ξ jliφ jl(t). Setting Υi = (ζ1i, . . . , ζL∗M i)′L∗M×1 and B = (b1, . . . , bL∗M )L∗M×L∗M , one

finds Υi = B′ξi and as B is an orthogonal matrix, furthermore

ξi = B Υi =

L∗M∑
k=1

bk ζki. (24)

For Υ = (Υ1, . . . ,Υn)L∗M×n and Ξ = (ξ1, . . . , ξn)L∗M×n, one has

Υ = B′ Ξ, Ξ = B Υ. (25)

To construct the constraint-reduced component functions, let ΥK
i = (ζ(K+1)i, . . . , ζL∗M i)′(L∗M−K)×1, and

BK = (bK+1, . . . , bM)L∗M×L∗M−K
. The K constraints defining the linear manifold model (4) imply that we

may set {ζki} = 0 for k ≤ K. Observing (24), obtain constrained principal scores

ξK
i = BK ΥK

i =

L∗M∑
k=K+1

bkζki. (26)

11



For ΥK = (ΥK
1 , . . . ,Υ

K
n )L∗M−K×n and ΞK = (ξK

1 , . . . , ξ
K
n )L∗M−K×n, it follows from (26) that

ΞK = BK ΥK . (27)

Finally, the reduced versions ξK
i in (26) andΞK in (27) are used to construct the constrained reduced

functional components and representations,

XK
ji (t) = µ j(t) +

L j∑
l=1

ξK
jli φ jl(t). (28)

Plugging estimates φ̂ jl(t), ξ̂K
jli, µ̂ j(t) and Ĝ j(t, t) into (28), one obtains estimated representations

X̂K
ji (t) = µ̂ j(t) +

L j∑
l=1

ξ̂K
jli φ̂ jl(t). (29)

3 Consistency properties

We assume that component processes are fully observed and estimates (11) are used, furthermore that

all processes are continuous on their finite domain, possess uniformly bounded moments up to the

fourth moment and that all basis functions are continuous.

Using arguments based on moments, it is straightforward to see that∫
{µ̂r(t) − µr(t)}2 dt = Op(n−1), 1 ≤ r ≤ M, (30)

∫ ∫ {
Ĝrs(t, u) −Grs(t, u)

}2
dtdu

=

∫ ∫ 1
n

n∑
i=1

{Xri(t) − µ̂r(t)} {Xsi(u) − µ̂s(t)} −Grs(t, u)


2

dtdu = Op(n−1), 1 ≤ r, s ≤ M. (31)

The following notation will be used. Set L = max{Lr, Pr; 1 ≤ r ≤ M} and for the eigenvalues

λ jl, 1 ≤ j ≤ M, 1 ≤ l ≤ L, for the jth component process X j, which are assumed to be decreasingly

ordered for each j, define ρ j1 = λ j1 − λ j2, ρ jk = minl≤k(λ j(l−1) − λ jl, λ jl − λ j(l+1)), k ≥ 2, and ∆k =

min1≤ j≤M{ρ jk}. Note that the ∆k correspond to lower bounds of the minimum spacings between adjacent

eigenvalues of the component processes. In the following, ‖·‖ stands for the Euclidean norm for vectors

or matrices and estimates Â of A refer to estimates (15), b̂k of bk to estimates (18) of the eigenvectors

of A and γ̂k to estimates of the corresponding eigenvalues γk.
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Theorem. If ∆k ≥ ∆0 for some small value ∆0 > 0 and all 1 ≤ k ≤ L, the following holds:

(λ̂rl − λrl)2 = Op(n−1),
∫ {

φ̂rl(t) − φrl(t)
}2

dt = Op(n−1), (32)

‖Â − A‖2 = Op(n−1). (33)

Results analogous to (32) have been established before by Bosq (2000) and others under various

conditions. Result (33) establishes the consistency of the components of the multivariate processes and

of the estimated matrix Â. The main application is the following.

Corollary. Under the assumptions of the theorem, if the first K eigenvalues of A vanish and all other

eigenvalues are non-zero with eigenspaces of dimension 1, then

|γ̂k − γk|
2 = Op(n−1), ‖b̂k − bk‖

2 = Op(n−1), k = K + 1, . . . , P∗, (34)

and the linear manifold estimate L̂ converges to the linear manifold L as defined in (17) in the sense

that

max

 sup
u∈L̂, ‖u‖=1

inf
v∈L, ‖v‖=1

‖u − v‖2, sup
u∈L, ‖u‖=1

inf
v∈L̂, ‖v‖=1

‖u − v‖2
 = Op(n−1). (35)

This result shows that the Hausdorff set distance between the two unit balls in L and L̂ converges

to 0 at rate n−1 and that therefore the distances between corresponding points of the two spaces L and

L̂ vanish asymptotically, which means that the two subspaces L and L̂ of RP∗ become asymptotically

indistinguishable. More specifically, denoting the orthogonal projection on L by PL and analogously

the orthogonal projection on L̂ by P
L̂

, result (34) implies that

sup
u∈L̂
‖u − PL(u)‖2 ≤ ‖u‖2Op(n−1), sup

u∈L
‖u − P

L̂
(u)‖2 ≤ ‖u‖2Op(n−1),

implying that the distances between any elements of the estimated (true) manifold and their orthogo-

nal projections onto the true (estimated) manifold converge pointwise to 0 at rate n−1, with uniform

convergence over any compact set.

The main steps of the proofs can be found in Appendix A. While we have assumed here that

processes Xi are fully observed, these results can be extended to the case where processes are observed

on a dense regular grid of measurement times s1, . . . , sp. If the number of equidistant sampling times
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p = p(n) satisfies p → ∞ as n → ∞ and lim inf p(n)/n > 0, it is not difficult to see that forming

cross-sectional averages at grid points sp, subsequently interpolated between the grid points, gives rise

to estimates µ̂r that satisfy (30), using the approximation of integrals by Riemann sums. Analogously,

empirical covariances can be defined for the measurements taken at any two grid points tp, tq, and

these covariances can be interpolated to form a continuous covariance surface that satisfies (31). This

guarantees the extension of the results to densely sampled situations. In addition, the results also

generalize to the case a dense gridded design where measurements are contaminated by i.i.d. errors

with zero mean and finite variance, as described after (11). This is a straightforward extension of the

arguments provided in the Appendix, obtained by calculating expectations.

In the above results we have ignored the approximation error that is incurred by truncating the

processes at a finite number of included components. When the approximation error of the component

processes is additionally considered, the consistency results in the theorem and the corollary hold with

different rates of convergence depending on the assumptions one invokes on the convergence behavior

of higher order eigenvalues when p → ∞ as n → ∞. Applicable assumptions can for example be

found in the online supplement of Müller and Yao (2008), and the extension to more general rates can

be obtained in analogy to the derivations given there.

Finally, we remark that the above results are generally applicable to the problem of identifying a

manifold that is defined by the eigenspace of A that belongs to the K smallest eigenvalues, as long as

the (K + 1)-st eigenvalue is larger than any preceding eigenvalue.

4 Application to multivariate longitudinal behavior data

The study of behavioral changes associated with aging has found considerable interest lately, for exam-

ple to gauge the effects of increasing longevity on patterns of old-age disability (Manton et al. 1997;

Crimmins 2004; Christensen et al. 2009). Comprehensive studies of behavioral patterns over entire

lifespans are based on cohort studies of animals and have been frequently conducted with short-lived

species such as flies, usually restricted to the study of just one behavior, e.g. egg-laying, for which

one-dimensional functional data analysis methods have been used (Papadopoulos et al. 2002; Chiou,

Müller and Wang 2004; Papadopoulos et al. 2004). Multiple behaviors at densely spaced observation
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times over the entire lifespan of organisms were recorded in Carey et al. (2006), where cohorts of flies

were raised in the laboratory under controlled conditions and daily observations of the frequency of

behaviors within 10-minute intervals during a fixed two hour daily window were made. We analyze

here the data for Drosophila melanogaster regarding the four behaviors Flying, Feeding, Walking and

Resting, which were found to vary with age in Carey et al. (2006), and refer to this paper for further

details about the experimental protocol of this study.

Since the impact of behavior on old-age survival and longevity was of interest and because of the

need to avoid biases caused by drop-outs, we restricted our analysis to flies that were observed beyond

40 days of age, yielding a sample size of n = 62 flies without drop-outs on the time domain from 0

to 40 days of age. To reduce the range of the log count data and enable taking logarithms, the data

were preprocessed by adding 0.5 to the observed daily frequencies of each observed behavior. Taking

logarithms was followed by a pre-smoothing step for which we used local linear smoothers with a

pre-selected relatively small bandwidth that was chosen to be the same for all trajectories.

In the following, U1, . . . ,U4 denote trajectories of the log intensities of the behaviors in dependence

of age, where U1 stands for Flying, U2 for Feeding, U3 for Walking and U4 for Resting. While Carey

et al. (2006) were mainly interested in determining the relationship between the intensity of behaviors

and subsequent survival, our goal here is to uncover dynamic relationships, allowing for changes in the

nature of the multivariate relationship between the various behaviors as flies age. Dynamic relationships

between various behaviors are visually hard to assess, due to the multivariate nature of the functional

data. Therefore a formal method for deriving underlying relationships will be useful for situations

where there is little or no prior information available about time-dynamic multivariate relationships.

Examples of smoothed behavioral trajectories for Flying (with trajectories U1), Feeding (trajecto-

ries U2), Walking (trajectories U3) and Resting (trajectories U4) are visualized in Figure 1 in Section

1. Figure 2 displays the estimated mean functions E(U j(t)) and variance functions var(U j(t)). Strong

age effects are clearly visible in these mean curves, with flying and walking declining at very old ages

while feeding and resting increase. The trends of the mean functions for Flying, Feeding and Walking

are similar, while the mean function of Resting points in an opposite direction, indicating that very

young flies tend to rest frequently and resting behavior climbs to an elevated plateau as flies are aging.
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Figure 2: Mean function estimates µ̂ j(t) (upper panels) and variance function estimates Ĝ j(t, t) (lower

panels), j = 1, ..., 4, for U1 (Flying), U2 (Feeding), U3 (Walking), and U4 (Resting).

The variance functions for Flying, Walking and Resting generally follow the pattern of the mean func-

tions and are proportional to the mean functions for Flying, Feeding and Walking, whereas the mean

and variance functions for Resting are inversely proportional to each other. This implies that resting

becomes a dominant behavior at older ages, while flying and walking show a strong decline across the

population.

The associated leading eigenfunctions of the auto-covariances are illustrated in Figure 3. Three

eigenfunctions are selected to explain at least 90% of the total variability for all four behavioral vari-

ables. Specifically, the numbers of included components selected by criterion (20) with ϑ = 0.90 are

{L j} = {P j} = {2, 3, 2, 2} and P∗ = 9. Interestingly, the patterns of the eigenfunctions for the four

component processes are quite similar, reflecting similarity of their auto-covariance structures.
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Figure 3: Estimated leading eigenfunctions for U1 (Flying), U2 (Feeding), U3 (Walking), and U4 (Rest-

ing).
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Applying the selection criterion (21) to the estimated eigenvalues of the matrix A in the quadratic

form (9) that defines the linear manifold leads to the choice K∗ = 3 for τ = 0.05. The corresponding

estimates for the three sets of time-varying coefficient functions βk j(t), j = 1, 2, 3, 4 in (6) for K∗ = 3

time-varying linear constraints are displayed in Figure 4, for k = 1, 2, 3 in left, middle and right panels,

respectively. The sets of coefficient functions β1 j(t), β2 j(t) and β3 j(t) that correspond to each of the

three smallest eigenvalues and associated eigenvectors of A, respectively, are associated with residual

variances of size 0.83%, 0.88% and 1.67%, which together account for a total of 3.38% of the total

variance, which falls well below the 0.05 cut-off criterion.

Confidence bands for the coefficient functions as shown in Figure 4 were computed by bootstrap

resampling, with the resulting pointwise 95% confidence intervals shown in Figure 5. These confidence

intervals are based on 200 bootstrap samples that were obtained by resampling the observed trajectories

with replacement. The width of these intervals varies considerably between ages and coefficients,

indicating that some caution is needed in interpreting the coefficient functions across ages.

The constraints visualized in Figure 4 pertain to log-trajectories X ji(t), for j = 1, 2, 3, 4 and refer

to the deviations from the component mean functions after components have been transformed to the

log scale. We note that the vectors (βk1(t), . . . , βk4(t))′ can be expected to be close to normal vectors

of the linear manifold in function space at most times t; these vectors depend on t. Similar values

of βk j1(t) and βk j2(t) for two components j1, j2 indicate that the constraint describes a dynamic effect

such that Um1(t) tends to decrease as Um2(t) increases, and vice versa, so that U j1(t) and U j2(t) are

negatively associated; they are positively associated if βkm1(t) and βkm2(t) are of opposite sign. This

simple observation aids in the interpretation of the coefficient functions.

The first constraint (left plot in Figure 4) corresponds to a contrast between Flying and Feeding and

thus reflects synergistic effects between these two behaviors, especially at older ages, while Resting and

Walking are less constrained. The constraint gains force after 20 days of age and thus primarily reflects

a behavioral characteristic of older flies, where flies that feed more also tend to fly more, reflecting

higher nutritional demands for “frequent fliers”.

The second constraint, associated with an only slightly smaller eigenvalue, also comes into play

mostly for older ages and also mainly involves Flying and Feeding, but in a somewhat more antagonistic
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fashion. In advanced mid-age, around day 25, Flying is subject to stronger constraints and is positively

associated with Walking and negatively with Feeding, so that moving around takes time away from

Feeding, which in turn constrains Feeding at the oldest ages more than Flying. This constraint thus

reflects a competition between moving around and Feeding.
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Figure 4: Estimated time-varying coefficient functions βk j(t) for k = 1, 2, 3 and j = 1, 2, 3, 4, i.e. the

behavioral components Flying, Feeding, Walking and Resting, that define the three constraints that

determine the linear manifold for log intensities of behaviors in dependency on age for Drosophila.

Here k is the index of the constraint.
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Figure 5: 95% confidence intervals for varying coefficient functions βk j(t) for k = 1, 2, 3, where k is the

index of the constraint (from left to right) and j = 1, 2, 3, 4, i.e. Flying, Feeding, Walking and Resting

(top-down).

The third constraint is dominated by Resting, which is competing with Walking and to a lesser
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extent with Feeding for young flies until around day 15, but forms a contrast and thus is positively

associated with Flying during this time. At mid-age and older ages, Resting is competing with the

movement activities of Flying and Walking. This may indicate that Resting is energizing flies at young

ages, which enables them to fly more, but at older ages it becomes a sign of general age decline, so that

flies that are aging faster fly less and rest more, while they also feed more, as Feeding and Resting form

a contrast at old age. From this analysis, Flying, Feeding and Resting emerge as signature behaviors

for assessing the aging process.
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Figure 6: Smoothed X ji via locally weighted least squares method (upper panels) and the corresponding

fitted X̂K
ji (29) (lower panels).

The constraints implied by the functional linear manifold model can be utilized to obtain repre-

sentations of the original multivariate component functions X ji in the form X̂K
ji (t), which are estimated

versions of (28). The resulting smooth data fits X̂K
ji (t) are displayed in Figure 6 (lower panels), in com-

parison with the smoothed X ji (upper panel), using locally weighted least squares. This indicates that

this low-dimensional representation provides a satisfactory fit for the data.

5 Simulations

To explore how the functional linear manifold model works for finite sample situations, we simulated

data from a model that generally although not in all details mimics the fitted model for the multivariate
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behavioral data. Here, the estimated linear manifold model for the Drosophila behavioral data served

as true model for generating samples of multivariate process trajectories. For each generated sample,

we applied the proposed methods to determine the plausibility of a linear manifold model, the number

of constraints, and the performance of the estimated coefficient functions that represent each constraint.

To obtain random process trajectories X ji(t), we generated functional principal component scores

{ξ jl,i} as in (2) and (3) with the following properties: (ξ1l,i, ξ2l,i, ξ3l,i, ξ4l,i) has a multivariate normal

distribution with mean zero and covariance given by E(ξrlξsm), 1 ≤ r, s ≤ 4 and 1 ≤ l,m ≤ 3, where

E(ξrlξsm) =


λrl , if r = s and l = m

0 , if r = s and l , m

σrlsm , if r , s.

Here λrl is the eigenvalue that corresponds to the estimate obtained in the data analysis and σrlsm =

Ê(ξrlξsm) is chosen as n−1 ∑n
i=1 ξ̂rl,i ξ̂sm,i, where {ξ̂rl,i, i = 1, . . . , n} are the empirical estimates obtained

in the data analysis. As the matrix obtained through these specifications is not necessarily positive

definite, as required for a non-degenerate covariance matrix, we additionally applied a spectral decom-

position, truncating the expansion to include only components with positive eigenvalues, then recon-

structing the covariance from the retained components.

Using the estimated eigenfunctions φ̂ jl(t) of the auto-covariance kernels for the processes U j as

shown in Figure 3, along with the generated functional principal component scores {ξ jl,i} as described

above, the process trajectories X ji(t) = µ̂ j(t)+
∑L j

l=1 ξ jl,i φ̂ jl(t) are generated by choosing L j as the number

of strictly positive {λ̂ jl, l ≥ 1} that were obtained in the application in Section 4, for each j = 1, . . . , 4.

In the simulations, the sample size is assumed to be n = 62, and the number of equally spaced time

grid points is chosen to be 40 on [1, 40], mimicking the situation for the Drosophila behavioral data.

The simulation results are reported for 500 Monte Carlo runs.

We consider two scenarios in the simulation for selecting the number of functional principal com-

ponents L j in (3). In scenario 1 we use a fixed number of components (2, 3, 2, 2) for L j, j = 1, . . . , 4,

while in scenario 2 we select this number by the criterion of fraction of total variance explained as

in (20) with ϑ = 0.9. For both scenarios, using a pre-determined threshold value τ = 0.05, the true

underlying number of constraints K in (4) is 3. Table 1 provides summary results for the number of
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Table 1: Number of constraints K chosen in 500 simulation replicates. (to be updated)

Scenario K∗ = 2 K∗ = 3 K∗ = 4

1 6 (1.2%) 493 (98.6%) 1 (0.2%)

2 12 (2.4%) 487 (97.4%) 1 (0.2%)
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Figure 7: Estimated eigenfunctions φ jl for the four component processes U j(t), j = 1, . . . , 4 (from left

to right) for the first three components, l = 1, 2, 3 (top-down), superimposed on the true eigenfunctions

(white dotted lines), for 500 simulation runs.

constraints that are selected by the algorithm. We see that in Scenario 1 the percentage of selecting the

correct number of constraints reaches 98.6%, and it is 97.4% in Scenario 2, indicating high accuracy in

choosing the number of constraints.

The estimated eigenfunctions φ jl for component processes X j(t) are displayed in Figure 7 and are

seen to be very accurate. The resulting estimated varying coefficient functions β̂k j that define the

constraints as in eq. (4) are presented in Figure 8. We note here that the true regression coefficient

functions βk j(t) in the simulation are similar but not the same as the estimated functions β̂k j(t) obtained
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Figure 8: Estimated constraint functions βk j(t) that define the functional linear manifolds, based on

500 simulation replicates, for components U j(t), j = 1, . . . , 4 (from left to right) and constraint indices

k = 1, 2, 3 (top-down), superimposed on the true functions (white dotted lines).

in Section 4. The estimated varying coefficient functions are seen to be relatively well behaved and

overall are reasonably good reflections of the true functions.

6 Discussion

The proposed linear manifold model aims to identify linear combinations of the components of multi-

variate functional data that are characterized by low variances. It is linear in the functional components

and is defined by time-varying coefficient functions. This model is simple, interpretable and can be

implemented with suitable transformations that may be applied to each functional component. With

such transformations included, this approach can adequately reflect complex nonlinear relationships

on the original scale. We exemplify this approach with logarithmic transformations of four behavioral

time courses observed over the lifespan of Drosophila flies.

The transformation functions can also be estimated from the data, for example by selecting the

transformation from the Box-Cox family. For situations where the component functions have different

degrees of variability or units of measurements, one may also consider normalized component functions
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Z j(t) = {U j(t) − µ j(t)}/G j(t, t)1/2, j = 1, . . . ,M, so that the integrated variance as in the constraints (4)

will not be dominated by certain component functions. It depends on the specific situation whether

such normalization makes sense, which it likely does when the component processes have different

scales or units.

As a by-product, we obtain parsimonious fits of the multivariate process components by using the

properties of the linear manifold model coupled with the orthonormality of the coefficient functions.

We illustrate this by demonstrating that the resulting representations of the trajectories provide smooth

versions of the observed trajectories that furnish significant dimension reduction over unconstrained

fitting of multivariate functional data.

There is intrinsic interest in uncovering changing relationships between behavioral variables in

aging, exemplified here with a biodemographic study of Drosophila flies for which the proposed ap-

proach is useful, as it will be in many other applications. For example, linear manifold models may aid

in designing traffic monitoring systems in an efficient way. More generally, the linear manifold model

provides a useful tool for the modeling of multivariate functional data.

Appendix A: Proofs

Lemma 4.3 in Bosq (2000) implies that

|λ̂rl − λrl|
2 ≤

∫ ∫ {
Ĝr(t, u) −Gr(t, u)

}2
dtdu, r = 1, . . . ,M,∫ {

φ̂rl(t) − φrl(t)
}2

dt ≤ 2
√

2 ∆−1
l

[∫ ∫ {
Ĝr(t, u) −Gr(t, u)

}2
dtdu

]
, l = 1, . . . , L. (36)

Results (32) then follow from (36) and the assumptions on ∆k.

Results (33) will be implied if one can show

|ârspq − arspq| = Op(n−1/2), 1 ≤ r, s ≤ M, 1 ≤ p ≤ Pr, 1 ≤ q ≤ Ps. (37)
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To establish (37), observe∫
ψrp(t)ψsq(t)φ̂rl(t)φ̂sm(t)dt −

∫
ψrp(t)ψsq(t)φrl(t)φsm(t)dt

=

∫
ψrp(t)ψsq(t)

[{
φ̂rl(t) − φrl(t)

}
φ̂sm(t) +

{
φ̂sm(t) − φsm(t)

}
φrl(t)

]
dt

≤

[∫ {
ψrp(t)ψsq(t)φ̂sm(t)

}2
dt

∫ {
φ̂rl(t) − φrl(t)

}2
dt

]1/2

+

[∫ {
ψrp(t)ψsq(t)φrl(t)

}2
dt

∫ {
φ̂sm(t) − φsm(t)

}2
dt

]1/2

= Op(n−1/2),

using (32).

Next, observe

Ê(ξrlξsm) − E(ξrlξsm) =

∫ ∫ {
Ĝrs(t, u) −Grs(t, u)

}
φ̂rl(t)φ̂sm(u)dudt

+

∫ ∫ {
φ̂rl(t) − φrl(t)

}
Grs(t, u)φ̂sm(u)dudt

+

∫ ∫ {
φ̂su(t) − φsu(t)

}
Grs(t, u)φrl(u)dudt

= I + II + III,

where

I ≤

∫ {∫
{Ĝrs(t, u) −Grs(t, u)}φ̂rl(t)dt

}2

du
∫

φ̂sm(u)2du

1/2

= Op

[∫ ∫ {
Ĝrs(t, u) −Grs(t, u)

}2
dtdu

]1/2 .
Terms II and III are handled analogously, and the result in (33) follows from (32).

The results in the Corollary follow from (33). The first result in (34) is an application of the Bauer-

Fike theorem (p. 192 in Stewart and Sun (1990), see also Li (2007), p. 15-2). The second result in

(34) then follows using results of Davis and Kahan (1970), see also Parlett (1998) p. 244 and Li (2007)

p. 15-3). Finally, (35) is a consequence of the convergence of the b̂k to bk, k = K, . . . , P∗ in (35),

due to the definition of L, L̂ as orthogonal complement of the space spanned by the bk respectively

b̂k, k = K, . . . , P∗.
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