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We study the extension of canonical correlation from pairs of random vectors to the
case where a data sample consists of pairs of square integrable stochastic processes. Basic
questions concerning the definition and existence of functional canonical correlation are
addressed and sufficient criteria for the existence of functional canonical correlation are
presented. Various properties of functional canonical analysis are discussed. We consider
a canonical decomposition, in which the original processes are approximated by means of
their canonical components.
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1. Introduction

Increasingly, data are collected in the form of random functions or curves. Such curve
data may be generated by densely spaced repeated measurements, for example in longitudinal
studies, or by automatic recordings of a quantity over time. This type of data is becoming

more prevalent throughout the sciences and in financial markets, as automated on-line data
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collection facilities are becoming more ubiquitous. Functional data analysis (FDA) is
concerned with data for which the ith observation consists of one or several infinite
dimensional objects such as curves or surfaces (see the book by Ramsay and Silverman
(1997) for an excellent overview). Typically, these objects are considered to be random
elements of some functional space. Many research questions and statistical modeling issues
are indeed best described in functional terms. This motivates the extension of classical
concepts of multivariate data analysis (MDA), such as principal components analysis,
canonical correlation analysis, and linear modeling, to the infinite-dimensional functional
domain.

In this paper, we consider the situation where a data sample consists of pairs of observed
functions. The study of the dependence between the two functions recorded for a sample of
subjects is then often of interest. We thus aim at extending methods for analyzing the linear
correlation between paired observations from the multivariate to the infinite-dimensional
case.

Several approaches have been developed previously for extending multivariate canonical
correlation (Hotelling, 1936) to the functional case. In early work on this problem, Hannan
(1961) and Brillinger (1975) described canonical analysis for multivariate stationary time
series. By invoking stationarity, the problem in this setting may be reduced to classical
multivariate canonical analysis. A theoretical approach, based on angles between subspaces
of functions was developed by Dauxois and Nkiet (1977). A sample version of smoothed
functional canonical correlation was defined in Leurgans, Moyeed and Silverman (1993),
who demonstrated the need for regularization in functional canonical correlation analysis.
They implemented regularization via modified smoothing splines and demonstrated their
technique with an application to the study of human gait movement data; compare also
Olshen et al. (1989). For the related question of extending principal components from
multivariate to functional data, we refer to Rice and Silverman (1991). A different and
promising approach aiming at covariance rather than correlation for pairs of random curves
was proposed in Service, Rice, and Chavez (1998). Regularization for canonical correlation

amounts to restricting the dimension of the problem and can be achieved via a judicious
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choice of the roughness penalty for smoothing splines as in Leurgans et al. (1993), or by
alternative approaches that allow to avoid the inversion problem as in Service et al. (1998).
A third approach that will be discussed below is to approximate processes by finite
expansions, for example in terms of eigenfunctions, and to apply canonical correlation
analysis to the resulting finite-dimensional principal components.

In this paper, we address two issues: First, the problem to define functional canonical
correlation in infinite-dimensional space and to identify conditions under which it is well
defined. Second, the representation of pairs of square integrable processes in terms of
canonical basis functions.

The paper is organized as follows: In Section 2, we provide basic notation and introduce
functional canonical correlation based on a classical definition. An alternative definition is
the theorem of Section 3. The main results on existence can be found in Section 4, and a
functional canonical representation is established in Section 5, including a discussion of
special cases and examples. Proofs and auxiliary results are collected in Section 6, and some

pertinent facts from functional analysis in an appendix.

2. Canonical Correlation for Random Vectors and Random Functions
Suppose we observe a sample of bivariate processes (X, Y), where X e L (7)) and
Y e L(T,) are jointly distributed L,-processes,
f E|Z|*> = E[<ZZ>] =E f T(Z(s))zds <o, for Z=Xor Z=7Y.

Here, T, and T, are index sets (intervals or countable sets), and L,(T),L,(7T,) are two Hilbert
spaces of square integrable functions on 7, and 7, with respect to measures u, and u,,
(usually Lebesgue measure or counting measure), with scalar products <u,v>
= f u(s)v(s)du(s), fori=1,2. Canonical correlation as defined for finite-dimensional vectors,

Xe Rkl, Ye sz, and formally for stochastic processes Xe€ L (T)), YeL,(T,) is
characterized as follows: Let H, = R" in the vector case, H, = L,(T) inthe functional case.
Then the first canonical correlation p, and associated weight functions or vectors u, and v,
are defined as

(1) py= sup Cov(<u, X>,<v, ¥>) = Cov (<u, X>,<v, ¥>),

ueH,, veH,



where u and v are subject to
(2) Var (<u, X>) =1, Var (<v, ¥>) = 1.
The k-th canonical correlation and weight functions p,, u,, v, for (X, Y), for k>1, are defined
as
3) p, = sup Cov (<u, X>,<v, ¥>) = Cov (<u, X>,<v,, I>),
ueH,, veH,
where u and v are subject to (2), and the k-th pair of canonical variables
(4) (U,, V,) is uncorrelated with the (k- 1) pairs {(U, V), i =1,...k- 1},
where U, = <u,, X> and V, =<v,, Y>. We shall call (p,, u,,v,, U, V,) the k-th canonical
components.

For any X and Y, we hold that X and Y are uncorrelated if all their canonical correlations
are zero. This is equivalent to saying that: Corr(X,Y) =0 if and only if p, = 0, since
przpyz..20.

Regarding the cases where X, Y are stochastic processes, we first consider the special case
where processes X and Y can be represented by a finite number of orthonormal basis
functions. For such finite-dimensional processes, functional canonical analysis is equivalent
to the usual multivariate canonical analysis for the random coefficient vectors. To see this,

let

kl k2
X0 =)+ 0 6000, 1€ Ty YO =)+ X0 Gp0) €T,

where {60.} and {¢ } are the first k,, respectively k,, elements of orthonormal bases of
L,(T,) and L,(T,), respectively, and {¢;} and {(;} are random variables with zero means
and finite variances. We adopt the notation
0t) = (0,0, -..0, ), 0(®) = (9,0, ... .0, (), 1<k, ky<e,
E=Cponl)s €= (Cony),
with
E[&] -0, Var[g] =R, . E[{] -0, Var[¢] = R,,, Cov[.{] - E[¢¢T] =Ry,

Without loss of generality we assume u,(#) = 0, u,(f) = 0. Then processes X and Y can be



written in vector form as

) X(t) = &"0(0), Y() = {To(0).

As demonstrated in the following theorem, canonical correlations for X'and Y in this case are
the same as the canonical correlations for the random vectors & and ¢.

Theorem 2.1 The i-th canonical component of (&, §), defined by (o, u,, v,), is related to
the i-th canonical component of (X(¢), Y(?)), (p,, u(1), v(t)), through

u () = u 00, v(D)=v,'p®), p, =0,

Canonical correlation analysis for finite dimensional processes is therefore equivalent to
multivariate canonical correlation. In this simple situation, functional canonical correlation
analysis is then well defined. Difficulties arise however in the more realistic situation where
processes X and Y are genuinely infinite-dimensional, for the following reasons: First, the
definition in this case requires that there are countably many canonical correlations. This
means that the cross-correlation operator R defined in (10) below must be compact.
Secondly, the operator R involves inverse operators. Inversion of functional operators in
functional space is delicate as a compact operator is not invertible in infinite-dimensional
spaces. Thirdly, the canonical weight functions, u; and v, may not be square integrable. We
address these issues, which are genuine difficulties in Section 4. An alternative
characterization of canonical correlation for the infinite-dimensional case that is well-known
for the functional multivariate case and is useful for our investigation is studied in the next

section.

3. Alternative Char acterization of Canonical Correlation

Consider the case of random vectors, i.e., H, = Z/K’kl, H, = sz, and ry,, = Cov(X) = E(X -
EX)(X - EX)", ryy = Cov(Y) and ry, = Cov(X, Y) =E(X - EX)(Y - EY)". The (k, x k)
respectively (k, % k,) covariance matrices ryy, 7y, are symmetric and nonnegative definite.
It is then well known that

(6) P = sup <U, Py = <UL TV,
uEHl, <u,rXXu>:1, veHz, <v,rYYv21

where for U, = <u, X>, V, =<v,, ¥Y>, the pairs (U,, V)) are uncorrelated with (U,, V) for



i=1,.., k1, k < min(k, k,), and u,, v, are the k-th weight functions.
Extending this characterization of canonical correlation to the functional case, where
H, =L,(T),), H, = L(T,), we define the covariance functions
ro (8, 1) = Cov[X(s),X(D)], s, 1€ T,;
rols, 1) = Cov[Y(s), Y(0)], s, t€ T,;
rols, 1) = Cov[X(s), Y()], se T, teT,,

and the covariance operator R,,: L,(T}) » L(T)),

(7) R, u(s) = [ 7 ols, u(ddt, ue L(T)),
Tl

and analogously operators R,: L,(T,) - L,(T,),and R,,: L,(T,) - L,(T,).Operators Ry
and R,, are compact, self-adjoint, and nonnegative definite, and R,, is compact.
Since
Cov(<u, X>, <v, ¥>) = E{[<u, X> - E(<u, X>)][<v, > - E(<v, Y>)]}
= E{[<u, X - EQ)>][<v, Y - EQV)>]}
=<u, R,v>,
and
Var(<u, X>) = <u, R,,u>, Var(<v, Y>) =<v, R,,v>,
a characterization of the k-th canonical correlation and weight functions analogous to (6) is
given by:

>

(8) Py = sup <u, Ryv> = <uy, Ryyvi>,

u€Ly(T)), <u,Ryyu>=1, veL,(T,), <v,R yyp>=1
where, in addition, for £ >1,
9 (U,, V,) is uncorrelated with (U, V) for i =1, -, k- 1.
The canonical components are solely determined by the covariance functions of processes
X and Y, and are not affected by their means. We therefore assume throughout the rest of the
paper that the means vanish,

E[X(1)] =0, te T,, E[Y(s)] =0, s€T,.
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4. Existence of functional canonical correlations and functional canonical weight
functions

Intuitively, maximizing the r.h.s. of (8), given the constraints (9), is equivalent to an
eigenanalysis of the cross-correlation operator R of X and Y,

(10) R=Ry’RyRy".

That this in fact holds under certain assumptions on the processes is one of the basic
results below (Theorem 4.8). Compactness of the cross-correlation operator R is therefore
a natural condition in order to guarantee that functional canonical correlations exist and are
interpretable. The basic problem is that, unlike the usual situation in the finite dimensional
case, the square roots of covariance operators of L,-processes are not invertible. In infinite-
dimensional spaces canonical correlation corresponds to an inverse problem.

Our approach is to consider a subset of L,, on which the inverse of a compact operator
can be defined. Following Conway (1985), the range of R, 2 , given by
(11) Fo = (Rych:heL(T)},
is characterized by

= {feLy(T)): E Il 0P <o, f1ker(Ry)},
where {4, , 0.} are the non-zero elgenvalues and eigenvectors of R,, , and ker(Ryy) =

{heL,(T) : Ryyh =0}. Defining

(12) Foy=thel(T):h= fj A<f,0>0, fEF .0,
i=1
we find that R )1(//Y2 is a one-to-one mapping from the vector space F_1 < Ly(T, ) onto the
vector space F . Thus restricting the domain of the operator R > to the subset F, XX, we can
define its inverse for f€F, a
-1/2f ZJ'XII/2<f 0>0.
Then R, XX * satisfies the usual properties of an inverse in the sense that
RycRof=f, forall feF,, and Ry Rych =h, forall heF

Similarly, we define subspaces F,,, F_1 < L,(T,) for RYIQZ, and define its inverse as

(13) Ryf= EAY,“2<f<o><o for f€ F

This process is reminiscent of finding a generalized inverse of a matrix.
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Denote the adjoint operator of an operator 4 by 4". The following condition will ensure
that dom R =F,,and dom R" =F,,, where dom refers to the domain on which these operators
are defined.

Condition 4.1 For F,, and F,, defined as above, let

12 12
RyRyy "(Fyy) © Fyys RypRyy "(F ) < Fyy

In order to find sufficient assumptions on processes X and ¥ which imply that Condition
4.1 holds, we will use the Karhunen-Loéve representations of square integrable processes

given by

(14) X(t) = u0) + Y, EO(), te T, and Y(s) = ufs) + Y. Cpls), seT,.
i-1 i-1

Here, the ¢, are uncorrelated r.v.’s with EE, = 0, Eff = Ay, and the {; are uncorrelated r.v.’s
with E£C. =0, Eéf =Ay;»suchthat . A, <ee, ¥ 4, <eco.The functions {0,i=1,2, ...} and
{p,i=1,2, .. }are eigenfunctions of the covariance operators Ry, and Ry, and as such are
orthonormal.

Proposition 4.2 Let X and Y be L, - processes with Karhunen -Loéve expansions as given
by (14). Then Condition 4.1 holds if
(15) Y (ELEIELG]) (E[ELD? <=, Qe Y, Corr’(&, () <w=.

i.j=1 i.j=1
We note that these are sufficient conditions, but are not necessary.

Let

R,=R'R,
and 4, >4, >..>0 be the (positive) eigenvalues of R, with corresponding orthonormal
eigenfunctions ¢,, q,, ..., where g, € F,. Define
(16) pi:qu/\/ﬂTl. i=1,2,....

It is well known that canonical correlations and weight functions are obtained in the finite
dimensional case by
(17) p; =yA, U, = R);/\l,/zpl., and v, = R;/zqi, fori>1.
However, in the infinite-dimensional case, the weight functions are not well defined in L,
whenever p, ¢ F,, or g, ¢ F . The following examples illustrate this problem. We use here

and in the following the tensor notation, where an operator@ & ¢ : H - H is given by



(18) OQ )h) =<h,0>¢, for he H.
Example 4.3 Consider the case where X and Y have the same eigenfunctions in their
Karhunen-Loéve expansions, and suppose that coefficients of different indices are

uncorrelated (this example was suggested by a referee). In this case,
Ryy = 2—:1 Ayi 9i® 05 Ryy = 2—:1 Ay 0; ® 05 Ryy= 2;1 E(CC) 0, ® 0;,

and
o E&EL
R :R);)i/zRXYR);Z = E ﬂ 9i®9i'
)

In order for R to be a well-defined Hilbert-Schmidt operator, we require
> Corr*(&, §) <=,
i=1

i.e., (15) is required already for the existence of the operator R and well-defined canonical
correlations p, = Corr(¢,, ;). If (15) is not satisfied, then R is an unbounded operator and the
canonical correlation are not all well-defined. If (15) is satisfied and R is a Hilbert-Schmidt
operator. If in addition, (21) below is also satisfied, then the canonical weight functions will
be u, = Ay 0,v,= Ay 0.. That these are well-defined will be ensured by Theorem 4.8.

Example 4.4 Assume processes X and Y have Karhunen-Loéve expansions (14) where

the random variables ¢, (J satisfy

(19) by =ELEN =5, 2y =BG =
and let : /
(20) BIEC] = ————— forij> 1,

We show in Section 6 that equations (19) and (20) can be satisfied by a pair of processes

with appropriate operators R, R,,, and R,,. Then

ElgGl ij

Corr(¢, &) =

, fori,j>1,

with
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Y come,0)- Y

i,j=1 i,j = 1(l+1)4(]+1)4
—(E )2<(E -1
i=1 (z+1)4 i—2 j?
Defining
oo .2 oo oo
2=y -1 ' 9, and g =— J ;s
i1 (i +1)? ci=1(i+1)? cj=1(j+1)>

and observing |p| =|lg| =1, and ¢*<1,

o0

R-Y Comé.0)0®o, LY Y P
i,,z-:l () 600, = 1,21 (z+1)2(/+1)2 =Y

= (i i (Z

c’p®yq.
11(1"'1)2 ]1(]+

Since R “Rp =c* ¢ ® g, we have
jv] :C4a P :\//lecza P =p; and q, =

However,

;2
lim E 1o, 0>? = lim E _(_

n-ej=1 Ay, n-oj= ll_2 C (l+1)4

) ==,

which means that p, ¢ F,, i.e., u, is not well defined within L,.
The following condition is seen to guarantee the existence of well-defined weight
functions.

Condition 4.5 Let X and Y be L ,-processes which satisfy

= E?EC = EEC
5 ELEG e 3 EG
bj=1 j’i{iiyj b=l Ay }éj

21) (a)

The following example demonstrates that Condition 4.5 is not satisfied by the processes
X and Y of Example 4.3.
Example 4.6 Let X and Y be the processes defined in Example 4.4. Then,



E?[&C. 452
2[5, Cj] _ 14] : >i2, for i,j> 1,
T My, @+1)°G+1D"

and 2
E C .0 .4
[G i > forige,
By DGt

so that Condition 4.5 is not satisfied for these processes.

Example 4.7 Processes X, ¥ which do satisfy Condition 4.5 are given via

=2 1 ~2 1
heo=EIEN ==, ay - EIET -,
l J
and
E[f:g‘j] :;, for i,j > 1.
(i +1Y°G + 1)

One can show (Example 4.4), that such a pair of processes.X, Y exists. Then

219 S R N
2y GG DS GG 1

i J

and

NS N L A 1

'1;?,.7“% (+D°G+1)° @+ +1)°

so that Condition 4.5 is satisfied.

11

Canonical correlations and weight functions exist under Condition 4.5, according to the

following central result.

Theorem 4.8 Assume that L,-processes X and Y satisfy Condition 4.5. Let (1, q,), i > 1

be the i-th non-zero eigenvalue and eigenfunction of the operator R,=R'R, where

R = R;(/ZRXYR};;/Z (see (10)) . Defining p, = Rq, /\/)Ti, the following holds:

(a) p,eFyandqg eFy,ixl;
(b) p; = JA, u, = R);,l(/zpl., and v, = RY_YI/qu.;
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(e) Corr (U, Vj) =<u, Ryyv>=<p,Rq> = plﬁij.
According to Theorem 4.8, the usual properties of canonical correlations and canonical
weights known from multivariate analysis (see (17)) extend to functional canonical analysis

for L,-processes, if Condition 4.5 is satisfied.

5. Canonical decomposition for pairsof random processes

Functional principal components analysis is based on the expansion of an L,-process in
terms of the eigenfunctions of its covariance operator, according to the Karhunen-Loéve
Theorem, extending principal components in multivariate analysis to function space. A
similar extension of the finite-dimensional case to the case of L,-processes was considered
by Leurgans et al. (1993), Section 4.3, motivated by expanding (X, Y) as (Z,Uu,, Z,Vv),in
terms of the canonical weight functions v, v,. According to Theorem 5.1 below, an expansion
of this type cannot be expected to converge in L,.

An expansion of pairs of processes in terms of canonical weight functions is desirable,
as it provides a natural approximation and description of pairs of square integrable processes.
We discuss here the feasibility of this expansion for the functional case.

Since R)l(//qul. =D, Rylfvl. =gq,, we have

RuZUt, = R X<Ryy " XoR ", = Ry YRy "Xop, = X,
and R, >.Vy, =Y for the finite dimensional case. This heuristic leads to the following
extension for the infinite-dimensional case:

Theorem 5.1 (Canonical Decomposition) Let {(p,, u, v, U, V), i=1} be the canonical
components of X and Ywith u. € L(T) and v, € L,(T,) foralli, andp, q,defined as in (16).
For k> 1, define projections P, = P spanip,,...p,y and Oy = P sypaniq,. ... q,1, Where span{p,,...,
pit and span{q,,..., q,} are the closed linear spaces generated by {p,,..., p,} and {q,,..., q,}.
Define F e F yy fo be the closures of subspaces Fyy, Fyy (see (11)) and P F o P F, [0 be the

projection operators to the subspaces. Then

@X=X,,+ X, Y=Y, + Y., where

k
172 -1/2 1 172 -1/2
X =R oWPRyX-= le URyat, and X =(Pg - RyyPRy )X,
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k
12 -12 L 12 -1/2
Yo = Ryy QRyy YI; VRyw, and Yc,k:(P}?YY_RYYQkRYY )Y

(b) (X, Y,.,) and (X, Y) share the same first k canonical components;
(c) The j-th canonical components of (chk, chk) are the same as the (j+k)-th canonical
components of (X, Y), j>1;
@d X Y, ) and (X_,, Y,,) are uncorrelated, that is,
Corr(X ,, X, =0, Corr(Y,,, Y.) =0, Corr(X ,, Y.) =0, Corr(Y,,, X.)=0;

C

(e) If k » >, and P_ =P then

span{p;:i>1}’

R~ 125 o182
X=Xcw+X. = le URytt; + (Pp = Ryy PRy X,

Y = )c + ); = E LiRYYVi + (P_F - R;;)/}Q Rn_,l/z)) .
’ ' i=1

c,?

and (X, .Y, ) and (X N Y:w) are uncorrelated ;

c’ooﬂ

(). If spanip, ;i=1} :1;)0( and spani{q,;i> 1} :FYY’ then X=X, .andY =Y, .

X ) and (X, Y) share the same canonical components, Corr(choo, choo) =0,

The proof'is in Section 6.

The canonical decomposition introduced in Theorem 5.1 may be applied to derive
estimation procedures for functional data analysis of pairs of curve data by approximating
pairs of processes with a few significant canonical components, similar to approximating
random vectors or random functions through a few principal components. The proposed
canonical decomposition may also be useful in functional linear model settings. Such
applications are described in He, Miiller, and Wang (2001).

We conclude this section with two examples of applications of this canonical
decomposition. The first example concerns the construction of bivariate processes with
prescribed canonical components. Such constructions are useful for the study of functional
canonical correlation and dependence between stochastic processes, and especially for Monte
Carlo simulations.

Example 5.2 Let {p,;} < L,(T)), {q,} = L,(T,) be two given orthonormal systems.

Assume {U,} and {V;} are two sets of independent random variables, such that
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EU, =0, EU} =1, EV,=0, and EV; =1, fori>1,

and

EUYV,=p0; fori,j=1, where Eipf<oo.
Further, let {4} and {4,} be two positive and decreasing sequences such that
XA, < and XA, <. We now obtain random processes X and Y which have the given
canonical components (p, U, V), fori>1, as well as covariance operators
R, =% A.p,®p and R, =% 1,q,&q,,by setting
(23) X=X Uy;pp Y =2V s[20, ;.
In order to verify this, observe

rls: ) = BIX6) X1 = X, ETUUNE Ty p8) p0) = Sy, )P 0),

and conclude that R,, = R,,. Similarly, R, = R,,. Furthermore,

P, 1) = ELX() YO = Zpy 2, 2, P (5)a (D),
leading to

1/2

1/2 172 172
Ry = Rux[Xp, (0, ® q)IRyy = Ry RRyy

XY

where
R=2p (p,®q).
This shows that the processes (23) have the required properties. Obviously,
p,€ H and g, € H,, i > 1, and thus the canonical weight functions are
U :Rl_l/zpi :pi/\/Tli’ Vi~ R2_1/2qi - qi/\/g'
Hence, comparing (23) and Theorem 4.1 (e), we have
X, .=X and ¥, =Y.

Finally, we note that expansion (23) coincides with Karhunen-Lo¢ve expansions (14) for
processes X, Y with ¢ = Ul.\//Tl., and ¢, = Vl\//Tl, for the case where p, ¢, are the
eigenfunctions of X, Y, respectively.

Next, we consider processes with finite basis expansions. This illustrates the finite-
dimensional special case of the general result.

Example 5.3 (Canonical Decomposition for Processes with Finite Base Functions) Let
X and Y be a pair of random processes which have a representation (14) with finitely many

basis functions. Then the canonical decomposition for X and Y is equivalent to the canonical
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decomposition for the corresponding vectors of random coefficients through
X(O) =X, (0) + X () = &0, 000) + &2, 000),
Y() =Y, () + Yo () = € p@) + o 9(0),
for 1 <k <min (k, k,). Here
€=Con ™ ‘f:k and gzgc,k * :k
are the canonical decompositions for¢ and ¢. Letting R, = Cov(¢, ), R,, = Cov((_,) and

denoting the canonical components of the random vectors (¢, , i) by (p,u,v),i=1,..,

k, the corresponding approximations for X, ¥ become

k k
X, (1) - ; (u; O, 'R,0)(1), and Y, (0) = ; ;' O R, 0)0).

6. Auxiliary results and proofs

We first establish several auxiliary results that will be needed for the proofs in this
section. The definition and properties of Hilbert-Schmidt operators are included in the
Appendix.

Proposition 6.1 If processes X and Y satisfy (15), then there exists a Hilbert-Schmidt
operator A: Ly(T,) » Ly(T)) such that A |¢,, =R and A" | ¢, = R".

Proof of Proposition 6.1 Define an operator by the infinite matrix (ry), ;. ontheclosed
subspaces span{6;} and span{g.}, with

24) r. = ﬂ, for 7, j>1.

" [EEEL)
The inequality (15) implies that 4 is a Hilbert-Schmidt operator from the closed subspace
span{6.:i> 1} < L(T)) into L,(T,). We extend dom(A4) to L,(T}) such that 4 |span{0,., T
0, thus ensuring that the extended operator 4 is a Hilbert-Schmidt operator on L,(T)). The
proof for A" is similar. O
Proposition 6.2

(a) Let X, and Y, be versions of processes X and Y which are truncated at the n-th

component, that is
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(25) X (s) = Xn: ¢O(s), seT,, and Y (s) = Xn: Cols), seT,,
i-1 i-1

2

and let R, = (ry), ;- . ,» be the cross-correlation matrix for X, and Y,. If lim ZZ il

n- o

then R, - R, with respect to the linear operator norm, where R is a Hilbert-Schmidt operator.

(b) A process X has a finite basis expansion if X = X, (25) for some n. If X or Y have

< %

finite basis expansions, then R is a Hilbert-Schmidt operator.

(c) If (15) holds, then R", RR", R'R are Hilbert-Schmidt operators.

Proof of Proposition 6.2 (a), (b), and (c) can be verified by checking inequality (15) of
Proposition 4.2. o

Proposition 6.3 Assume inequality (15) holds.

(a) Let {(4,q,); i> 1}, be the eigenvalues and eigenfunctions for the operator R, =
R'R. Then {4, p)); i> 1}, defined by (16), is the set of eigenvalues and eigenfunctions for
the operator RR* and is an orthonormal system in F o

(b) Let p, = \//Tl then Rq, = p.p, and R'p; = p.q,.

Proof of Proposition 6.3

@ RR"(p) = RR"(I}/F)Ra) = IF)R(Ryq)

= (2 RMq) =2 (AARq) =ip,.

Therefore for any (4, g,), there exits a corresponding eigenvalue and eigenfunction (4, p,)

of RR* , and vice versa. The {p,} are orthonormal, as

<Py =<(A\A)Rq, (11JL)Rq> = (A4[22)<R"Rq,, q>
= (WA <A 4> = ANAZ)AS, =6,

(b) R"p, = R*(Rq,/ p) = (pilp)a, = pa; and Rq, = R (R"p/p) = pip/p, = pp;. ¢
Proposition 6.4 (Spectral decomposition of R) Let R = R ;Cl,éz R, R }:}}/2 be the
correlation operators for X and Y which satisfy inequality (15), and let p,, p, and g, be the
i-th eigenvalue and eigenvector of R*R, and RR*, respectively. Then, the integral kernel of
R (see (A1) in Appendix) is decomposed as }
KERR)(s, 1) = }_ p,p(5)4,0).

i=1
Proof of Proposition 6.4 From Proposition 6.1, R = R);,I(/ZRXYR;/Z: F,,~F, isa
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Hilbert-Schmidt operator, and therefore has an L, integral kernel. Defining an integral
operator 4: F,, - F, , withintegral kernel KER (4) = X PP {s)q (t), we show that 4 = R.
First, for any v € span{q,, i>1}", )

(Av)(s) = f KER (4)(s,f) W(t)dt = le p,0s) f q()v(t)dt = 0

Furthermore,
IRv|?> = <Rv, Rv> = <v, R "Rv>

=<v,Rjv> = SHI APv>,
where R, is a compact self-adjoint operator with spectral decomposition R, = XA, P,. Here
P, is the projection operator from F,, to the eigenspace defined by span{eigenfunctions

corresponding to 4,}. Thus, Py =0, i > 1. This implies Rv=10. Next, forany ;> 1,

(49)() = X2 pip () [4,0)a, (O, = p;p,(s) = (Rg)(5).
i-1
This shows that for v € span{g,, i>1}, one has Av = Rv, which concludes the proof. o
Proposition 6.5 Assume L ,-processes X and Y satisfy Condition 4.5. Then, p, € F\yand q, €
Fyy, fori >1.
Proof of Proposition 6.5 Write

R = Zr@@gp

i,j=1
where, ri = Z E[¢ (;]( Y YJ) 12 for i,j > 1. Since Condition 4.5 implies (15), R is a

Hilbert- Schmldt operator and can be wrltten as

R = Z plpl ®ql’
where (pl, p;) and (pl,q) are the elgenvalues and eigenvectors of RR* and R*R,

respectively (Conway, 1985). Then, for any { fixed k> 1,
R, = pypy = E r<q 90,

. ij =
From the definition of F,,

. d -1 d
Pr€F oy i Y 20 (O 7= 92) <.
j=1

i-1
The right hand side is true because

> s E < 07V = Y i (X Ay ELE C<q, 02)
i=1 i=1 j=1

o oo

DIFAO IV 2[5,4312 <G 9P <.
1 j=1
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The Cauchy inequality and the equality Zj<q k,goj>2 = 1 are used in the derivations of the last
two inequalities. By using Condition 4.5 (a), we show p, € F ... Similarly we prove g, € F ,,
when Condition 4.5 (b) is satisfied. o
Proof of Theorem 2.1 The covariance function for X is
o, 1) = E[X(5)X(0)] = 07(s)E[E ET10(r) = 07 (s)R,,0(7).
Similarly, we have r,/(s,?) = o’ ($)R,0(2), and r,,(s, 1) = 0 T(S)R12¢(t). Because the
covariance matrices R, and R,, for the random coefficient vectors are finite dimensional, we
may assume, without loss of generality, that they are full rank matrices. Any given
ue LXT |) can be written as the sum of two components, with u, € span{6,, ... ,0 kl}’ and
u, € span{0,, .. ,le}l, such that
u(t) =uy(t) +u(t) =u Togr) + u,(t), where ueR h,

Then,
<u, X> =<u, +u,, Elo>=<u 9, 70>

~u'<0,0™¢=u"T, ¢=u's,

where 1 k, is thek, x k, identity matrix. Similarly for any given v e L T ), <V, Y>=v e
where veR™. Hence,
E[<u,X>] =u"E[¢] =0,
E[<v,X>]1=vTE[{] =0,
Var(<u, X>) = E[<u, X>*] =u "E[¢ ETu = u "R u,
Var(<v, Y>) = E[<v, Y>*] =v TE[{ {Tv = v TR v,
Cov[<u, X>,<v, Y>] = E[<u, X><v, Y>] =u TE[E{Tv = u TRlzv.
Consider the first canonical correlation for X and Y,
P = sup Cov (<u, X>, <v, ¥>) =: Cov (<u, X>,<v,, ¥>,
ueLy(T,), veLy(T,)
subject to
Var (<u, X>) =1, and Var (<v, ¥>) = 1.
This is seen to be equivalent to
p = sup wTRw=u/R,v,

k k
ucRk 1, veR 2

subject to
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uwRu=1, vRv=1.
This is exactly the definition of the first canonical correlation between the random vectors
& and ¢. On the other hand, if we start with the first canonical components for ¢ and ¢, given

by (p,, u,, v,), we obtain the first canonical components forX(z) and Y(z) by
T T
(p1> u (1), v, (@) = (py, uy 0(2), vy 9(2)).

Similarly, we can extend this to the second canonical component, and so on. ¢
12

Proof of Proposition 4.2 To prove the first inclusion, i.e., R,, Ry, “(F
that E[&]] = Ay, and E[¢] = 4, From (12) and (14),

) € F > Wwenote

Xl’

1/2

R,y Z/lm<v > ¢, forveF,, and

i=1

RXYRY;Qu:Z Z A2E EC]<V (p>)9 for ve F,

Thus if (15) holds, then

Y 22 2y ELEGI<u, 02 < 3, 2y (0, 2y (BIEGD <, 02)
< ¥ iy (ELECD? Y [<u 9P -
=Y, Corr (&, Olul* < .
The second inclusion follows similarly. o

Proof for Example 4.3 Set

azziz C = ! , fori=1,2,..,

1 1

i? (i + 1)

and define the operators

Rlzz:aizﬁi@@i, R2:Zaizgoi®goi, and R, Z c;c;0,Q¢..
i=1 i=1 i,j=1
The property that 3. a.2 <eo implies that R, and R, are self-adjoint and positive definite
operators, and the property that ZU i ¢ ? < oo implies that R, is a Hilbert-Schmidt operator.
Byusing (19), we show that R, = R,, R, = R,,.Itremains to show that R, can be interpreted

as a cross-covariance operator R,,. For any n > 1, define
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A, =Diag(a,, ...,a,), B,, = (cicj)i I CC,, fork=1,.,n,

where C, = (¢, ¢)", and

n Bnk An CanT
M, = ’ = , fork=1,..,n
By Ak CkCnT Ak
Then
4, cc) R, R,
M = - M_ = . , aS m — oo,
cc, 4, R; R,

We want to show that, for n > 1, M is positive definite, so that M, is also positive definite,
and therefore defines a covariance operator for the pair of L,-processes X and Y such that

R, =R,,. It will suffice to show that Det(M ,)>0, for k=1, ...,n. As forany n >1,

2

fj =L 1<,
=1

(z+1>2 6

”c
27

i1+ 1)4
we find indeed
Det(M, ) = Det(A )Det(4, - B, 4, B, )
- (.Hlai)Det(A -c.c An‘ ‘c.ch

- (M) Dettd, - (3. & )C ¢
i=1

lla

2
—(Ha ?) Det(4,) Det(1 —(Z —)C '4,'c)

lla

—(Ha )(Ha A1 —(E —)(E—)] >0,

i=1 i=1
a a o

Proof of Theorem 4.8 Part (a) follows from Proposition 6.5. The proof for part (b) - (e)
can be found in He, Miiller, and Wang (2000). o
For the proof of Theorem 5.1, we need the following additional auxiliary results.
Lemma 6.6 Assume Condition 4.5 is satisfied. Then, for k> 1,
(@) <u, X, > =<u, X> and <u, X.;> =0, if R)g\,zu espan{p, i =1, k};
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(b) <v, Y, > =<v,Y>and <v,Y k> 0, lfR vespan{ql, =1, k};
(c) <u, Xc’k> =0 and <u,Xc,k> =<u, X>, szXXu espan{p, i =1, k}*;
(d) <v,Y, > =0 and <v, chk> =<y, V>, z'fRylfv €spaniq, i =1, k}~.

Proof. We only prove (a) and (c).

(a). R)g(zuespan{p., i =1, k} isequivalentto u € span{u, i = 1, -, k},and, for i < k,
<u, X, > = <R l/zpl,zk URyep> =X, U<p,p> = U, =<u, X>,

<uXk> <u, X - X> <u, X>-<u, X, >=0.
(). Let Ryy u € span{p,, -, p,}*. Then,

<u, X, > =<u, LU Rzu> = T iU<R u

172 172

Rygu> =YX\ U<Ryu,p> =0,
<u,, Xc’k> =<u,X - Xc’k> =<u, X> - <u, Xc’k> =<u, X>. ¢
Lemma6.7 For 1 <i <k, uc F\, veF,,
R I)g(u € span{p,, -, p,} = iff <u,X> and <u, X> are uncorrelated, and,
R ﬁv € spaniq,, -, q,} " iff <v, Y>and <v, Y> are uncorrelated.

Proof. Consequence of

Corr(<u, X>, <u,, X>) = E[<u, X> <u, X>] = <u, R, u>

172 172

Y
=<Ryyu, Ryyu>=<Ryyu,p>.

Proof of Theorem 5.1
(a) Note that for i > 1, f€F,,

@, DPIRe (D) = <Py Ry (> P, = <Ry (0, >,
=Rl '(0) Op(f) = 4, @p (),

that is, (p, ® p )Ry 1/Z—u Qp, on F,,. Hence,
PRy’ = Z(p@ IRy Zu ®p, onFyy

i-1 i-1
Since u, € L,(T)), i > 1, the operator Zi:1“,~® p, has the L, kernel Zlepi(s)ui(t), and

therefore is a Hilbert-Schmidt operator on L(T)). As
k
sup 7 R - sup 1Y 0, @ < 13, SpI A,
feF

feF izl
PR X,l(/z can be extended to a bounded operator on F,,, and further to a Hilbert-Schmidt

operator on L,(T)). Now



22

k k
PkR);JI(/ZX: > <u, X>p; = > UiR)lcﬁ(zui’
i1 i-1

and this implies

X =X-X,,.

k
Xk = R)g?PkR);)I(/ZX =2 URyu,,
| i=1

(b) For # € F y,, write @ = PRyl + (Py ~ PRy )i

i, +1i,,with @7, € span{p,, ...,
Di}s U, € span{p,, ..., p,}~. Similarly, for Ve I;W, write v =V, +7,. From Lemma 6.6,

<u, X, > =<, X, >=<d,X> and <V,Y >=<V.Y >=<V, >,

and
sup Cov(<i, X, >, <V, Y >)
i€ Ly(T)), V€ Ly(Ty) ’ ’
- <, X> <v. Y>
(26) ) sup Cov(<i,, X>, <V, ¥>)
iy € span{uy, ..., u,}, V) € span{v,, ..., v;}
< sup Cov(<i, X>, <v, Y>).
e Ly(T,), v e Ly(T,)
Fori=1, ..,k
k k
<up X = 2:1 Uu,Ryu> = 2:1 Uoy=U, <v,Y ==V,
j= j=
and
Cov(<u, X, > <v, Y >) =E[UV]=p; = sup Cov(<il, X>, <v, >).
e Ly(T,)), v e Ly(T,)
This implies

Var(<u, X, ,>) =1 and Var(<v,Y, >)=1,
and fori>1,j=1, ..., i-1,
Cov(<u, Xc’ > U, XC’ ) =0 and Cov(<v, YC’ <V Yc’ ) =0.
Hence, (p,u,v,), i =1, ..., k, are the i-th canonical correlation and weight functions for
XC’ , and Yc’ .» and are identical to those for X'and Y.
(c) From Lemma 6.6, for ii € 1_3XX, and v e 13”. Letd =i, +d, and V =V, + 7, asinthe

above. Then,

<, X_ ;> = <il,, X_ ;> = <il,,X>, which is uncorrelated with U, i = 1, ..., &,

<V, Y, > =<V, Y > = <¥,,Y>, which is uncorrelated with V,, i =1, ..., k.
From constraint (4) and the facts that #, is uncorrelated with span{u,, ..., u;}, and v, is

uncorrelated with span{v,, ..., v}, we have
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Can Corr (X, Y, ,), < Can Corr (X, Y), ., for i> 1.
On the other hand, we have that {(u, ,, v, ,):i> 1} satisfy constraints (2) and (4) for
(X Y2,), so that

[

Can Corr (X, Y, ), = Cov(<u; ., X ,><v, . 1, Y. >)
=p; ., =Can Corr(X, Y), .

Using a similar argument as for the proof of (b), we have that {(p, , ,, v, ,, v, ,):i> 1}, the

(i + k)-th canonical correlation and weight functions for X and Y, are the i-th canonical
correlation and weight functions for X_, and Y_,.

(d) We only provide the proof of the third equality, since the proofs of the other

+v, asinthe

equalities are similar. For@# € F,,, and Ve F, ,let =4 +d, and V=7 +7,

proof for (b). Then,

XX

<i, X, > =<i,X>, <V, Y, >=<0,>,
and
Cov(<i, X, >, <V, chk>) = E[<il,, X><V,, Y>] =<p|, R4,>,
where p, = R)ngﬁl € span{p,, ...,p,} and g, = ([;YY - R%/z)ﬁ2 € span{q,, ...,q,} . From
Proposition 6.3 (b), Rq, € span{p,, ..., p,} ", and <p,, RG,> = 0.
(e) From (a), .
X, =Y URyp, fork=1.
Now the fact that o
k k k
Y ElURp” = Y ETU IRy > = Y <ps Ruxp
i=1 i=1 i=1

and
Do R = E Ay Do ‘9j>2
j=1
imply forall £> 1,

k k o0 o0 k
Y EIURwp = 3 3 o py 677 = X (32 <ps 6077)
i= Jj= 1=

i=1j-1

=Y A IPOI < DA N0 = Y Ay <o
j=1 j=1 j=1

Hence,
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172 -1/2 172 -1/2 =
X =Ry PRy ™ ~ RyyP Ry X=X = Z: UR,u, as k-,

¢,

where the convergence is in the mean squared norm E| - ||i2. This implies (e).

(f) If span{p,:i=>1} =F,, then P_=P; , and X..=0. O
Appendix

We compile here some facts from functional analysis, which are listed without proof.
Details can be found in texts such as Conway (1985) or Dunford and Schwartz (1988).

We use the tensor product notation (18) throughout. Let H,, H, be Hilbert spaces. We
denote the set of bounded linear operators 4 : H, = H, by B(H,, H,).

A linear operator is compact ifthe set {4h |he H,, |h| = 1} has a compact closure in H,.
The kernel of a linear operator 4 is defined as ker(4)=1{h € H,|4h =0} . A compact self-
adjoint operator can be expressed as

A=Y ueQe,
for a sequence of {u,} of real numbers and an orthonormal basis {e;} of ker(4)". For an
operator 4: L, » L,, and a subspace H < L,, denote by 4|, the restriction to subspace H.
For k€ L(T,*T,), the integral operator A: L,(T,) ~ L,(T,) defined by
(AN = f ; k(s, ) fis) ds, fe LX(T)),
is a compact operator. We define the integral kernel of 4 as KER(A)(s, ?) = (s, t).

The covariance operator R, (7) is a compact self-adjoint nonnegative operator, since
KER(R (s, ) = KER(R,,)(Z, 5).

A bounded linear operator is a Hilbert-Schmidt operator if there exists an orthonormal
basis {e;} of H, such that ) ||Aei||2<oo. Properties of Hilbert-Schmidt operators are as
follows:

If M, and M, are measurable subsets of R? and RY respectively, the operator
A€ B(L(M,), L,(M,)) is a Hilbert-Schmidt operator if and only if there exists a
k € L,(M,xM,) such that
(A1) (A4N)(s) = fMlk(s, N AY)dt, for fe L(M,),
i.e., A is an integral operator. Every Hilbert-Schmidt operator is compact. An operator

A € B(H|, H,) is a Hilbert-Schmidt operator if and only if the adjoint operator A"of Aisa
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Hilbert-Schmidt operator.
Let {e,:i>1} and {e/:i>1} be orthonormal bases for Hilbert spaces H, and H,,

respectively, and let (a;)

A, H, ~ H, by

el be an (infinite) matrix with a; € R. We define an operator

Ayh = E(Ea<e h>)e,,

i=1 j=1

for he {ucH, : 11mEa <e, u> exists, for j > 1, and E|Ea< , u>f <o}
imoo j=] i=1 j=1

This is a Hilbert-Schmidt operator, if Y ja [ = C? <.
-1
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