Generalized varying coefficient models for
longitudinal data

By DAMLA SENTURK
Department of Statistics, Penn State University, University Park, PA 16802, USA
dsenturk@wald.ucdavis.edu
AND HANS-GEORG MULLER
Department of Statistics, University of California, Davis, CA 95616, USA

mueller@wald.ucdavis.edu

SUMMARY

We propose a generalization of the varying coefficient model for longitudinal data to cases
where not only current but also recent past values of the predictor process affect current re-
sponse. More precisely, the targeted regression coefficient functions of the proposed model
have sliding window supports around current time t. A variant of a recently proposed
two-step estimation method for varying coefficient models is proposed for estimation in
the context of these generalized varying coefficient models, and is found to lead to im-
provements, especially for the case of additive measurement errors in both response and
predictors. Asymptotic distributions of the proposed estimators are derived, and the model
is applied to the problem of predicting protein concentrations in a longitudinal study. Sim-

ulation studies demonstrate the efficacy of the proposed estimation procedure.
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1. INTRODUCTION

Longitudinal data is encountered frequently in medical studies. An example is the
2001 study of Kaysen et al. on 64 haemodialysis patients. Repeated measurements were
taken on each subject to investigate the relationship between the levels of long-lived acute
phase proteins such as serum albumin concentration, C-reactive protein, ceruloplasmin,
al acid glycoprotein and transferrin. One interest in this study lies in predicting future
concentrations for one of the proteins from present or past levels of another one.

Let {t;j,j=1,...,T;,i=1,...,n} denote the time points over which the measurements
for the ith of n subjects were taken. Further let y;;, x;; denote the response and predictor
values observed for the 7th subject at time ¢;;. A useful way of modeling longitudinal data
that has become quite popular in the literature are varying coefficient regression models
(Hastie & Tibshirani, 1993),

Yi(tiz) = Polti;) + Br(ti)zi(tiy) + €i(t), (1)
where y;(t;;) = vij, xi(ti;) = xi;, and €;(t;;) is a zero-mean stochastic process with co-
variance function §(t,t") = cov{e;(t),€;(t')}. The time-dependent relationship between the
response and predictor, both of which are repeatedly measured, is modeled through the
coeflicient functions (y(-) and £;(-). For a fixed time t;;, (1) reduces to a simple linear
model. Varying coefficient models are appealing as they present a parsimonious and easy
to interpret approach for the modeling of the functional relationship between predictor
and response trajectories. Estimation of the time-varying coefficient functions involves not
more than one-dimensional smoothing (Hoover, Rice, Wu & Yang, 1998; Fan & Zhang,
2000; Wu, Yu & Chiang, 2000; Wu & Chiang, 2000; Chiang, Rice & Wu, 2001; and Huang,
Wu & Zhou, 2004). A thorough literature review of applications to longitudinal data can
be found in Wu & Yu (2002). Note that longitudinal data in general can be viewed as
observed at a common set of time points, where missing values (i.e., missing completely
at random) might be present. Let {t;,7 = 1,...,T} be the distinct time points among
{tij,j=1,...,T;,i=1,...,n}. The varying coefficient model in (1) can then be rewritten
as

yi(t;) = Bolty) + Bulty)wi(ty) + ei(ty), (2)

1



where not all n subjects might be observed at every ¢;.

Model (2) assumes that responses y;(t;) at current time ¢; are only influenced by current
predictor values x;(t;). This might not be a fully adequate way to model the dynamics
of many systems, for example in biology. A range of past predictor values, in addition
to current values, might play a role in predicting a response in these cases. For example,
the proteins considered as predictors may have long half lives, suggesting that improved
predictions may be obtained by taking into account previous in addition to current levels.
In this paper we therefore propose a generalization of the varying coefficient model for
longitudinal data to cases where not only current but also recent past levels of the predictor

process affect the current response,

vilty) = Bot;) + D Brlty)wi(ti g 1) + €ty): (3)

Here, p denotes the number of time points, i.e. the window width into the past, of the
predictor process that is considered to affect the response at the current time. The influ-
ence of past predictor values is modeled through p separate varying coefficient functions,
B1(-), Ba(), ..., Bp(+). In order to include prediction of future values, a time lag of size
g > 0 is included in (3). The varying coefficient model is a special case of (3), in which
g=0andp=1.

The formulation in (3) is given for longitudinal designs with equidistant time points.
Nevertheless, the proposed estimation method will be shown in simulations to be easily
adapt to missing values. This property, coupled with a pre-binning step used to syn-
chronize the measurements across subjects, makes the proposed methodology applicable
to a broader class of longitudinal designs. In addition, to avoid singularities in (3), we
assume that predictor trajectories are not constant on any interval, as this would lead to
non-identifiability of local regressions.

Model (3) is appealing, as the linear regression coefficient function extends beyond
the point-wise relationship that characterizes the usual varying coefficient model, to also
include data in a window prior to and up to time ¢. This characteristic is suitable for
situations where the response at a fixed time ¢ is likely to depend on the behavior of the

predictor process not only at ¢ but also at times before t.



Model (3) also has features reminiscent of time series models. In fact, related varying
coefficient models for time series have been developed and referred to as “functional coef-
ficient autoregressive models” (Chen & Tsay, 1993) and “functional coefficient regression
models” (Cai, Fan & Yao, 2000), and these models also incorporate smooth coefficient func-
tions and regression modeling. While there are similarities, the data structures to which
these models pertain, and consequently their implementation and analysis, are quite dif-
ferent. While the time series models deal with only one time series, models for longitudinal
data, considered here, focus on situations where one has repeated measurements for each
of a sample of subjects.

We aim here at two major extensions of the commonly used varying coefficient models
for longitudinal data: First, allowing the predictor process to exert influence not just
through current but also through past values. Second, covering the practically relevant
case where the measurements for both response and predictor are contaminated by noise,
extending the usual assumption that only the response is contaminated by noise. While
the first extension leads to a new class of models, the second extension motivates new
methodology for estimation and inference, even for the case of common versions of varying
coefficient models that relate only current observations of predictor and response processes
to each other.

Measurement error adjustments for varying coefficient models have not been studied in
detail to our knowledge. Liang, Wu & Carroll (2003) have proposed a two-step approach
where the first step is to approximate predictor processes by flexible parametric models,
followed by fitting the varying coefficient model by plugging-in estimates of the predictor
process in a second step. The adjustment strategy proposed here is fully nonparamet-
ric, does not require a parametric model, and includes the influence of past levels of the
predictor.

The paper is organized as follows. In §2 our proposed estimation algorithm, including
choices for window width (p) and time lag (¢) parameters, is discussed, with emphasis on
special adjustments to accommodate measurement errors in both predictor and response

precesses. Asymptotic properties of the proposed estimators are also presented in §2.



Simulation studies and applications of the proposed method to longitudinal protein data

can be found in §3 and §4. An Appendix with proofs follows the discussion in §5.

2. ESTIMATION IN THE GENERALIZED VARYING COEFFICIENT MODEL
UNDER MEASUREMENT ERRORS

In many longitudinal studies, where we aim to regress a response process on a predic-
tor process, not only the response but equally the measurements made for the predictor
process are contaminated by measurement errors. This is because often all the various
measurements irrespective of whether they are considered response or predictor are inher-
ently noisy. The contaminating noise can be due to physical measurement error, random
variations caused by external effects such as timing of the measurement within a day, or
short-term intra-subject variability as is the case for many biological measurements. These
considerations motivate the following measurement error models.

Let yij, z;; denote the underlying response and predictor, and y;;, x{; denote the ob-

served response and predictor,

Yij = Yij T Cyij,

Ty = Tij+ eaij,

where e,;; and e,;; are independently and identically distributed (over ¢ and j) mean

zero additive measurement errors with variances o2 and 05 , respectively. This results in

observed longitudinal data of the form

(t5, 735, Yii), j=1,...,T,, i=1,...,n.
The varying coefficient functions 3;, j = 0,...,p are defined in the error free model
p
vilt}) = Bolty) + > Belty)ai(tj—g——1) + €(ty), (4)
r=1

for j = g+ p,...,T, but in the contaminated situation must be targeted based on the
observed contaminated response and predictor. The error ¢;(t;) is the realization of a zero-
mean stochastic process with covariance function §(¢',t) = cov{e;(t'), €;(t)}, which will be

denoted by 0; = 6(¢;,t;) when evaluated at the same time points.
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The proposed estimation algorithm is an extension of the two-step estimation procedure
for longitudinal data that was developed by Fan & Zhang (2000), from now on referred
to as FZ. Noting that a different linear regression between the observed response and the
predictors applies for each time point in a varying coefficient model, as given by (2), FZ
regress the observed response on the observed predictor at a fixed time point ¢; to obtain
the raw estimates for the smooth coefficient functions fy(¢;) and 3;(¢;) in a first step. In a
second step, the scatter plots of the raw estimates for the coefficient functions are smoothed
against the time points, for each component separately, to obtain the final smooth estimates
for the coefficient functions. This two-step estimation procedure is intuitively appealing
and easy to implement, involving only linear regression fits, and one-dimensional smoothing

procedures.

2.1 Proposed estimates
The observed predictors and their error free unobserved counterparts considered for
the response at a fixed time t; are z(¢;_,), ..., 2, (tj—q—pt1) and x;(t;—q), - - -, Ti(tj—g—p+1),
respectively.  Collect the observed predictors and response into the matrix X/ . =

qpj
(X7 X;

nj7q7p7j

)" and the vector Y] = (v, ..., yp,;)", where X] . = (1, 2}(tj—y), .-,

gpsJ 4,q,p,J

zi(tj—q—ps1))". Here, n; denotes the number of subjects observed at time ¢; and (¢;_, .. .,
ti—q—p+1). Let C; denote the set of corresponding subject indices. Auxiliary parameters
for the method are the lag value ¢ and the window width p. Analogously let X,,; and Y;
denote the unobserved error free data at time ¢;.

It follows from (4) that the response at time ¢; is modeled through the linear form

Yj = Xy B(t;) + €(t;), (5)

where 3(t;) = {Bo(t;), B1(t;), ..., Bp(t;)}T. The error process observed at time ¢; is denoted
by €(t;). Since the responses observed at time ¢; come from different subjects, E(e(t;)) =
0% 1,, and cov(e(t;)) = 0;I,,, where 1, denotes a vector of ones with length n; and I,
the identity matrix of dimension n; X n;. FZ obtain their raw estimates at the first step by
fitting the linear model in (5) at each time point. However, we do not observe Y; and X,

but only observe their counterparts Y} and X . that are contaminated with measurement

qpj



errors. The FZ raw estimates (X/1. X!

i Xeoi) X LY which correspond to a linear regression

qpJ
fit can easily handle the additive measurement error in the response. However, owing to
the measurement error in the predictors, these raw estimates in general will not target the
B(t;) in (5). More explicitly, consider the target of FZ raw estimates for the simple case
of p =1, which is
/ /
cov(y}, ' (tj—q)) _ Bryvar(z(tj—q)) ey var(z(tj—q)) e
var(z'(t—q)) var(z'(tj—q)) N var(z(tj—q)) + var(ez;—q) S

where e,;_, = 2'(tj_4) — ®(tj—y). As the values of (; range between 0 and 1, FZ raw

estimates potentially underestimate the target function (;(¢;). The resulting bias can get
arbitrarily large as the error variance increases and ¢; moves close to zero.

An alternative is therefore needed for the case of contaminated predictors. We note that
this problem can be equivalently viewed as finding an instrumental variable for the problem
at hand. We demonstrate that the following estimator (6) indeed provides a construction
of such an instrumental variable (compare Carroll et al., 2004). Our proposed estimator

B(t;) is as follows,

bap(t5) = (bog, bij, - bpg) " = (XM Xopy) ™~ X0,

qpj ) qpj—p

M;_, ;Y7 (6)

for j =q+2p,...,T. Here M,_, ; denotes a n;_, x n; matrix for which the (a,b)th entry
equals 1 if the ath entry of Y and the bth entry of Y} come from the same subject, and
equals 0 otherwise.

The estimator in (6) targets the right value ((¢;) since

E<X¢gjprj*P:jX:1pj) - E<Xt;l;jprj*p,jqu'>

are not affected by the measurement error in the predictors. This is due to the fact

that X'V, and X/

api qpj o not contain any predictors evaluated at the same time points if

k > p. In most situations it is plausible to assume that cov{z(t;_q—-1)), ©(tj—g—k—(r—1)) }»
r = 1,...,p, which is known to be inversely proportional to the variance of by, (t;) by

standard least squares theory, gets smaller as the jump k in the time points increases.



Therefore, the size of the jump is chosen as k = p in (6), the smallest acceptable value to
deal with measurement error, aiming to keep the variance of by, (t;) as small as possible.
With the same argument, it is clear that the choice of no jump, for which the proposed
raw estimator reduces to the raw estimator of FZ, entails an estimator that has smallest
variance compared to other choices of k. However, as pointed out earlier, the estimator
with no jump is extremely vulnerable to measurement error in the predictors. Thus, there
is a trade-off between variance and robustness to measurement error in the predictors.
A recommend strategy is to compute both estimators in applications and to choose the
robust estimator with jumps if the estimator with no jump yields smaller estimates in
absolute value consistently for all the time points, indicating presence of measurement
error. Otherwise, the estimator with no jump should be preferred since it has smaller

variance.

2.2 Asymptotic properties and finite inference
The following results are obtained assuming that the window width p, and the lag
parameter ¢ are known. We denote convergence in distribution by 2, Recall that C;
contains the subject indices of those subjects observed at time ¢; and (tj_g, ..., tj—g—pt1)-

Let n;_, ; denote the number of subjects in C;_, N C;. Further define

X = Bnil, ; Xop pMipiXop)
1 BL/(ti)y o Bt )
_ E{x/(tj—q—p>} E{$,<tj—q—p)$/(tj—q)} e E{x/(tj—q—p>x,<tj—q—p+1)}
| E{2 (tj—g—2pr1)} E{2 (G-0)0" (tj—g-2p+1)} - E{@ (tj—gmps1) ' (Gj—g—2p41)} |

and (X;), ¢ to be equal to

( E{a'(tj_q—p—si2)®' (tj—gop—st2) Ngp; for  2<s,s <p+1 \
E{a(tj—q—p—s+2) }lgps for s=1,2<s<p+1
E{a! (tj—g—p-s+2) igps for &=1,2<s<p+1 ’
Napj for s=s=1
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and 1gp; = 0; + 0, + 30 B(t;)oz. Here, (X)), denotes the (s, s')th element of ¥;. The
following result gives the asymptotic distribution of the proposed estimates assuming the

case of missing completely at random.

Theorem 1. Under the technical conditions (C1)-(C3) given in the Appendix, it holds that

D _ _
vnj—p,j(bqp<tj) - 6(%‘)) — N(0 = Lp+1, Xj lszj 1)
as nj_p; — oo for all time points t; such that j = q+2p,...,T.

The estimates given in (6) are not necessarily smooth, and a second smoothing step in
the estimation procedure may be beneficial in improving the efficiency of the estimates, as
well as imputing occasional missing values. The smoothing step would be carried out for

each of the r coefficients separately for r =0,1,...,p,

Brnl®) = 3 wlts, by )

j=1
where the b,; are as in (6) and depend on ¢,p. The smoothing weights w(t;,t) can be
obtained from any linear smoothing technique, such as local polynomial smoothing, as used
by FZ, or spline smoothing, as used by Wu et al. (2000). Focusing on the implementation
of the smoothing step (7) by local linear smoothing, let & denote the bandwidth and K (-)
the weight function or equivalent kernel of the local polynomial fit (see Fan & Gijbels,
1996). For ny = inf;n;_,,; assume that ny — oo. The following result establishes the
asymptotic bias behavior of the smoothed estimates qup, and in particular asymptotic

unbiasedness.

Theorem 2. Under the technical conditions (C1)-(C5) given in the Appendiz, when h — 0,

Th — 00, and noh* — oo as T — oo and ng — oo, it holds that

R2B3(t) [ K(x)z*dx
2

Brap(t) = B,(t) + + 0,(h?).

Similar to FZ’s proposed bands for their smooth estimates, approximate error bands

indicating the size of standard errors can be constructed around the estimators in (7),



based on standard error estimates of the b,,(t;). It follows from standard least squares

theory that

T /T ! \—1y/T
o(t;, tj/)cﬂp (quj—pMj—PJquj) quj—pMj—pJ
!/ I'T / -1 . .y
_ X Mj g M jr—p Xpiop(XgpirpMir—pj Xy ) Crp for j #j
COV{brj, brj,|D} B 2\ .T s / 1y /T )
(5j + Uy)Cr,p(qujprj—ijqu) qujfp

.. / /T . v/ o\—1 .y

XMj—pajMJJ—Pquj—p(quj—pMJ—P»]quj) Crp for J = )

(8)

t;),7 = 1,...,T} and ¢,, denotes a p-

X

where e,; = X apis

qpj

- Xgpjy D = {(X(I]pj7
dimensional unit vector with 1 at its rth entry.

An estimator for cov{b,qp;, brqpj’| D} can be constructed based on (8) once estimates for
6(t;,t;) and 0;+0; are available. In order to arrive at an estimator for §(t;, ;) and d;+07,
define é.,; = (I,,;, — Pyp;) Y] to be the residuals from the proposed regression at time ¢;, where
Pqu = Xt;pj(X(,]r]IJ‘j—pMj*P,jX(lzpj)_IX(;]IJ‘j—pMj*pJ' Assuming tr{([] —Pqu)M]’]/([]/ —Pqu/)} 7£

0 and n; > p, a set of estimators for §(¢;,¢;/) and 6; + 05 is

Oty ty) = tr(Eqpiem i)/ tr{(L; — Pyy) M, (ILy — Pypyr)™ } ©)
0j + ‘712/ = é;rpjéqu/(nj - D), (10)

making use of the fact that

6(tj, ty)tr{(Lj — Pypj)M; jo(Ij — Pppjr)} for j#j'

tr[cov(équ, équ’) D} = ,

(0; + a7)(n; — p) for j=1j

Plugging in (9) and (10) into (8) yields an estimator for cov{b,;, b,;|D}. Finally

T T
var{3,q,(t)| D} = Z Z Wrgp(tj, E)Wrap(ty, 1) cOV{braps, brapsr | D}

j=1 j'=1
can be estimated by plugging in respective estimators of cov{b,qp;, brgpj/|D}. If we are
willing to assume that the smoothers we employ use fixed smoothing windows and ignore
bias, then we find from the above that +2 error bars can be constructed for the final

smooth estimators as

qup(t) + QVQT{qup(t) |D}1/2- (11)



2.8 Choosing window widths and lags

We view the choice of the window width p and lag ¢ as a variable selection problem as
these quantities determine which predictors will be included in the proposed generalized
varying coefficient model. Nevertheless, one difference from a regular variable selection
situation is the restriction that the final sequence of predictor times chosen as predictors
has to be consecutive. For example, reasonable choices of predictors for the response at
time t; would not include just z(¢;_1) and x(t;_3) as predictors, skipping x(t;_2).

Therefore we use a variation of the backward stepwise deletion technique of Fan, Yao
& Cai (2003), for our implementation. We make use of a modified AIC and partial F-
statistics. We start by identifying a group of predictor times we want to consider initially
to model the response at time t¢;, say {z(t;—;),...,x(t;—q—p+1)}. We then identify the
least significant predictor among the two candidates which are the smallest and largest
time lags, namely z(¢;_,) and x(t;_,—p+1), according to their partial F-statistic values.
This yields a reduced and a full model, where the best model would be chosen by AIC =
log(RSS/(nj;—p —p)) + 2p/n; j—p. Here RSS stands for the residual sum of squares of the
fitted model at time ¢;,

Nj,j—p p 2
RS = 3 (1) =y = Y- bl
=1 r=1

and p, the number of predictors considered, would be equal to p in the full model of the
above example.
The F-statistics considered for the coefficient estimates in the linear model at times ¢;

are 5 _ {RSSy;(R) — RSSy,(F)}/1
rqp — RSSyp; (F)/(njj—p — P)) ’

forr =0,...,p—1, where RSS,,;(F') and RSS,,;(R) denote the residual sum of squares of

the full and reduced models, with or without x(t;_,_,), respectively. Assume for example
that the F-value of x(t;_,) is smaller than that of x(¢;_,_,+1) in the above example. In
that case z(t;_,) is deleted from the full model containing all p predictors to form the
reduced model, and it is finally deleted from our set of considered predictors if the AIC of

the reduced model is smaller than that of the full model. In case x(t;_,) is deleted from the
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original set, we restart the deletion process, this time having {z(t;_g+1), ..., 2(tj—g—p+1)}
as our initial set of predictors. We continue comparing the partial F-statistic values of the
coefficient estimators corresponding to z(t;_,41) and x(t;_4—p+1). This backward stepwise
deletion is repeated until we cannot delete any further predictors. The lag, ¢*, and the

window width, p*, of the final model are the chosen values for these parameters.

3. SIMULATION STUDY
The goal of this simulation study is to asses the effectiveness of the proposed procedure
for dealing with measurement error through the jump in the time points. Hence, we
compare the proposed estimator to an alternative estimator which can be derived from the
FZ raw estimates, ignoring the measurement error. We also explore the performance of
the backward stepwise deletion technique proposed in §2.3 for the choice of window width
and lag.

The data is generated from the model

Yi(t;) = Bo(t;) + Bi(ty)zitj—1) + Bo(ty)wi(tj—2) + €ilty),

for y =1,...,20 and « = 1,...,64, with lag ¢ = 1 and window width p = 2. The time
points tq,...,ty are are chosen to be equidistant between 0.01 and 1, and the coefficient
functions are (By(t) = 250 + 200sin(37t), B31(t) = —200 — 180t and B5(t) = 50 + 150¢2.
Predictor and error processes both are generated from multivariate normal distributions

with decaying covariance structures,
cov(x;(t;), xi(ty)) = 6e 81—t and cov(e;(t;), €i(t;)) = 0.15e7 03 ~tyrl,

and means 20 + 18025]2 and 0, respectively. The predictor and response are observed with

additive measurement error, and are denoted by
zi(ty) = xity) +eaiy  Yi(t;) = vilty) + eyij-

The measurement errors e,;; and e,;; are simulated to be independently and identically
distributed (both over ¢ and j) normal random variables with means 0, and standard

deviations 0.15 and 0.1, respectively.
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The number of repeated measurements for each subject is generated randomly between
1 and 20. Thus, there are unequal number of observations taken on each subject where on
average 30% of the data is missing. This yields 14 repetitions per subject on average, and
roughly 45 data points observed at a given time ¢;.

To explore the performance of the backward stepwise deletion technique in §2.3 for the
choice of window widths and lags, we apply the method to variable selection from the initial
set of predictors {x(t;_1), z(tj_2),z(t;—3)} at each time point. We ran 1000 simulations to
estimate the deletion frequencies of these three predictors and these are given in Figure 2,
lower panel. The simulations indicate to keep two time points in the predictor model, but
not three, which is in line with the simulation model. The downward trend in the deletion
frequency of the second predictor is also as expected, since (35(t) is substantially increasing
as t moves from 0 to 1.

To assess the effectiveness of the estimation strategy as implemented in estimator (6),
we compare the two algorithms, one with the jump in the time points as in (6), and the
other directly derived from the FZ raw estimates, ignoring the additive measurement error
in the predictor. The means of resulting estimates and their +2 error bars over 1000
Monte Carlo runs are shown in Figure 1. The estimates that ignore the measurement error
(dash-dotted) clearly deviate considerably further from the target function where the +2
error bars for the two slope estimates do not contain the true coefficient functions (solid).
The proposed estimators (6) (dotted), which are reasonably close to the target functions
have wider error bars as expected, since their variance is larger compared to that of the
unadjusted estimates.

Another comparative measure of the performance of the fits obtained by the two esti-
mates is mean absolute deviation error (MADE), or weighted average squared error WASE,

defined as

_ T 16() — B B T {0 () — Bo(t)}?
MADE_<3Z1) Z g () ,WASE_(3Z1) Z j g ?(3,)

J r=0 g J r=0

where range([3,) is the range of the function (,(t), and the sums over j are taken over

j=q+2p,...,T. We also consider unweighted average squared error UASE which is
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defined in the same way as WASE, but without any weights in the denominator. The box
plots of the MADE, WASE and UASE ratios of the proposed method over the unadjusted
estimator from 1000 Monte Carlo runs are given in Figure 2, upper panel. The plots
indicate that the proposed estimators indeed handle measurement error in the predictors
much better than the unadjusted estimators. We have also compared the two estimators
under no measurement error and the respective box plots of MADE, WASE and UASE
ratios are given in Figure 2, middle panel. The estimates ignoring the measurement error
perform better in this case than the proposed robust estimates, as expected, due to their

smaller variance.

4. APPLICATION TO PROTEIN DATA

A motivation for this study was the investigation of longitudinal relationships between
the levels of positive acute phase proteins such as C-reactive protein (CRP) and negative
acute phase proteins such as transferrin (TRF') (see Kaysen et al., 2001 for background in
the context of haemodialysis). In the Kaysen et al. study, the levels of acute phase proteins
were recorded for 64 hemodialysis patients. The number of repeated measurements ranged
from 9 to 39 per patient, and the visits were on average a month apart. Of particular
interest are relationships between negative and positive acute phase proteins. We aim at
predicting TRF' from previous CRP levels and consider models that regress TRF levels at
time j on past values of CRP levels, recorded possibly at times t;_1, t;_o and ¢;_3. Here
the unit of time is one month.

Accordingly, we start with the initial model
TRE(t;) = Bo(t;) + Bi(t;)CRPi(tj-1) + Ba(t;) CRE(tj—2) + B3(t)) CRPi(t-3) + €i(t)),

for which ¢ = 1, p = 3, and then apply the proposed backward variable selection technique
to choose the final predictors, which corresponds to choosing ¢ and p, i.e., lag and window
width. The predictor CRP(t;_2) turns out to be the only predictor that is significant for
more than half of the time points considered. Thus we eliminate CRP(t;_;) and CRP(t;_3)

from the initial model, and choose the one with ¢ = 2 and p = 1, leading to the model
TRFi(t;) = bo(t;) + i(t;) CRP(tj—2) + €(t;).
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The proposed estimates for coefficient functions (y(¢) and [;(t) obtained for this model
are illustrated in Figure 3, including the corresponding unadjusted estimates that ignore
measurement error. The £+2 error bars (11) for the coefficient functions are also shown.
The coefficient functions obtained from the proposed and the unadjusted estimates
clearly differ. The proposed method leads to more pronounced coefficient functions for
CRP, consistently for all time points. This is an indication that measurement error is
indeed present in the predictors, which is also consistent with the underlying biology, and
that it is masking the true predictive effects of CRP. The error bands indicate a degree
of significance of the coefficient function ; at t &~ 600 days (ignoring that the bars are
point-wise and approximate). In contrast to the previous analysis of Kaysen et al. (2001),
where only lags of one month were considered, the proposed model indicates that especially
lags of two months are relevant. This points to lingering effects of CRP levels on negative

acute phase proteins such as TRF' that extend well beyond one month.

5. DISCUSSION

We introduce extensions of previous approaches for the analysis of longitudinal data for
both modelling and estimation. The proposed model is an extension of varying coefficient
models, letting the predictor process values not only at current time, but also at past times
affect current values of the response process. The proposed estimators are an extension of
the two-step estimation procedure of FZ, appropriately modified for the common occur-
rence of measurement error in predictor processes in longitudinal studies. The proposed
method is designed to handle additive measurement error in both predictors and response.
As shown in §3 and through simulation studies, the presence of additive measurement er-
rors in the predictors may introduce large biases in commonly used estimation methods
for varying coefficient models; for example slope estimates are systematically underesti-
mated. In addition to handling measurement error, the proposed estimation procedure is

easy to implement, involving only least squares and one-dimensional smoothing procedures.
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APPENDIX

Technical conditions. We introduce some technical conditions. For a fixed time point ¢;

such that ¢ +2p < j < T,

(C1) the matrices X; = (n;' X/ M, ;X!

J—p,J* qpj—p "I =P qpj

)and X; = E(n;' X/T M, ;X!

J—p,J*qpj—p I PI  qpj )
are nonsingular.

(C2) the variances of z'(tj_4—s), @' (tj—q—p—s'), {&'(tj—q—s)2'(tj—q—p—s)} and the expected

values of @' (tj_q—p—s), {2/ (tj_g—p—s )2 (tj—q—p—s)} are finite for all s, =0,...,p—1.
(C3) it holds that E{€(t;)}, o} and o2 are finite.

(C4) conditions and bounds in (C1), (C2) and (C3) hold uniformly in j. For (C1), this
implies that inf; det|X;| > 0, inf; det|&;| > 0.

(C5) The functions 3, are twice continuously differentiable, and the kernel K is a contin-

uous density function with finite second moment.

Proof of Theorem 1. We denote convergence in probability by —». Define the vectors

€ = (e1(t;), ... €n,(t;)", €y; = (ey1js- .., €yn,;)" and the matrices
0 erijq o Crljg-pt1
/ . . . —1 IT /
Caj = Xopj=Xapj = | : : and - Z; = (052, Xop;pMj—p i Xop;)-
0 ez7n]»J7q e €w7n37]7q7p+1
Then,
T / —1 /T !
pr(tj) (quj—pMj—pijqu) quj—pMj—PyjY;'
T / —1 /T /
(quj—pMj—ijquj) quj—pMj—ijqujﬁ<tj)
T / —1 /T ! /
+ (qujprj*P’J'quj) qujprJ'*ij(Y;‘ - qujﬁ(tj))

= Bt) + (X pMip i X0pi) ' X0 oMy (€5 + €y — eaiB(t5))
= B(t)+ (n; ', X0 M, X!

-1
J—p,J T qpj—p-"I P qu)
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NG pg Doiec, ,, €ilts) + ey = D0 ewig—q-e-1)Br(t;)}
”j_—lp,j Ziecj_p,j Ti(tj—q-p)€(t5) + eyij — 2201 €ni—q—r—1)5r(£5)}
i n;—lp,j Ziecj,p,j i(tj—g—2pr1){€(t) + €yij — 3201 €aij—q-(—1)0r(t)} i
= B(t) + (Zj)(_p::»l)x(p«kl)(Rj)(p+1)><17

where C;_,; is the set of subject indices such that C;_,; = C;_, N C}, and E(R;) =
0% 1(p4+1) = R. It holds that

Z'R; = X NR;—R)—X Y Z;— X)) Z;'R; + X[ 'R
= X7H(R = 0x 1) = &7(Z - X)) 27 Ry,

J

where X is as defined before Theorem 1. Therefore,
\/nj*p,j<Z7 i) = an g (B = 0% Lppn)) — an —pi(Zj — X) R" (A1)
Using (A.1), if we can show that

D
(@) VMjpi(Rj — 0% 1ppn)) = N(O* Lp1), 2j),

(0.) V—pi(Z; — Xj) = Op(1) * 1 p+1)1(p+1)]
and (c.) Zfl N X]f17

then Theorem 1 follows. Since

1 x;@j*q) e x;(tijpr)
h(ti_g—p) Thtigp)Ti(ti—g) oo (i) (ti—g—pr1)
4 i\li—q—p i\lj—q—p)Ti\lj—q i\li—q—p)Ti\lj—q—p
Zj =N p Z : . :
ZGCJ‘ p,j
i x;(tijﬂpﬂ) CE;(tj*q)fE;(tijf?pH) x’(t] q— p+1>37 (tJ q— 2p+1> i

using (C2), E(Z; — X))se = 0, and var(Z; — X;)so = Op(n;!

J p]
(b) follows. Tt follows from the Law of Large Numbers that Z; 2 X;. Now consider

) for s, =1,...,p+1,

(p+1)!
det(Z;) = > (=)™ NZ)1n1) - (Z)pr1,mipin)s
=1
where the sum is taken over all permutations 7, of (1,...,p+ 1), and sign(7) equals +1 or

—1, depending on whether 7 can be written as the product of an even or odd number of
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transpositions. Let Z; —55" denote the matrix obtained after deleting the sth row and s'th
column of Z;. Then the cofactor of (Z;)ss is defined by (—1)*"* times the determinant of
Z; s and thus equals (—1)*+* Z (=1 (Z ) lre@) - - - (Z]-_SS,)pyT[(p). Therefore, the
(s,s")th term of Z; " is equal to

/ ! ien (T —ss’ —ss’
(_1)S+S ?:1(_1)Sg ( )(Zj >1Te(1) ce (Zj )p,re(p)

77 = C T
e (F1O(Z5) 1,0y - (Z))prt o)

for s,s"=1,...,p+ 1. Since Z; —>X

! sign(7 —ss’ —ss’
p (=1 S (=X ) 1y - (X))
1
P (1) (X)) 17y 1) - - (X ptmepi1)

_ —1
- (XJ )ss’a

and (c) follows.
Result (a) follows by Central Limit Theorem, using (C2) and (C3), where X; is as
defined before Theorem 1. Using (A.1), Theorem 1 follows.

Proof of Theorem 2. We fix the index r and suppress it in the following. Consider

[M]=

B) - 0] = St b (t) —6(75)'
< Ztht qp Zwtwt Zw(tmﬂﬁ(tj)_ﬁ(t)‘:A‘i_B'

Using the Cauchy-Schwarz inequality, A can be bounded as follows,

A =

3" wlty )b (1) ' Z\w Oty 1 b 1) — 5(ts)

/2

S

Here, Ty, 20y denotes the indicator function that w(t;,t) is not zero and we have
used Y2 w?(t;,t) = O{(Th)™'} and supy [by(tx) — B(tx)| = Op(ng'?), which follows
from (C4) and arguments in the proof of Theorem 1. Since ngh* — oo, we con-
clude A= o0,(h?). From well-known facts about local linear fits for equidistant designs,
B= 123 (t) [ K(x)2z2dz/2 + o(h?) and Theorem 2 follows.
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Figure 1: The cross-sectional mean curves of the proposed estimates with jump in the
time points (dotted) and the corresponding unadjusted estimates (dash-dotted) for the
true coefficient functions (Gy(t) (solid, upper left panel), 5;(t) (solid, upper right panel) and
Ba(t) (solid, lower panel) along with their +2 error bars.
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Figure 2: Upper panel: Box plots for the ratios of error measures for pro-
posed estimates over unadjusted estimates, for MADE(Prop.)/MADE(FZ) (column 1),
WASE(Prop.)/WASE(FZ) (column 2), UASE(Prop.)/UASE(FZ) (column 3). Quotients
smaller than one show that the proposed method is superior in the presence of measure-
ment error. The box plots are based on ratios obtained from 1000 Monte Carlo runs.
Middle panel: Box plots for the ratios of MADE, WASE and UASE for the case of no
measurement error. The unadjusted estimates perform better in this case having smaller
variance. Lower panel: Deletion frequencies of the predictors x(t;_;) (dotted), z(t;_2)

(dashed) and x(t;_3) (solid) from §3, based on 1000 simulation runs.
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Figure 3: Smooth fits (solid) fitted to the proposed estimates (dots) and to the estimates
that do not adjust for measurement error (dash-dotted), along with proposed 42 error bars
(dotted) for the true coefficient functions fy(t) (upper panel) and (;(t) (lower panel) in
the model: TRF;(t;) = Bo(t;) + f1(t;)CRP;(t;—2) + €;(t;), where TRF and C'RP stand for
transferrin and C-reactive protein, respectively. The cross validation bandwidth choices

for local polynomial fits are 80 and 70 for 3y and [3;, respectively.
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