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SUMMARY

We propose covariate adjustment methodology for a situation where one wishes to
study the dependency of a generalized response on predictors while both predictors
and response are distorted by an observable covariate. The distorting covariate is
thought of as a size measurement that affects predictors in a multiplicative fash-
ion. The generalized response is modeled by means of a random threshold, where
the subject-specific thresholds are affected by a multiplicative factor that is a func-
tion of the distorting covariate. While the various factors are modeled as smooth
unknown functions of the distorting covariate, the underlying relationship between
response and covariates is assumed to be governed by a generalized linear model
with known link function. This model provides an extension of a covariate-adjusted
regression approach to the case of a generalized linear model. We demonstrate that
this contamination model leads to a semiparametric varying-coefficient model. Nu-
merical implementation is straightforward by combining binning, quasi-likelihood
and smoothing steps. The asymptotic distribution of the proposed estimators for
the regression coefficients of the latent generalized linear model is derived by means
of a martingale central limit theorem. Combining this result with consistent es-
timators for the asymptotic variance makes it then possible to obtain asymptotic
inference for the targeted parameters. Both real and simulated data are used in

illustrating the proposed methodology.
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1. INTRODUCTION

Covariate-adjusted regression (CAR) is a recent method to adjust for general mul-
tiplicative confounding effects of an observable covariate in the regression setting
(Sentiirk & Miiller 2005, 2006). The main goal is the estimation of the regression co-
efficients in the latent linear regression model E(Y;| X1, ..., Xpi) = Y0+ Zle Yr X iy
1 = 1,...,n, where n is the sample size and the only observed variables are the
distorted response }7;-, predictors Xm- and the confounding covariate U; that needs
to be adjusted for. The response and the predictors are multiplicatively distorted
according to smooth unknown functions t(-) and ¢,(-) such that Y; = (U;)Y;,
X, = ¢-(U;) X, CAR was motivated by the analysis of health sciences data where
adjustments are often needed for the effects of body size measures such as body mass
index, body surface area, height or weight. These effects are usually thought of as
multiplicative, and common normalization proceeds by dividing both responses and
predictors by the covariate U (see, e.g., Kaysen et al., 2002 for an example where
U is body surface area). Other examples can be found in studies on environmen-
tal contaminants and human health risks: Schisterman et al. (2005) normalized
polychlorinated biphenyl (PCB, a lipophilic contaminant) measurements through
division by serum lipid levels. Such normalizations via division imply that the effect
of the variable to be adjusted for is believed to be multiplicative. CAR provides a
more flexible adjustment for such “size confounders” compared to simple division,
as the distortion functions () and ¢,(-) are allowed to be general smooth functions
of U. The naive adjustment through division corresponds to the special case where
the distorting functions are equal to the identity function.

The purpose of this paper is to extend adjustment for size confounders to

generalized linear models (GLM). A difficulty is the modeling of the confounding of
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the response. For example, in the most important binary response case, it is not
feasible to consider the response to be directly altered by additive or multiplicative
confounding. Our solution to this basic problem of modeling response confounding
in generalized response models is to reinterpret these models as governed by subject-
specific random thresholds such that the size of the linear predictor relative to the
threshold determines the (binary) response. These (unobserved) thresholds are then
assumed to be subject to multiplicative confounding effects. We demonstrate that
this approach gives rise to a GLM with varying coefficients in which the parameters
that define the linear predictor of the GLM depend on the observed confounder U.

Adjustment methods for size confounders in GLMs are in demand for data
analysis. For example, one goal of the third National Health and Nutrition Exam-
ination Survey (NHANES III) is to model hypertension as a response (Hosmer &
Lemeshow, 2000). Numerous covariates, including body height, weight, body mass
index (BM1I) and serum cholesterol (SC') were measured for 17,030 individuals.
The response variable hypertension (HP) is coded as a binary variable. We pro-

pose to model the BM T = U adjusted regression relation between the underlying

unobserved HP =Y and SC = X by a random threshold model,

pi = E(Yi|X;) = P(Z; < ni| Xs) = P(Zi < v+ nXi| Xy), (1)

where Z is a non-negative random variable, interpreted as a subject-specific random
threshold. If the subject-specific linear predictor n; = vy + 11 X; exceeds the sub-
ject’s threshold Z;, then the response Y; = 1 (hypertension is present) is observed,
otherwise Y; = 0 (no hypertension). The odds of hypertension for subject i with
cholesterol level X; is then p;/(1 — ;). If e.g. Z|X has a standard logistic distribu-

tion, p; /(1 — p;) = exp (0 + 11X;). In this case, the odds ratio of the odds at level



X; 4+ 1 over the odds at level X;, i.e., the odds ratio for increasing X; by one unit
takes the familiar form exp (71). We discuss at the end of Section 4.1 how the odds
of hypertension are altered for the covariate-adjusted model.

The main goal is estimation and inference for the regression coefficients v, and
71, based on the observed (and confounded) data consisting of observed hypertension
status }7;-, observed serum cholesterol )N(Z- and the BMI measurement U; for each
subject. The latent variables (Y and X)) are related to their observed counterparts

through the equations

Xi = ¢(Ui>Xi7 E(?AX“ Ui) = P(Zi < 7]i|Xi7 Uz) = P{Z‘ <+ ¢Z&)XZ‘X“ Ui}u

where Z; = ¥(U;)Z; is the threshold that is distorted by U. One interpretation of
this threshold distortion is that the strength of the “defense mechanism” against
developing hypertension depends on the BMI of the patient. For the unknown
smooth distortion functions ¥ (-) and ¢(-) we require that 0 < inf¢(-) <supy(-) <
00, 0 < inf ¢(-) < sup ¢(-) < co. In this distortion model, the underlying threshold
Z and predictor X are independent of U, while their observed versions Z and X
have been multiplicatively distorted with factors ¢(U) and ¥ (U).

The distortion problem described here has connections to measurement error
models in generalized regression models, since the main model of interest in (1)
involves latent variables that cannot be observed directly. The measurement error
literature in generalized linear models is by and large limited to additive errors
in the predictors (Carroll, Ruppert & Stefanski, 1995; Stefanski & Carroll, 1985;
Armstrong, 1985; Stefanski, 1989; Carroll, 1989; Carroll & Stefanski, 1990; Wang,
Carroll & Liang, 1996) and ignores distortions in responses. The proposed model

is quite different from the models considered in the literature, in that (i) it adjusts



for multiplicative error as is adequate for size covariates; (ii) the distortion is a
function of an observable covariate; (iii) the distortion affects both predictors and
responses, as expected for size confounders and many other confounders; (iv) the
underlying model is not a varying-coefficient model and such models are only used
as an auxiliary tool to obtain estimation and inference from the observed distorted
data.

The above adjustment model, described for binomial regression, can be easily
generalized to other GLMs such as Poisson regression or other models with gen-
eralized distributions of the responses as they are considered under the GLM or
quasi-likelihood framework (see Section 2). Any choice of link function can be ac-
commodated. Consistent estimators for the latent regression coefficients in (1) are
proposed in Section 3.1 and the asymptotic distribution of the proposed estimators
for the quasi-likelihood framework is derived in Section 3.2, under virtually no dis-
tributional assumptions for the responses. Outlines of proofs and additional details
are provided in an Appendix. Consistent estimators of the asymptotic variance are
used to gain asymptotic inference for the regression parameters. Finite sample per-
formance is investigated through simulations in Section 4, where we also study the

effect of serum cholesterol on hypertension in the light of BMI.

2. COVARIATE-ADJUSTED RANDOM THRESHOLDS
Consider the following generalization of random threshold models
p
= BOX) =0 P (2 < S0 ) | = hiFa(n)} =7 ) @)
r=0
for i = 1,...,n subjects and p predictors with Xo; = 1, where X; = (Xy;,..., X,)7,
Z; is the subject-specific threshold, Fyx(-) denotes the conditional cumulative dis-

tribution function (cdf) of Z given X, which is assumed to be strictly monotone
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on its domain, and g(-) is a strictly monotone increasing continuous link function.
We do not assume that the conditional distribution of Y is known, but do assume
that var(Y;|X;) = V(u;) = v; for a known variance function V'(-). The function A(-)
corresponds to a strictly monotone and continuous transformation, and for example
in the case of a binary response is the identity function. In this case, the conditional
distribution of Z given X determines the link function g, and when Z|X has a stan-
dard normal or standard logistic distribution, the corresponding link functions are
probit and logit links, respectively; compare Brockhoff & Miiller (1997).

The choice h(z) = —log(1l — x) is suitable for a Poisson distributed response,
as then the inverse link function g=' = h o Fy|x(-) maps from R to R*. In fact, for
any given link function g, when using the above transformation, one can always find
a cdf Fyx(+) such that g7* = h o Fyx(-) in (2). To see this, note that combining
hx) = —log(1 — ) and g* = h o Fyx() gives Frx(z) = 1 — exp{—g ' (2)},
which is a valid conditional cdf. For example the log link function g(u) = log(u) or
the complementary log-log link function g(u) = log{—1log(1 — p)} yield Fyx(x) =
1—exp{—g ()} = 1—¢ and Fyx(z) = 1 —exp{—g(z)} = 1 — e 1"
respectively. The combination of h and this F;x then generates the desired link
function g. While the two cases of identity and —log(1 — x) transformations cover
all situations of interest, we note that we do not require knowledge of the precise
nature of h or Fzx for our methodology, as long as the link they generate is known.

Our main goal is the estimation of and inference for the regression parameters
~ in model (2), based only on the distorted predictors X,; = ¢,(U;) Xy, 1 < 1 < p,
the distorted response }7; and the covariate U; that is to be adjusted for. While the
latent predictors X, and the latent threshold Z and thus the latent model in (2) are

not subject to the distortion effects of U, (i.e. ZLU and X, LU), their distorted
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versions X, and Z are multiplicatively confounded by U, i.e. X,; = or(U;) Xy and

Z; = (U;) Z;, resulting in the observed generalized linear model

p
ji = BEY;|X,U;) = h{P<Zi < Z%’X”WX“U")}

— { {Z <Z¢ XTZ\XH
_ hlpzx{;mmmﬂ = W{Fyx ()} = 97 (). 3)
where

L) — 70 o — 777« r r= ce
/GO(UZ) /GT(UZ) ¢(Uz)¢r(Uz)’ fO 1a » D, (4)

and ¢o(-) = 1. Here, X; = (Xy;,..., X,0)", ¥(-) and ¢,(-), 7 = 1,..., p, denote the

unknown smooth distorting functions of U, and var(Y;| X;, U;) = V (ji;) = .

The observed model in (3) that is subject to confounding is seen to corre-
spond to a generalized varying-coefficient model (Cai et al., 2000, extending Hastie
& Tibshirani, 1993) where the observed linear predictor 77 depends on coefficient
functions varying in U and the underlying predictors X. While we make use of the
connection to the generalized varying-coefficient model in the proposed estimation
procedure for covariate adjusted generalized linear models, we note that the two
models are clearly distinct. In the proposed covariate adjusted generalized linear
model, U is viewed as a “nuisance” parameter and the goal is estimation in a model
that is free from or adjusted for the effects of U. In contrast, in the varying coeffi-
cient model, U is an integral and important predictor for the outcome and one of
the main goals is to recover the (nonlinear) effects of U via the varying coefficient
functions. To obtain v from the varying coefficients of the observed model, we need

to make the identifiability assumption that there is no mean distortion. This means
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that F(Z) = E(Z) and E(X,) = E(X,), i.e. E{Y(U)} =1 and E{¢,.(U)} = 1,
due to the independence of Z and X, from U. A re-parametrization of the observed

model in (3) then lead to the desired estimates for ~.

3. ESTIMATION AND ASYMPTOTIC PROPERTIES
3.1 Proposed estimation methods
We reparametrize 7; by

- P N 1 . L
fl; = ;@(UZ)XM ~ w0 * ; ao (Ui (U;)

where
1 Y(U;) Bo(Us) ér(Us)v0
ag(U;) = = and o, (U;) = = for r=1,...,p.
U= T RO A7) R
(5)
It is assumed here that the vector of targeted parameters v = (v9,71,...,7)" has

no zero elements. Our estimation procedure therefore includes a first step to check
this assumption with a version of the bootstrap test of Sentiirk & Miiller (2005).
If a predictor or the intercept is found insignificant in this test, the corresponding
parameter is set to zero. The estimation procedure is then only applied to the
remaining parameters. We include further details on the implementation of this
bootstrap test in Section 4.1.

The new parametrization is useful in that once the functions «(+) are estimated,
we will be able to target 1/v¢ and 7o/, by simply averaging the estimators of ag(-)
and «.(+), respectively. This follows from the identifiability conditions, which imply
E{ag(U)} = 1/ and E{a,.(U)} = 70/ A binning approach is used to obtain
the varying coefficient functions a(-). We assume that the covariate U is bounded

below and above, —oco < a < U < b < 00, for real numbers a < b. The support
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la,b] is divided into m equidistant bins (intervals) denoted by By, ..., B,,. Given
the number of bins m, the bins are fixed while the number of U; falling into each
bin is random, where the number falling into bin j is denoted by L;, j =1,...,m.

Denoting the observations falling into bins or quantities within a bin by a prime
{( ]k,X;jk,Y]’k) k=1,...,Ljr =1,....p} = (U, X,,Y)),i = 1,...,n,r =
1,...,p: U; € B;}, we approximate the targeted varying coefficient function values,
a,(Uj;,), within a bin by o,(U;) = ay; forr = 1,...,p, k = 1,...,L; and j =

L,...,m, where U = Lj_1 Zfil Uji denotes the sample average of the U’s falling

into bin B;. To obtain estimators for a; = (aq;,. .., a,;)", we maximize the local
likelihood
L.
1 ! -1 1 u X{“jk ¥ !
les) = L Zf{g <O‘—0j i Z aOJaTJ) } Lj ZE ]k’ij
k=1 r=1 k=1

where fi%, = g~ {1/ag; + > 0_ X1,/ (cgj005)}-

If the conditional log likelihood function cannot be fully specified, it may
be replaced with the quasi-likelihood function Q;(-) defined by (9/07i%,)Q;(c;) =
L;l Zé’zl(ffj’k W)/ U5y, where 0% = V/(iij,). Let W7 (a;) denote the (p+ 1) x 1

score vector

. _0Qj(ay) 1 ik

with D% = (Ofi5,/0cy, ..., 0y /0cy;) T, and IF(a;) = —0°Q () /0 denoting
the (p + 1) x (p + 1) Hessian matrix. Also define the information matrix 7}(a;) =
E{I;(aj)\f(, U}. The maximum (quasi-)likelihood estimators &; = (Goj, G1j, - - -, Qi) "
can be obtained by standard statistical software using Newton-Raphson or Fisher

Scoring iteration where the estimators are updated in the sth iteration according to
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Once the bin estimators are obtained, we simply take a weighted average to

target the vector 0 = (0o, 01,...,0,)" = (1/7v0,7/71,--->%/%) "
A A A R 1 e
0= (0o, 0r,....0,)" = E;Ljaj. (6)
]:

The bin estimates are weighted according to the number of points L; that fall
into each bin, 1 < j < m. The form of the estimator in (6) is motivated by the

identifiability conditions and the relations given in (5).

3.2 Asymptotic inference

Our main result (Theorem 1) provides the asymptotic distribution of 0 as
n — oo and the total number of bins m is such that v/n/m? — 0 and m/y/n — 0
as n — oo under the assumption that the vector of targeted parameters v =
(Yo, 71, - - -, V)T is different from zero. Under this assumption, the asymptotic dis-
tribution of ~ follows from Theorem 1 by a straightforward application of the delta
method. Theorem 2 gives consistent estimators for the asymptotic variance of é,
from which consistent estimators can also be obtained for the asymptotic variance of
the estimators of 7. Thus, the two following theorems provide the tools for asymp-
totic inference for . The necessary conditions and outlines of the proofs can be

found in the Appendix.

THEOREM 1. Under the technical conditions given in the Appendiz,

V(0 = 8) B Nput (01921, 5),

where Op41yx1 denotes the (p 4 1) x 1 vector of zeros and X is the (p+1) x (p+1)

limiting covariance matrix.

The asymptotic normality of v/n(5 — 7) follows from Theorem 1 by a simple

application of the delta method when 6 does not contain zeros, using the transfor-
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mation h(zg,x1,...,7,)" = {1/x0,1/(x0z1),...,1/(z0x,)}T. Note that § will not
contain zeros since v does not contain zeros. Even though the explicit form of ¥
is not given, the following Theorem demonstrates consistent estimation which is

sufficient for asymptotic inference.

THEOREM 2. Under the technical conditions given in the Appendiz,

_ 1 — N I s/ A _(Y/'/k_ﬁ*'k)zp
(Dprnyeen + = > > Ai5(@)} (D5 (D) {5 (6,)} =L S %,
n j=1 k=1 (Ujk>
where the (r,r") element of = is n~! Z;”’Zl L6, jé,j — 0,0,., for r,r' = 0,1,....p,

[ = g7 {1/ bo;+ 30, X1/ (Gojég)}, U3 = V(ji3y,) and (D) penx1 denotes D,

evaluated at &; instead of ;.

4. APPLICATIONS

4.1 Data analysis

Hypertension (HP) or high blood pressure, categorized as a cardiovascular
disease, occurs when the force of blood passing through blood vessels is above nor-
mal. For the NHANES III data set analyzed here, subjects with a systolic blood
pressure above 140 are coded as 1, indicating hypertension, and the others as 0,
so that the response is binary. Obesity and high cholesterol are well-known risk
factors for hypertension and cardiovascular disease. We address the relationship
between HP and SC' adjusted for body mass BMI in the NHANES III data set
with sample size n = 17,030. NHANES III is a survey conducted between 1988 and
1994, designed to provide national estimates of the health and nutritional status of
the U.S. population (National Center for Health Statistics, 1994). The data can be
obtained at http://www.cdc.gov/nchs/about/major /nhanes/nh3data.htm. In our

analysis, the clustering and weighting in the design of the study is ignored and this
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may potentially have an impact on the interpretations drawn from the inference.

The goal is to uncover the underlying relationship
E(HPZ|SCZ) = P(ZZ <Y + ’7150,|SC,),

based on the observed presence of hypertension, denoted by }/f]g, observed serum
cholesterol SC' and the BMI measurements. SC and BMI are both known to
correlate with HP. The current analysis will help in understanding this three-
way relationship better. A pertinent question is whether SC still has a marginal
significant effect on }/f]g, once the effect of BMI on both SC and HP is removed
by adjusting for it. We address this question by using the proposed model, which
will also include the bootstrap test to check the significance of included predictors.

After removing subjects with missing values and outliers in BM I and SC (such
that 15 < BMI < 39 and 100 < SC < 310), the sample size is n = 15,073, and
the resulting subset of the data used is posted at http://www.stat.psu.edu/ dsen-
turk /Research/supplements.html. The parameters 7o and 7, are estimated by the
proposed covariate-adjusted random threshold model. We report analysis results
for estimates obtained from (a) the proposed covariate-adjusted logistic regression;
(b) standard logistic regression of the observed HP on observed SC; without any
adjustment; (c) logistic regression with classical adjustment, obtained by including
BMT as an additional predictor in the logistic regression model, regressing observed
HP on observed SC and BM1I; (d) logistic regression with a modified adjustment
by also including the interaction term between SC and BMI in the model used
in (c), evaluated at the sample mean level of BMI. Estimates and approximate
90% asymptotic confidence intervals for the regression parameters are displayed in

Table 1. Approximate confidence intervals for the proposed covariate-adjusted es-
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timates were obtained from the asymptotic results in Theorems 1 and 2, applying
appropriate transformations.

The implementation of the binning algorithm utilizes merging of sparsely pop-
ulated bins. Bin widths are chosen such that there are at least (p 4+ 1) data points
in each bin, enough to fit generalized linear regression with (p — 1) predictors. Bins
with initially less than (p+ 1) elements were merged with neighboring bins. An ad-
ditional consideration in choosing the bin widths for the case of binary responses is
the abundance of response values at 1 and 0, since bins with total or quasi separation
needs to be avoided or merged with adjacent bins to obtain stable estimates. For this
example, the average number of data points per bin is about 250, yielding a total of
60 bins after merging. To facilitate replication of the analysis, the exact number of
points falling in each of the 60 bins is available at http://www.stat.psu.edu/ dsen-
turk /Research /supplements.html.

To establish the validity of the proposed estimates and inference, we carry
out a check of the significance of the predictors, testing whether the elements of
the parameter vector v are different from zero. Equation (4) shows that 7, = 0 is
equivalent to f,.(-) = 0 for r = 0,...p, whenever ¢ (-) and ¢,(-) satisfy the identifi-
ability conditions. Thus, testing Hy : 3.(-) = 0 is equivalent to testing Hy : 7, = 0,
for which we adopt the wild bootstrap as in Sentiirk & Miiller (2005) and in a
first step we obtain raw estimates (Bn, Cee @m) by fitting logistic regressions to the
observed data {Yji, X1k, . - - >ijk}£i1 within each bin. These are plotted against
the midpoints of the corresponding bins (B, ..., B,,) in the top panels of Fig-
ure 1 for r = 0,1, which also contain local linear fits applied to these scatter-
plots, providing smooth function estimates for functions fy and (; within the model

E(HP;|SC;, BMI,) = P{Z; < Bo(BMI;) + B1(BMI;)SC;}. The test procedure is
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then based on a quantification of departures of the smooth fits from zero as the test
statistic. The tests for 79 = 0 and 7, = 0 reject these null hypotheses with a p-value
of 0, confirming that the underlying regression parameters are different from zero
and the assumptions are met.

Given the raw estimates (ﬁrl, cee @m) of the varying coefficients, equation
(4) suggests corresponding raw estimates of the distortion factors ﬁj =90/ ﬁoj and
QASj = ’yrﬁoj/(%ﬁlj) for j = 1,...,m. The scatterplots of these raw distortions
against the bin midpoints are included in the lower panels of Figure 1, along with
smoothed versions, targeting the underlying distorting functions v and ¢.

In all four analyses, the positive association between SC and HP is found sig-
nificant. Adjusted for BMI, SC has a less significant effect on HP, where adjustment
by including BM I as an extra predictor yields a slightly lower slope estimate than
no adjustment. The adjusted slope estimate obtained from the proposed method is
the lowest among all four methods and it is noteworthy that this estimate is not
included in the 90% asymptotic confidence intervals obtained for the other three
established types of analysis. Hence it appears that BM I does explain some of the
marginal effect of SC', but not to the extent that SC' would become insignificant af-
ter this adjustment. As shown in Figure 1, for normal weight subjects (BM1 < 25),
the effect of SC' is clearly declining as BM1 increases. This decline starts level-
ling off for the overweight group (25 < BMI < 30), and the effect is more or less
constant for obese subjects (BM1 > 30).

Figure 2 provides the odds of hypertension as a function of serum cholesterol
for subjects with BMI values 20, 27 and 35, obtained using the smooth varying
coefficient function estimates given in Figure 1. Consistent with the levelling off

of the slope function for larger BM 1 values in Figure 1, the odds for overweight
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and obese subjects behave similarly, while the odds for the normal weight subjects
have a sharper increase with the increase of serum cholesterol. Hence the positive
association of SC' and H P is more pronounced in subjects with lower BM I values
and is weaker for overweight or obese subjects, regardless of the level of obesity.
The pronounced positive association of SC' and H P for lower BM I values is
consistent with the shape of 1(-) in Figure 1. Lower values of 1(-) which are seen
to correspond to lower BM 1 values, imply a lower threshold Z and hence a more
pronounced positive association of SC' and hypertension (since it is easier to exceed
the threshold, an event that corresponds to hypertension). The shape of QAS() reflects
the enhancing effect of BM I on SC'. We note that for overweight and obese subjects,
raw estimates for the distorting functions have large variances and hence these
functions are less well determined for these subjects. The proposed method provides
insights into the nature of the effect of risk factors in the presence of confounders

that go beyond the findings that are possible with traditional adjustment methods.

4.2 Simulation studies
We carried out two simulation studies for binomial and Poisson distributed
responses, choosing the distorting covariate U from Uniform(2, 6) and the distortion
functions as ¥(U) = (U + 3)/7, ¢1(U) = 3(U + 1)?/79, satisfying the identifiability

conditions for both simulations. The underlying unobserved model is
E(Yi| X)) = M{P(Z; < v +nXilXi)} = M{Fyx(m:)} = g~ (mi),

where in the first study h(z) = = and Fyx(z) = €*/(1 + €), yielding the logit
link function g(p) = log{u/(1 — u)}. The predictor is simulated from X ~ N(1,1)
and the targeted parameters are 79 = —3 and 7; = 3. In the second study h(z) =

—log(1 — z) for Poisson distributed data and Fyx(z) = 1 — e, hence the link
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function is g(p) = log(p). The predictor is simulated from X ~ Uniform(1,4) and
the targeted parameters are 79 = 3 and y; = 1.

We conducted 1000 Monte Carlo runs for both simulations with sample sizes
200, 500 and 10000. For each run approximate 90% asymptotic confidence inter-
vals were formed for the regression parameters by applying the asymptotic results.
Estimated mean squared errors for the estimators for both simulations are listed in
Table 2. Reported values are obtained after removing (5, 2, 0.5) percent outliers in
the first study and (1, 0.4, 0.1) percent outliers in the second study for each sample
size n =(200, 500, 10000), respectively. The estimated coverage fractions and mean
interval lengths for these confidence intervals are also given in Table 2 for both the
binomial and Poisson cases. The estimated non-coverage fractions are seen to get
very close to the target value 0.10, as sample size increases, while estimated interval
lengths are sharply decreasing.

Additional simulation studies (not reported) indicate that the estimated mean
squared errors of the proposed estimates are sufficiently robust regarding the choice
of total number of bins (m) within the ranges [8, 12], [10, 20], [15, 40] and [50, 140] for
sample sizes n = 200, 500, 1000 and 10000, respectively. Estimated mean squared
errors for all sample sizes for different choices of m can be found in the supplemental
material at http://www.stat.psu.edu/ dsenturk/Research/supplements.html, where
also simulation results for normally distributed U are documented, with similar
results as those presented here for uniform U. Also documented there are the MSEs
of the three alternate adjustment methods as described in Section 4.1. These are
found not to decrease with increasing sample size, suggesting that these MSEs are
dominated by the bias of these methods. This indicates that these methods indeed

do not target the right parameters under the multiplicative distortion setting for
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which they are not designed for and demonstrates that there is a need for a new
adjustment procedure for the type of data distortion we discuss here.
5. CONCLUDING REMARKS

Within the framework of generalized linear models, we propose a flexible
method to adjust for the effect of “size type” confounders that exercise multiplicative
effects on both predictors and responses. Upon rewriting generalized linear models
as random threshold models, the response effect can be modeled as a multiplicative
effect on the random threshold. Implementation of this method is straightforward by
employing varying coefficient generalized linear models as an auxiliary tool. Prelim-
inary estimators for the distorting functions ¢ and ¢, are developed in Section 4.1;
developing refined estimates and inference procedures for these distorting functions
will be interesting topics for future research. We have demonstrated in simulations
that the proposed method works well in a variety of situations. In the data exam-
ple, it leads to insights that classical adjustment methods do not provide. This is
especially useful for the complex effects of risk factor levels in the presence of addi-
tional influential factors, as demonstrated for the risk of serum cholesterol levels for
hypertension in the presence of various levels of body mass index.
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APPENDIX

Al. Technical conditions.

Condition 1. The covariate U satisfies —oco < a < U < b < o0, for real a < b and
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its density f(u) satisfies info<y<p f(u) > 0, sUp,<,<p f(u) < 00.
Condition 2. The predictors { X, }*_; and the threshold Z are independent of U.

Condition 3. The quasi-likelihood {Q;(«;)}7L; is four times continuously differen-

tiable with respect to a;. The same also holds for the link function g~'(-).

Condition 4. Contamination functions () and {¢,.(-)}!_; are twice continuously
differentiable, satistfying EvY(U) = 1, E¢,.(U) = 1; and are bounded away

from 7Zero, ie. inflgign |¢(Uz)‘ Z A, inflgiﬁn,lgrﬁp ‘¢T(UZ)‘ Z A for a A > 0.

I e

Condition 6. The parameters v, satisfy minj<,<,|7.| > A for a A > 0.

Condition 7. The variance function V(+) is continuously differentiable such that v;

is bounded away from zero uniformly in i, i.e. infi<;<, [0;] > A for a A > 0.
Condition 8. The response variable Y has a finite fourth moment, i.e. E|Y*| < oc.

Condition 9. The matrices i; defined below satisfy infi<;<,, det(z;) > Afora A > 0.

A2. Proofs of main results.

Proof of Theorem 1. The equation used for determining the maximum likelihood es-
timator &; within bin B; is W7 (d;) = 0. By the mean value theorem 0 = W7 (a;) —
IZ () (G — ay), where o lies on the line segment joining &; and «;. By Condition
1 and a Taylor expansion L;' S (Ur) =L;* STh 7)) + O(m™?) uniformly

in j. Note that W7(a;) and I (a;) are functions of (§7j’k,)~(’jk,aj), k=1,...,Lj,

T

r=1,...,p and i}(a;) is a function of (X}, a;). Using Conditions & and 4 we
may replace o; = «(Ur) in these quantities by a(Uj,), resulting in asymptoti-
cally equivalent quantities Wj, I; and i;. Specifically, for fi}, = g_l[l/ao(Uj'-k) +
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— r]k/{ao( jk)aT( ],k)}]7 Dj, = {aﬂ;’k/aao(U]{k)v e 7aﬂjk/aaP(U]{k>}T and 773’1@ =
V(ﬂ;'k)v Wy = L7 S0l DYy — i) [ and iy = L7 57,2, Dy D /), where
Wioy) = Wi + Op(m™2), I¥(a;) = I; + Op(m™2) and if(a;) = i; + O(m™?).
By Conditions 1 and 5 and E(W;) = 0 (see also McCullagh, 1983), &; — a; =
{i ()} T W () + Op(m/n) = i "W+ Oy(m/n) + Oy(m~?). Note that this result
holds uniformly in j, for j = 1,...,m, as the relevant bounds hold uniformly over

all bins. Hence,

b — ) = \/ﬁl%i U( j/'k)_i7¢1(U§k)70_@”"M_E}T

P Yo Yo Y1 Y1 Vp Vp

1<~ Dy, .
b S P )| +Om V) + O,
so that \/n(f — ) is asymptotically equivalent to

1 < Uu) 1 (U T D
EZW(7 __M_@,,,,M_@} DT )|

Y0 7 7 Yp Vp

where i;; denotes the information matrix of the jth bin such that U; € Bj,
Di = {8ﬁl/0ao(UZ), ceey (9,&2/0ap(UZ)}T and f), = V(,[LZ) fOI' ,l]l = g_l[l/ao(Ui) +
P Xyi/{ao(U)a,(Us)}]. By the Cramer Wold device, in order to show the asymp-

totic normality of \/n(f — ), it is enough to show the asymptotic normality of

- b (i) _ i} {¢1(Ui)% _ @} {¢p(Ui)% B @}
;\/ﬁ{al{ TS () BTV (LA ot BV

Vi — /1 p+1 p+l n
e BB a0 ] =27 Y
r=1r/'=1 i=1
for real ay,...,ap1, where (ij;)).s denotes the element of (i;i;))~" in the rth row

and 7'th column and (D;),» denotes the r'th element of the (p+1) x 1 vector D;. Let
S, = Zle T; and let F; be the o-field generated by S;. Note that {S;, F;, 1 <t < n}

is a mean zero martingale for n > 1, since E(Y; — i, X;,U;) = 0, Ey(U) = 1
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and E¢,.(U) =1, r = 1,...,p, by the identifiability conditions. Using Lemma 1,

S, 2 N{0, (ay, ..., aps1)5(as, . .., ap1)7} [McLeish (1974), Theorem 2.3).

Proof of Theorem 2. By a Taylor expansion and Condition 9, sup;[d; — ;| =

1L _ 1L
op(1), aj = L DYy o, (Ufy) +O0(m=?) and a,jon; = L; DYy o (U)o (Uly) +

O(m™2), uniformly in j for 7,7’ = 0,..., p. Therefore,
I~ . 1 — 2
EZLJagj — gZag(og-)ﬂpu) & ( >}+op(1)
j=1 i=1 %
I~ . . 1 < E{(U) ¢, (U;
LS L =+ ao(Ua () +o,(1) = ZADETN )
j=1 i=1 T
I, . . 1 WE{d (U)o (Ui
Y Lidndny = =3 an(Uhan() + o) - BTN L )
j=1 i=1 rir

for r,7' = 1,...,p. Since |6, — 6, = op(1) for r =1,...,p, the (p+1) x (p+1)
matrix = in Theorem 2 converges in probability to a (p + 1) x (p + 1) limiting
matrix ¥; with (1,1)th element equal to var{¢(U)}/2, (1,7)th element equal to
cov{(U), ¢, (U)}/v- and (r,7")th element equal to y2cov{¢.(U), ¢ (U)}/(1m),
for r,7" = 1,...,p. The limit of the terms A; + Ay + A; (defined in (9)) is
(ar,...,ap11)X1(a1,...,a,:1)" by (10). The second term of the estimator given
in Theorem 2 is now seen to be asymptotically equivalent to

ZZ i (ap)} (D) (D)) i ()} % (8)

1 k=1

2>|P—‘

Using sup, ;. |U; = Uj,| = O(m™") and Taylor expansions yields the following asymp-

totically equivalent form of (8),

<.

o ?{k_~l'k2 & Y, — f1;)?
>, T(ij)_li( e L lZ(ij(i))_1(Dz')(Di)T(ij(i))_1(Y(@i)lzl—) :

j=1 k:l (6116)2 L

2>|'—‘

where D = (Djy, ..., D}y ). Hence if we denote the limit of (8) by X, term Ag given
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in Lemma 1 converges to (ay, ..., ay1)S2(ay, ..., a,.1)" so that 3y is the remaining
part of ¥ and Theorem 2 follows.

A8, Auziliary results and proofs. We assume in the following Conditions 1-9.

LEMMA 1. The martingale differences T; defined in (7) satisfy

(a) D E{TM(Ti|>e)}—0 forall e>0,

(b.) ZTZZ Li(ar, .. ap)S(an, .. aps)T for (ar, ... ap1)S(ar, ... ape)" > 0.

Proof. Part (a.) follows from uniform boundedness of the crucial terms which is

implied by the assumptions. For part (b.), consider

Y= Ay )1 DS ) - ) 60) - 1)

n
fy =1

+ ZZ Q41! +170 Z{¢T ) — 1Moy (U) — 1)

g
p+1 p+1

4 Z Z QCllar_ z; Y qu B 1}(7,j ) (DZ.)T,

r=1 r'=1
p p+1 p+l

DM IE pE o) - 600 (0)

s=1 r=1r'=1 i=1

p+1 p+1 p+1 p+1 -~

— :)?
+ Z Z Z Z Asy— Z YTMZ)(Z'j(i))s_;(Di)sl(ij(i));rl, (Di)r’ = Al +...+ AG.

s=1 s/=1r=1r'=1 =1
By the weak law of large numbers, as n — oo,

Ayt Ay A, & Svar{eU)} +i2ala7+lcov{w<U>,¢r<U>}

7% — Vr
Ay g 10, 1175c0v{9.(U), ¢ (U)}
35> i4 )
r=1 r'=1 rir

Using bounds implied by the assumptions, 4, = O,(n~?) and A5 = O,(n"*/?). By

Lemma 2, using the notation introduced there, and a Taylor expansion,

n p+1 p+1 p+1 p+1 )

A= (140, 333 e i 1m

i=1 s=1 s/=1 r=1r'=1

{e(U)} 5y (D)o Ae(U:) }(Di)o
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where the first sum taken over i is over i.i.d random variables with finite variance.

The weak law of large numbers implies Ag = O,(1) and hence part (b.) follows.

LEMMA 2. Let 1(pi1)xps1) denote a (p+1) x (p+1) matriz of ones, u}' = a+(2j —
1{(b—a)/(2m)} the midpoints of the bins B; and {¢(u)},,» = E{(D;),(D;) /0:|U =
u}. Then

sup (i) — {u(u;")} ' = 0p(1)1prnyxps)-
J

Proof. The (r,r")th element of i; for r,7" = 1,...,p, can be viewed as a Nadaraya-
Watson kernel estimator equaling {i,(u}")}rw = D20 {(Ds)r(Di)w /0 K{(U; —
w')/hy ) S0 K{(U; —uj")/h} with kernel K(-) = (1/2)1j_11) and h = (b—a)/m.

Uniform consistency of Nadaraya-Watson estimators implies sup,<,<p [{Zn (1) }r —

{t(u)}ro| = Op(rn), wherer, = Op{y/(mlogn)/n} and sup; [{in (u)") }rr—{e(uf’) o | =

Op(1), whence sup; |i; — L(ué\/‘[” = Op(12) 1 pr1)yx(p+1) = 0p(1)L(pr1)x(p+1). For the

convergence of the inverse of 7;, one observes that the convergence of the determi-

nant and of the cofactors in the matrix is uniform with rate r, which implies the

result.
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Table 1: Parameter estimates for the regression model E(HPF;|SC;) = P(Z; <
Yo +715C;|SC;), obtained by (a) the proposed covariate-adjusted generalized linear
model, adjusting for BM I, (b) standard logistic regression of HP (hypertension) on
SC (serum cholesterol level), (c) logistic regression of HP on SC and BMI (body
mass index), (d) of HP on SC, BMI and the interaction between SC' and BMI,
evaluated at the sample mean level of BM I, for n = 15,073 subjects. Approximate
confidence intervals at the 90% level are based on standard likelihood asymptotics
for models (b)-(d) and on the asymptotic results in Section 3.2 for the proposed
model (a).

Intercept
Methods Lower Bound Estimate Upper Bound
(a) proposed method -4.235 -3.620 -3.005
(b) no adjustment -4.200 -4.013 -3.826
(c) adding BM 1 as predictor -4.835 -4.579 -4.323
(d) adding the interaction with BM T -8.614 -7.543 -6.472
SC
Methods Lower Bound Estimate Upper Bound

(a) proposed method 0.0084 0.0108 0.0133
(b) no adjustment 0.0117 0.0125 0.0134
(c) adding BM 1 as predictor 0.0113 0.0121 0.0130
(d) adding the interaction with BM T 0.0115 0.0124 0.0132




Table 2: Estimated mean squared errors, coverage (in percent) and mean interval
length for the approximate 90% asymptotic confidence intervals formed for the pa-
rameters of the regression models described in Section 4.2 for binomial and Poisson
cases. The values were obtained from 1000 Monte Carlo runs. The average number

of points per bin was 10, 15 and 100 for sample sizes 200, 500 and 10000.

Binomial Yo g
n MSE Coverage Length MSE Coverage Length
200 5573 87.5 2.49 5210 86.6 2.43
500 1619 88.2 1.27 1297 88.0 1.15
10000 .0055 89.1 0.23 .0050 88.8 0.21
Poisson Yo 0]
n MSE Coverage Length MSE Coverage Length
200 0474 86.2 3.69 .0068 85.8 1.22
500 0124 86.0 1.15 0016 87.3 0.25

10000 .0000 89.3 0.02 .0000 90.0 0.02
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Figure 1: Top panels: Scatterplots of the raw varying coefficients (Brl, e @m)
vs. midpoints of the bins (B, ..., B,,) for BMI (body mass index) and the cor-
responding local linear fits for » = 0 (left) and » = 1 (right) for the NHANES III
data (sample size n = 15,073) with 60 bins. Bottom panels: Corresponding scat-
terplots of the raw distortion coefficients (1&1, o ,ﬁm) (left), (él, o ém) (right) vs.
midpoints of the bins (By, ..., B,,) and the corresponding local linear fits, obtained

with cross-validation bandwidth choices (bandwidth=5).
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Figure 2: Odds of hypertension as a function of serum cholesterol given for subjects

with BM 1 = 20 (solid), BM I = 27 (dotted) and BM I = 35 (dashed).



