Time Ordering of Gene Co-expression

Xiaoyan Leng and Hans-Georg Miiller

Appendix: Auxiliary Results and Proofs

We first list the assumptions needed for the theoretical results. Random trajectories Z;
are supposed to be i.i.d. realizations of a stochastic process Z for which we assume the
following properties.

(A1) E(Z(t)) = 0 and sup, E(Z(t — 5)?) < 0? < 00, and Z; is independent of 7;;

(A2) sup, E [ Z(t — s)*dt < C, < o0o;

(A3) The mean function p(t) is a bounded, non-constant, continuous and twice differ-

entiable function with

S

inf/ f'(t —s)*dt > 0, and sup/,u”(t —5)2dt < oo;
T s

(A4) For G(s) = [ (p(t) — p(t — s))th, assume G(s) # G(s'), if s # &
(A5) The trajectories of Z are continuous and twice differentiable on 77
(A6) sup, F/ (fT (Z"(t - s))2 dt) < o0.

The measurements are assumed to satisfy Yi,, = X;(tim, i) + €im, for a fixed and
dense grid of n measurements, ¢;; < tiz < ... < i, such that supi<;<g1<m<n—1
!timﬂ—tim’ = O(n™1), and for i.i.d. errors ey, with E(e;,) = 0 and var(eg,) = 02 < 0o.
The ;5 (3.3) are based on smoothed versions )A(l of the processes X;. A kernel smoothing
method can be used for this purpose. Assume h is a sequence of positive bandwidths

such that h — 0,nh — oo as n — oo, and let W be a bounded kernel function on



a compact support satisfying [ W (z)dz = 1 and [ W(x)?dz < oo. Then a possible

estimate can be obtained as follows (Gasser and Miiller, 1984):

. 1 — vim t—u
Xz(t) = E Z}/;m W( )dua (A_l)
j:1 Vim—1
tim + tim+1 ,
where 0 = vy < v < ... < v, =T, vim:f,mzl,...,n—l, 1<i<K.

Lemma 1. Assume the twice continuously differentiable function H satisfies H'(sg) =

0, H"(s9) > 0, and H(sp) < H(s) for all s # sp, and a function H. satisfies

sup |H:(s) — H(s)| < e. (A-2)
S
Then § = argmin H.(s) satisfies
S
15— so| = O(c2), as & — 0.

Proof. By (A-2), we have —¢ < H.(s) — H(s) < ¢, for all 5. Let H.(s) = H.(s) + 2,
then § = argmsinI:Ig(s), and ¢ < H.(s) — H(s) < 3¢, for all s. Let n be s.t. 7 >
|5 — so|, and H(so +n) = H.(3), assuming § > s9, w.lLo.g. By Taylor expansion,
H(so +n) = H(so) + n*H"(s0)/2 + o(n?), since H'(sp) = 0 and it follows that
n?H"(s0)/2 < 3e + o(n?). Since H"(s9) > 0, we have n? < Cé, for a suitable C' > 0, so

that |n| < C’s2, and therefore, |5 — so| = O(E%).

Proof of Theorem 1. Since at s = 0, (d/ds)G(s) = 0, G has a local extremum at
s = 0 by (A3) and (A4). For the second derivative of G at s = 0, (d?/d*s)G(s) > 0
by (A3). Therefore G has a local minimum at s = 0 with G(0) = 0, G'(0) = 0, and

G"(0) > 0. Let H;j(s) = fT (u(t — 1) — p(t— 15 — S))2dt, then (d/ds)H;j(s) = 0 at



s = 7;— 7. Hence, each H;; has a local extremum at s = sj; = 7, —7; by (A3) and (A4).
For the second derivative of H;; at s = 7; — 7, (d?/d*s)H;j(s) = 2 [ p/(t — 7;)*dt > 0,
by (A3). Therefore, H;;(s) has a local minimum at s = 7, — 7; with H;;(r; — 7;) = 0,

Hfj(ﬁ‘ —1;) =0, H{;(Tl —7;) >0, and

7'2,7']> / (t—m)— (t—TJ—S)) dt‘
T

)

Tiy Tj

T
20F ( (n(t—7) —plt =75 — ) (Zi(t —73) — Zj(t — 75 — 5)) dt

Next observe

§°E </T(Zl-(t—n))2dt
20%FE (L_Zi(t—Ti)Zj(t—Tj —5)dt

Ti77—j>‘

§°E (ﬁ, (Zi(t — 7 — 5))° dt

I < sup mq)‘—i—sup
S S

+ sup
S

< 26%C < o0,
for 1 <i,5 < K by (Al) and (A2), since Z; and Z; are independent. By (Al),

11 = sup
S

25/7’ [(U(t —7i) = p(t — 75 — 5))E(Zi(t —Ti)—Zj(t—1; —s) ‘Ti,Tj):| dt’ =

Therefore, sup |A;;(s) — Hyj(s)| < 26%C = O(6?), and by Lemma 1, s;; = arg min A;;(s) =

si;+0(8) =7 — 7 + O(0).



Lemma 2. Assume the design points t;y, are equidistant on [0,T]. Under assumptions
(A-1) on the kernel function, choosing h ~ n"s asn — oo and assuming (A1), (A3),

(A5), and (A6) and

1
max |Uim - Uim—l| - —
1,m n

=0(n7%, 6>1,

it holds that

sup sup E (/(Xl(t —5,7) — Xi(t — s,n))2 dt
1<i<K s

»n> = 0,(n"3). (A-3)

Proof. Applying results from Gasser and Miiller (1984), let B = [ W (z)z?dx < oo,
V = fW(a:)2 dx < oo, B # 0 and V # 0, then the supremum of the conditional

integrated squared bias of X;(t,7;) is

TZ} }2 dt
= sup {h4 [g/ [,u”(t —7i—8) + 0*E(Z!'(t — 7 — 3)

= Op(h4)a

sgp/ {E {Xz(t —s,7) — Xi(t —s,7)

Tz)} dtr + o(1) + O(nl)}

by (A3), (A6) and the Cauchy-Schwarz inequality. The integrated variance of X;(t,7;)
is

1

n)dt = [o*V + 0(1)] = Of

n nh

).

(/vm(th—SJQ

The mean integrated square error (MISE) of Xi(t, 7;) is then

1

%pE(/XXKﬁ—&n%a&@—wﬂﬂfdtn) = O,(— +hY).

The conditional MISE at optimal global bandwidth, h ~ n~5 is then Op(n_%). Since

K is finite, (A-3) follows.



Lemma 3. Define

Aij(s)=E (/T(Xi(t,n) — Xt — s,75))% dt

7'@',7']'> .

Under conditions of (A1) - (A6), for all0 < 13, 7; < T,
A _2
sup [Agj(s) — Aj(s)] = Op(n~3).

Proof. Note

sup [Aj(s) — Agj(s)]

< sup|FE </7’<X3(t’ Ti) —Xiz(t,n)) 7'2)‘

+ sup |E (/T (X2(t—s,75) — X2(t — 5,77)) dt‘q)‘

+ sup |2F </T(Xi(t,7'i)f(j(t—s,7'j) —Xi(t,Ti)Xj(t—S,Tj)) dt Ti,Tj>‘
= I+ 1T1+111,

I < sng(/T\Xi(t,n)—Xi(t,Ti)HXi(t,n) + Xt )
< supk (/T(Xi(tyﬂ‘) _Xi(thi))2 Ti)

S
+supE (2/ Rt ) — Xalt, 7)1 X ()
S T

2

Tz’) =0Op(n"3),

using the Cauchy-Schwarz inequality, (A1) - (A3) and lemma 2. Analogously, 1] =

Op(rf% ), and furthermore,

117 < sup

2F (/ (X;(t,73) — Xi(t, 7)) X5 (t — s,75) db

2F (/T —5,7j) — X;(t — 5,77)) (Xi(t, 7)) — Xi(t, 7)) dt
],

e )

+ Sup

)

+ Sup —s,75) — X;(t — S,Tj))Xi(t,Ti) dt




Ti>;E</TXj(t—S,Tj)2dt m)é}

/T(Xj(t—s,fj)—Xj(t—s,Tj))"’dt}Tj)

Ti)i}
+Sgp{2E</T(Aj(t—S,Tj)—Xj<t—S,Tj))2dt‘Tj)%E(LXi(t,Ti)th

= Op(”_%)

D=

< Slslp{2E </T(Xi(t, ;) _Xi(t,Ti))th
+ sgp{ZE(

xE </T( Ci(t, ) — Xi(t, 7)) dt

')

by (A1)-(A3), Lemma 2, and the Cauchy-Schwarz inequality. This implies the result.

Proof of Theorem 2. Note sup |H;;j(s)—A;(s)| < sup |[Hyj(s)—Aij(s)| +sup |Asj(s)—
S S S
Aij(s)] = O(8%) + O(n_%), using Theorem 1 and Lemma 3. By Lemma 1, 3;; =

argmin Ayj(s) = 7; — 7 + O(8) + Opl(n"5).

Proof of Corollary 1. From equation (3.5), 7 = (A’A)71A4’s = (A/A)~1A' (s + O(5) +

Op(nfé)) =7+ 0(9) + Op(nfé), where we observe that det(A’A) > 0.



