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Abstract

The analysis of samples of random objects that do not lie in a vector space is gaining increasing attention
in statistics. An important class of such object data is univariate probability measures defined on the
real line. Adopting the Wasserstein metric, we develop a class of regression models for such data, where
random distributions serve as predictors and the responses are either also distributions or scalars. To
define this regression model, we utilize the geometry of tangent bundles of the space of random measures
endowed with the Wasserstein metric for mapping distributions to tangent spaces. The proposed
distribution-to-distribution regression model provides an extension of multivariate linear regression for
Euclidean data and function-to-function regression for Hilbert space valued data in functional data
analysis. In simulations, it performs better than an alternative transformation approach where one
maps distributions to a Hilbert space through the log quantile density transformation and then applies
traditional functional regression. We derive asymptotic rates of convergence for the estimator of the
regression operator and for predicted distributions and also study an extension to autoregressive models
for distribution-valued time series. The proposed methods are illustrated with data on human mortality
and distributional time series of house prices.

Keywords: Distribution regression; distributional time series; functional data analysis; parallel trans-

port; tangent bundles.

1 Introduction

Regression analysis is one of the foundational tools of statistics to quantify the relationship between
a response variable and predictors and there have been many extensions of simple models such as
the multiple linear regression model to more complex data scenarios. These include linear models for

function-to-function regression, where predictors and responses are both considered random elements
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133. We wish to thank three anonymous referees, an Associate Editor, and the Editor for the helpful and constructive
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in Hilbert space, with a variant where responses are scalars (??7). Such linear functional regression

Samples that include random objects, which are random elements in general metric spaces that by
default do not have a vector space structure, are increasingly common. Such data cannot be analyzed
with methods devised for Euclidean or functional data, which are usually viewed as random elements
of a Hilbert space (??). We focus here on the case where the random objects are random probability
measures on the real line that satisfy certain regularity conditions. Specifically, at this time there are
no in-depth studies with detailed statistical analysis of regression models that feature such random
measures as predictors, in contrast to the situation where vector predictors are coupled with random
distributions as responses (7).

Related work also includes a variety of methods that specifically target the case where Euclidean
predictors are paired with responses that reside on a finite-dimensional Riemannian manifold (??7?777?).
Kernel and spline type methods have been proposed for the case where both predictors and responses
are elements of finite-dimensional Riemannian manifolds (??7?). However, these methods do not cover
spaces of probability measures under the Wasserstein metric, where the tangent spaces are subspaces
of infinite-dimensional Hilbert spaces. Additionally, no comprehensive investigation of the statistical
properties and asymptotic behavior of distribution-to-distribution regression models seems to exist. To
develop the proposed model, we utilize tangent bundles in the space of probability distributions with
the Wasserstein metric and parallel transport to obtain asymptotic results for regression operators and
predicted measures.

A recent approach to including random distributions as predictors in complex regression models is
to transform the densities of these distributions to unconstrained functions in the Hilbert space L2,
e.g., by the log quantile density (LQD) transformation (?) and then to employ functional regression
models where the transformed functions serve as predictors and the responses are either also the
transformed functions or scalars (??7?), whence established methods for functional regression become

applicable. However, the LQD transformation does not take into account the geometry of the space



of probability distributions and therefore the corresponding transformation map is not isometric and
leads to deformations that change distances between pairs of objects. In contrast, the transformation
method we develop here is closely adapted to the underlying geometry, leads to an isometric map
and fully utilizes the geometric properties of the metric space of random measures equipped with the
Wasserstein distance. We also found in implementations and simulations that the proposed geometric
method that we refer to as Wasserstein regression works very well, especially when comparing it to a

regression approach that is based on the LQD transformation. Other alternatives have been considered

Watson type estimators that suffer from a severe curse of dimensionality, or kernel-based methods that
rely on tuning parameters whose choice could be sensitive in real applications. ? approximate input
histograms by the closest weighted barycenters of a database of reference histograms with respect to
Wasserstein distance, which work when input histograms are not far from the references, aiming at
applications in image processing.

Our goal is to develop a regression model where the predictors and responses are both distributions
in W. A good starting point is linear regression in Euclidean spaces, where for a pair of random
elements (X,Y) € (R?,R), E(Y | X) =T'g(X) = EY + 87 (X — EX). The regression function 'y can
be characterized by the following two properties: First, it maps the expectation of X to the expectation
of Y; second, conditioning on X, it transports the line segment between EX and X to that between

EY and E(Y | X). Specifically,

EY =Tg(EX) and E[EY +t(Y —EY) | X] = Tg[EX + (X —EX)], forall t € [0,1]. (1)

However, expectations and line segments are not well-defined for the space of distributions, since it
is not a vector space. In this paper, we develop a distribution-to-distribution regression model that is
analogous to traditional linear regression models for Euclidean and functional data, with the decisive
difference that both predictors and responses are univariate probability measures. An example which

we investigate later is to study the relationship of the age-at-death distributions of different countries



in 2013 to the distributions 30 years before. We also discuss an extension of our approach to an
autoregressive model for distribution-valued time series. In our estimation procedures and theoretical
analysis we cover the commonly encountered but more complex situation where neither predictor nor
response distributions are directly observed and instead the available data consist of i.i.d. samples
that are generated by each of these distributions. After we submitted this paper, a preprint reporting
independently conducted but related work on autoregressive modeling of distributional time series was
posted by ?, where a simplified version of the distributional autoregressive model in (29) was studied.

The remainder of the paper is organized as follows. We first propose a distribution-to-distribution
regression model based on the tangent bundle of the Wasserstein space of probability distributions
in Section 2, with estimation and asymptotic theory in Section 3, and then describe an extension of
the model to an autoregressive model for time series of distributions in Section 4. Simulation studies
are illustrated in Section 5 to assess the finite-sample performance of the proposed estimators and a
competing approach. The wide applicability of the proposed methods is demonstrated with applications

to human mortality data and US house price data in Section 6.

2 Methodology

2.1 Tangent Bundle of the Wasserstein Space

Let D be R or a closed interval in R, and Z(D) be the Borel g-algebra on D. We focus on the
Wasserstein space W = W(D) of probability distributions on (D, #(D)) with finite second moments,

endowed with the £2-Wasserstein distance

) = { [ 0) - E )R} 2)

for i1, o € W, where F; ! and Fy ! denote the quantile functions of y; and js, respectively; specifically,

for any distribution p = p(F) € W with cumulative distribution function (cdf) F', we consider the



quantile function F'~! to be the left continuous inverse of F, i.e.,

FYp)=inf{r e D: F(r) >p}, forpe(0,1). (3)

As demonstrated for example in 7?7, basic concepts of Riemannian manifolds can be generalized
to the Wasserstein space WW. We assume in the following that p, € VW is an atomless reference
probability measure, i.e., it possesses a continuous cdf F,. For any u € W, the geodesic from pu, to u,

Vi [0, 1] = W, is given by

Vooo(t) = [H(F 0 Fy, —id) + id]#p., for t € [0, 1], (4)

where for a measurable function h: D — D, h#u, is a push-forward measure such that h#pu.(A) =

ps«({r € D : h(r) € A}) for any set A € #(D). The tangent space at (i, is defined as

T,.={t(F'oF, —id):p=uF)eW, t > O}La*7

where Ei* = Ei*(D) is the Hilbert space of u.-square-integrable functions on D C R, with inner

product (-, ),

*

and norm || - ||,,. The tangent space T),, is a subspace of /Ji* equipped with the same
inner product and induced norm (Theorem 8.5.1, ?).

The exponential map Exp,, is then defined by the push-forward measures, which maps functions of
the form g = t(F~!o F, —id) onto W, with F~! being the quantile function of an arbitrary distribution
peEW,

Exp,.g = (g +id)#.. (5)

While this exponential map is not a local homeomorphism (?), any u € W can be recovered by

Exp, (F~' o F, —id) in the sense that dw (Exp, (F~' o F, —id), ) = 0, and the logarithmic map



Log,,. : W — T, as the right inverse of the exponential map, is given by

Log,, = FloF, —id, forpew. (6)

Furthermore, restricted to the log image, Exp,,, [Log, (w) is an isometric homeomorphism (e.g., Lemma

2.1, 7).

2.2 Distribution-to-Distribution Regression

Let (v1,1v2) be a pair of random elements with a joint distribution F on W x W, assumed to be square
integrable in the sense that Ed%, (11, 1) < oo and Ed%, (11, v2) < oo for some (and thus for all) p € W.
Any element in W that minimizes Ed%, (-, 1) is called a Fréchet mean of v (7). Since the Wasserstein

space W is a Hadamard space (7), such minimizers uniquely exist (?) and are given by

Vig = argmin Edsy (p,v1)  and  vhg = argmin Edy, (1, v0). (7)
pnew BEW

It is well-known that for univariate distributions as we consider here, the quantile functions of the

Fréchet means are simply

Ff@l(-) =EF () and F2_E;(') =EF (),

where Ffeg, F{QS, F; ' and Fy ! are the quantile functions of 14, 14e, 1 and 1y, respectively.
As suggested by the multiple linear regression as per (1), we replace expectations and line segments,
which are not well-defined for the Wasserstein space, by Fréchet means and geodesics, respectively.

Hence, a regression operator I'yy: W — W for the Wasserstein space would be expected to satisfy:

dW(VZEBv PW(Vl@)) =0 and dW(EEB{fVVQ@,lQ (t)‘yl}7 FW{P)/VIEB,VI (t)}) = 07 for all ¢ € [Ou 1]7 (8)

where the conditional Fréchet mean Eg {7y, ., (t) | 11} = argmin oy E[diy (12, Yoo (1)) | 21].
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We assume that the Fréchet means 14 and 14 are atomless so that they can be used as the
reference probability measures as in Section 2.1. Note that Log,  11g = 0, vig-a.e., and Log,, 1vag =
0, vyg-a.e., and that Exp,(0) = p for any p € W. Furthermore, it follows from (4)-(6) and the
isometry property of Expy2®|Logy2®W that 7., .0, (t) = Exp,, (tLog,, . v1) and that Eg {7V, ., (t) [ 1} =

2

argmin ¢,y E(||Log,, p — tLog,, 12, | Log,, v1) = Exp,, [E(tLog,, v2 | Log,  v1)]. Hence, (8) can

be rewritten as

[T(0)|lop =0 and  |[E(tLog,,. v | Log,, 1) — T'(tLog,, 1), =0, for all t € [0, 1], (9)

where I': T}, — T,,., I' = Log,,  oT'w o Exp,,, is a regression operator between tangent spaces T,

Vig v2g
and T, .
As discussed in Section 2.1, T, and T, are subspaces of 512/1@ and E?,Q@, respectively. Distribution-

to-distribution regression can then be viewed as function-to-function regression, which has been well-
studied in functional data analysis (see, e.g., 7??7). Specifically, we assume that the random pair of

distributions (1, v,) satisfy the model

E(Log,,. 12 | Log,, 1) = I'(Log,, . 11), (10)

where I': T, — T,

Vi e 1S a linear operator defined as

Lg(t) = (B(-,1), 9wy, forte DandgeT,,. (11)

2
Vig Xv2g?

Here, 3 : D* — R is a coefficient function (i.e., the kernel of T') lying in £ and vig X log iS a

product probability measure on the product measurable space (D?, 2(D?)) generated by v and vog.

We note that our model satisfies (9). Furthermore, we assume
(A1) With probability 1, I'(Log,, 1) + id is non-decreasing.

Assumption (Al) guarantees that I'(Log,,,»1) € Log,, W with probability 1. We demonstrate the
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feasibility of the proposed model in (10) by providing a framework in Section 5 to construct explicit

examples that satisfy the model requirements and (A1l).

2.3 Covariance Structure, Regression Coefficient Function and Scalar Responses

Noting that E(Logm@yl) =0, v1g-a.e., and E(Logy2®yz) = 0, vog-a.e., we denote the covariance oper-
ators of Log,, _v1 and Log,, v by C,, = E(Log,, 11 ® Log,, 1) and C,, = E(Log,, 1> ® Log,,_ 1s),
respectively, and the cross-covariance operator by C,,,, = E(Log,, 12 ®Log,, 11). Since the two covari-
ance operators C,, and C,, are trace-class, they have eigendecompositions (Theorem 7.2.6, ?) as given
below, which can be viewed as an analog to multivariate principal component analysis (??), yielding a

corresponding decomposition for the cross-covariance operator C,,,,,

CV1 = Z )\j¢j & ¢j, Cy2 = Z Ckwk & ¢k, CVIVQ = Z ijkwk ® ¢j' (12)
j=1 k=1

k=1j=1

Here \; = E[(Log,, v1,¢;).,.] and ¢ = E[(Log,, v2,¥x)s, | are eigenvalues such that A\; > Ay >

vog
o> 0and ¢ > 6 >0 >0, {9152, and {¢y}72, are eigenfunctions that are orthonormal in T,
and T,,,, respectively, and §j = E[(Log,, V1, #j)uq (LOg,, V2, Yk)im,]. With probability 1, the log

transformations Lo v; and Lo V5 admit the Karhunen—Loéve expansions
Vig V2¢

o [e.e]
Logyl@yl = Z<Logy1® vy, ¢j>u1@ ¢; and Logy2@ Vo = Z<L0gu2® Vs, ¢k>ug@¢k-
j=1 k=1

Then as in the classical functional regression (e.g., 7?77), the regression coefficient function 5 can

be expressed as

B=> bt ® ¢, (13)

k=1j=1

with bj, = )\j_lﬁjk. In order to guarantee that the right hand side of (13) converges in the sense that

2

lim /D /D lzzbjmj(s)qpk(t)— B(s,0) | dvig(s)duas (t) = 0,

J, K—o00 1 j=1



we assume (Lemma A.2, 7)

i fj A28 < o0 (14)

k=1 j=1

To keep notations simple, we use the same notation g; ® g, for the operator and its kernel throughout
this paper. Namely, for g1 € £ and g, € L2, g1 ® go can represent either an operator on L,
such that (91 ® g2)(9) = (92, 9)ugn for g € L7, or its kernel, i.e., a bivariate function such that
(91 ® g2)(s,t) = g1(t)g2(s) for all s,t € D.

A variant of the proposed distribution-to-distribution regression in (10) is the pairing of distributions
as predictors with scalar responses. For a pair of random elements (v, YY) with a joint distribution on

W x R, a distribution-to-scalar regression model is

E(Y | Log,,,»1) = E(Y) + (51, Log,,, 1)ue (15)

Here, 114 is the Fréchet mean of 14 and $;: D — R is a regression coefficient function in 512/1@
which can be expressed as f; = 372, A; (E(YLog,,_ 1), ¢;)i,¢;, where \; and ¢; are the eigen-
values and eigenfunctions of the covariance operator C,, of Log,, vi as in (12), and we assume that
> )\]-’2<IE(YLogZ,leB ), (bj),%l@ < oo. This model can also be viewed as function-to-scalar regression,

which has been well studied in functional data analysis (?7777).

3 Estimation

3.1 Distribution Estimation

While 7 assume distributions are fully observed, in reality this is usually not the case, and this creates
an additional challenge for the implementation of the proposed distribution-to-distribution regression
model. Options to address this include estimating cdfs (e.g., ??7?7?), or estimating quantile functions

(e.g., 227?) of the underlying distributions. Given an estimated quantile function F~* (resp. cdf F),



we convert it to a cdf (resp. a quantile function) by right (resp. left) continuous inversion,

~

F(r)y=sup{pe[0,1]: F'(p) <r}, forreR (16)

(resp. (3)). Alternatively, one can start with a density estimator to estimate densities (??7) and then
compute the cdfs and quantile functions by integration and inversion.

Suppose {(v1;, 12;) i, are n independent realizations of (v, 15). What we observe are collections of
independent measurements { Xy}, and {Y;},"7?, sampled from v1; and vy, respectively, where m,,,
and m,,, are the sample sizes which may vary across distributions. Note that there are two independent
layers of randomness in the data: The first generates independent pairs of distributions (vy;, v5;); the
second generates independent observations according to each distribution, X;; ~ vq; and Yj; ~ vy;.

For a distribution ¢ € W, denote by i = M(F ) the distribution associated with some cdf estimate
F , based on a sample of measurements drawn according to p. Using 7y; and y; as surrogates of vy;
and 14;, the theoretical analysis of the estimation of the distribution-to-distribution regression operator

requires the following assumptions that quantify the discrepancy of the estimated and true probability

measures.

(A2) For any distribution p € W, with some nonnegative decreasing sequences 7, = o(1) as m — oo,

the corresponding estimate i based on a sample of size m drawn according to u satisfies

sup E[djy (i, )] = O(7,,) and  sup E[dy, (1, )] = O(7,).
HeEW HEW

For example, for compactly supported distributions, the distribution estimator proposed by ? sat-
isfies (A2) with 7, = m~Y/2) while ? consider a subset Wi of W containing distributions that are

absolutely continuous with respect to Lebesgue measure on a compact domain D such that

sup sup max{f,(r), 1/f.(r),|£,(r)[} < R, (17)

pEW reD,
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where f,, is the density function of a distribution . € Wy, D,, is the support of distribution p and R > 0
is constant, and then obtain the rates sup,cyac Ediy (fi, p) = O(m~2/3) and supewae Eldiy (11, p)] =
O(m~*3) in (A2) (Proposition 1, ?).

The following assumption on the numbers of measurements per distribution m,, , and m,,, facilitates

our analysis:

(A3) There exists a sequence m = m(n) such that min{m,,,,m,,, :i =1,...,n} > m and m — oo as

n — o.

3.2 Regression Operator Estimation

We note that notations with “~” refer to estimators based on fully observed distributions, while those
with “~7 refer to estimators for which the distributions, vy; and vs;, are not fully observed and only
samples of measurements drawn from the distributions are available.

Given independent realizations {(vy;, v2;) }i-; of (v1,12), we first consider an oracle estimator for the
regression operator I, where we initially assume that {(vy;, 19;)}, are fully observed. First of all, the
empirical Fréchet means are well-defined and unique due to the fact that we work in Hadamard spaces.

Specifically, replacing the expectation in (7) by that with respect to the empirical measure based on

{(v14, v23) }1, gives

Vig = arg minz d2y(vig, i) and  Tog = arg minz A2y (Vo 1), (18)
HEW =1 HEW =1

where the corresponding quantile functions are the empirical means of quantile functions across the

sample,

DLFRO) and B0 = DR, (19)

ﬁlieg(‘) =

n n

and the corresponding distribution functions are given by right continuous inverses of the quantile

functions as in (16). Then the log transforms Log,, o Vli and Log,, o V2i admit estimates Log;l@ vy; and

Log;ml/gi. The covariance operators C,, and C,, can be estimated by 5,,1 =ntyr, LOng@VU ®

11



Logy, . v1; and 5V2 =n" 1y, Log;, 12 @ Logy, 2. We denote the eigenvalues and eigenfunctions of
C~,,1 and 51,2 by Xj and ggj, respectively by ¢, and Uy, where the eigenvalues are in non-ascending order.
The cross-covariance operator C,,,, can be estimated by 5V1,,2 =n! iy Logs, o V2 ® Loggl@yu.

Due to the compactness of C,,, its inverse is not bounded, leading to an ill-posed problem (e.g.,
??). Regularization is thus needed and can be achieved through truncation. Oracle estimators for the

regression coefficient function § and regression operator I' are

B = Z Z ]kq/)k ® ¢j and Fg(t) = <ga/8('at)>;1@7 for g e LOg’Jl@Wa le D7 (20)

k=1j=1

where by, = X;lék, with &, = n! ?:1<L0g;1®1/1i,$j>’ljl®<LOg;2@l/2i,?Zk>;2®, and J and K are the
truncation bounds, i.e., the numbers of included eigenfunctions.

Furthermore, we can construct an estimator based on the distribution estimation in Section 3.1
which will be applicable in practical situations, where typically vy; and vy; are observed in the form
of samples generated from 14; and 15;. Denote the estimated quantile functions by ]31;1 and ]%f,
respectively. Then the quantile functions of the empirical Fréchet means 714 and Usg of Uy; and vy; for
t=1,...,n are given by

= LS m, (21)

i=1

Z F SN and 2_

i=1

and the corresponding distribution functions ]51@ and 132@ can be obtained by right continuous in-

version as per (16). Replacing vy; and vy; by the corresponding estimates 7j; and Ty;, we can anal-

—1 n

ogously obtain the estimates for the covariance operators, CAI,1 =n -1 Logg, . 11; ® Logg,  11; and

-~

—lywm Logy2 Vg & Logy2 Uy;, as well as the estimate for the cross-covariance operator, C,,,, =

C,,=n
-1 n

n Log,j%B V9 @ Logy,  1;. We denote the eigenvalues and eigenfunctions of C'V1 and Cl,2 by )\ and

$j, respectively by ¢ and wk, where the eigenvalues are in non-ascending order. Data-based estimators

12



of the regression coefficient function § and regression operator I' in (11) are then

K J
5 = Z ijkwk ® (bja and Fg<t) = <g76('7t)>;1@7 for g€ LogﬁleaW? te D7 (22)
k=1j=1
where Ejk = Xj—léjk, and Ejk =n! i—1(Logs, . T, $j>;1@(Log;2@172i, @Zk>;2@.

Regarding the numbers of eigenfunctions included, J and K, we note that larger values of J and K
lead to smaller bias but larger variance and potential overfitting. We discuss the selection of J and K
further in Section S.4.1 in the Supplementary Material.

While this paper focuses on univariate distributions, we note that the proposed method in principle
can be extended to the multivariate setting, where however the optimal maps and hence the log maps
in general do not have closed-form expressions and the estimation is completely different from the
univariate setting. In addition, the required determination of the optimal transport maps is fraught
with numerical difficulties (7). This is in contrast to the univariate case, where optimal transports just
require the computation of quantile functions. Furthermore, the corresponding asymptotic analysis is
also different from the univariate setting; in particular, the expression of the parallel transport does

not hold in the multivariate case. See Section S.7 in the Supplementary Material for further discussion.

3.3 Parallel Transport

and its estimators, [:7- — T- and

Note that the true regression operator, I': T,,, — 1T, e Do

V2@

r: 15, — 15, are defined on different tangent spaces, which makes their comparison not so straight-

forward. For this, we employ parallel transport, which is a commonly used tool for data on manifolds

(77?). For two probability distributions p1, e € W, a parallel transport operator P, ,,: Ei = L

2

can be defined between the entire Hilbert spaces EZI and EiQ by

Py g =goFtoF, forgec/l? (23)

K142 1
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where F;! and F, are the quantile function of p; and cdf of ug, respectively. Assuming that p; is

atomless, restricted to the tangent space T,

w1 the parallel transport operator Pm,uz‘Tm defines the

parallel transport from tangent space T, to T},,.
Denote by H,, ., the space of all Hilbert-Schmidt operators from 7, to 7}, for pi,pue € W.
With py, po, py, iy, € W where p) and uy are atomless, we can define a parallel transport operator

Plyir piz) (ot iy Trom Hyy iy t0 Hyr i by

(P(m,uz),(u’l,ug)A)g = Pm,u’z (A(Pﬂll:/ilg))7 for g € Tu’l and A € Hmm- (24)

Denoting the Hilbert—Schmidt norm on H,, ., by || [24,, ., for g1, g2 € W, properties of parallel trans-
port operators P, ., and P, ), ) that are relevant for the theory are listed in Proposition S1 in
Section S.1.1 in the Supplementary Material. Given atomless distributions puy, pa, i, 5 € W, applying
Proposition S1 the discrepancy between operators A € H,, ., and A" € H; ,» can be quantified in the

space Hyuy uy BY ([Pt gut) g gin) A — All#,, 0y -

3.4 Asymptotic Theory

Our goal for the theory is to evaluate the performance of the estimated regression operators, [ and T as
per (20) and (22), respectively. According to the discussion in Section 3.3, if the true Fréchet means 14
and 154 and their estimators are atomless, the discrepancy between the estimated and true regression

I =T, I =Ll for

operators can be gauged by (P, 7,0 e

and [P, 5,0).(

NZENZTS g V1,126

[ and T, respectively. To guarantee the atomlessness of v14 and vy and their estimators 74, and o,

we assume
(A4) With probability equal to 1, the random distributions v; and v, are atomless.

Let C' > 1 denote a constant. To derive the convergence rate of the estimators for the regression
operator, T and f‘, we require the following conditions regarding the variability of 1, and 1, the spacing

of the eigenvalues \; and ¢, and the decay rates of the coefficients b;,. Conditions of this type are

14



standard in traditional functional linear regression (e.g., 7).

(A5) E(|[Log,,,11ly,,) < oo, and E((Log,, v1,;),,.) < CA, for all j > 1; E(|[Log,, v2ls,,) < oo,
and E((Log,,. v2, ¥r)y,. ) < O}, for all k > 1.

(A6) For j > 1, \; — A\jy1 > C~ 157971 where 6 > 1 is a constant.

(A7) For k > 1, ¢4 — gpy1 > C71k7971 where ¥ > 0 is a constant.

(A8) For j,k > 1, |bjx| < Cj k¢, where p > 6+ 1 and p > 1 are constants.
Note that (A8) implies (14). Furthermore, for J and K in (20) and (22), we assume
(A9) n=tJ¥+2 5 0, n ' K22 0, as n — oo.

Let . = .7(C,0,9,p,0) denote the set of distributions F of (v, 1) that satisfy (Al) and (A4)-

(A8). Defining the sequence

#(n) = x(n;0,9,p, 0)
min {nmax{Qp/(QﬁJr?)),(4p71)/(219+29+2)}/(9+2p)’ nl/(219+3)} : if o— 9 <1,

= mln {nmax{2p/(219+3),(4p—1)/(219+2@+2)}/(6’+2p)’ (n/ log n)l/(2ﬂ+3)} , lf Q — 19 E (]‘7 3/2],

mln {nmax{Qp/(QﬁJr?)),(4p71)/(219+29+2)}/(9+2p)’ nl/(QQ)} s lf Q — 19 > 3/2,

then when distributions vy; and vy; are fully observed, we obtain

Theorem 1. Assume (A1) and (A4)-(A9). If J ~ n'/®*20) and K ~ »(n), as n — oo, then

llm llm Sup Sup IED«F (”73 111@ I/Q@) (1/1@ 112@)]‘_‘ F”qu@ DY) > Ma(n)) = O’ (25)

M=o n—oo” FeF

where

a(n) = max {n*(prl)/(H?p)’ %(n)*@@*l)} _ (26)

We note that a(n) = n~(2~1/(0+20) in (26) if either of the following holds: o — ¥ < 1 and 4p(") —

0+2) <204+3< 20—1)0+2p)/2p—1);0or 1l <p—9<3/2and 4p(¥ —0+2) <20+3 <
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(20—1)(0+2p)/(2p—1); or o — ¥ > 3/2 and ¢ > max{V + 2 — (20 + 3)/(4p), (0 + 2p)/(20 + 2)}. In
this case, I achieves the same rate as the minimax rate for function-to-scalar linear regression (?) and
function-to-function linear regression (following similar arguments as in the proof of Theorem 3 of 7).

Next, we consider the case where the distributions 14; and vy; are not fully observed. In addition, we
require an assumption regarding the number of measurements per distribution and a uniform Lipschitz
condition on the estimated cdfs to guarantee the atomlessness of the estimated Fréchet means 74 and

Use and hence to justify the use of [P as a measure of the estimation

31697;2@)7(1/1@7'/2@)1—‘ B F”qu@ww

error.

(A10) For 7, in (A2), 7,,, < Cmin{n=tJ~ n~1K~1} for all n.
(A11) For any atomless distribution p € W, the corresponding estimate i based on a sample of mea-

surements drawn according to u is also atomless.

For example, with J ~ n'/(®+20) and K ~ 5(n) as in Theorem 1, (A10) holds with m ~ max{n3(@+e)/(0+20) " 53/25(
and m ~ max{n*+r)/(0+20) n2;¢(n)2} for the estimators proposed by ? and ?, respectively. We note
that these two estimators also satisfy (A11). Then we find that the data-based estimator I' achieves

the same rate as the estimator I’ based on fully observed distributions as shown in Theorem 1.

Theorem 2. If (A1)-(A11) hold and choosing J and K as in Theorem 1, then

lim limsup sup Pz (||73(;1@7;2@)7(V1®’V2®)F — FH%%@M@ > Ma(n)) =0. (27)

M—=00 n—oo Feg

We note that while the proposed method is based on function-to-function linear regression, the
asymptotic analysis is more involved. The proofs of Theorems 1 and 2 are based on the geometry of
the Wasserstein space, since we are not dealing with general functions in £? space (with respect to
the Lebesgue measure) as in functional data analysis but rather the log maps. In particular, we do
not assume additive noise in the proposed model in (10). Furthermore, parallel transport maps are
employed to quantify the estimation discrepancy of the estimators of the regression operator, I', the

covariance and cross-covariance operators, C,,, C,, and C,,,,, and the eigenfunctions, ¢; and ;. All of
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these create additional complexities for the theoretical derivations. For Theorem 2, the distributions
vy; and vy; are not be fully observed and instead only data samples drawn from these distributions are
available. Hence, we need to deal with two layers of stochastic mechanisms: The first layer generates
random elements (14;, vy;) taking values in YW x W, the second layer generates random samples according
to vy; and vy;. Specifically, we need to tackle the discrepancy between the estimated distributions based
on the observed data 7y; and 75; and the actual underlying distributions vy; and vs;.

Theorems 1 and 2 entail the following corollaries on the prediction of 15 based on vy, where the
target is the conditional Fréchet mean of v, given vy, i.e., Eg(volry) = argmin ey, Eldgy, (vo, ') | 11] =
Exp,, [E(Log,, 12 | Log, 11)]. In the following, for any given u € W, the corresponding estimate
fi is assumed to be based on a sample of m, > m observations drawn from g, where m is the lower
bound of the number of observations per distribution as per (A3). We denote the prediction of v, based
on fully observed distributions by s (u) = Expg, [f(LogmB )], and the prediction based on samples
generated from the distributions by Ds(fi) = Exp, T (Logp, /)], where T and I are as per (20) and

(22), respectively.

Corollary 1. Under the assumptions of Theorem 1,

lim limsup sup Pr (d (Ta(p), Eg (v | 4 = ) > Ma(n)) = 0. (28)

M=co n—oo” FeF

Corollary 2. Under the assumptions of Theorem 2,

hm lim sup sup Pr (dW (D2(1), Egy (v | 1h = ) > Ma(n)) =0.

M—00 n—ooo rFeg

For the proofs, see Section S.1.2 in the Supplementary Material. We further discuss the estimation
and theoretical analysis for the distribution-to-scalar regression model as per (15) in Section S.2 in the
Supplementary Material, where we show that the estimates of the regression coefficient function 3;
achieve the same rate as the minimax rate for the function-to-scalar linear regression based on fully

observed predictor functions; see 7.
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4 Autoregressive Models for Distribution-Valued Time Series

Here we consider a distribution-valued time series {y; }iez, each element taking values in W. We assume

that the random process {; }icz is stationary in the sense that

(1) u; are square integrable, i.e., Edy, (1, pt;) < oo for some (and thus for all) u € W;

(2) p; have a common Fréchet mean pg that is atomless, ie, pg = argmin,eyy, Edy (s, p1;), for all
1 € 7

(3) The autocovariance operators E(Logu@ pitr @ Log,, ;) do not depend on i € Z, which are hence

denoted by C,, for all r € Z.

For {j1;}icz, we assume a first order autoregressive model which is an extension of the distribution-to-

distribution regression model in (10)

Log,, pit1 = I'(Log,, p:) + €it1, fori € Z. (29)
Here, I': T,,, — T}, is a linear operator defined as

Lg(t) = (B(-,t),9)py, forte D, and g€ T),,, (30)

2

where 3 : D? — R is the auto-regression coefficient kernel lying in Lo

and {¢; }icz are i.i.d. random
elements taking values in the tangent space T}, such that E(e;) = 0 and El|g;[|7 < oo. Similar models
have been previously studied in the seminal work of 7. To ensure the existence and uniqueness of such

a stationary process, we assume
(B1) There exists an integer ¢ > 1 such that ||Fq||ﬁi® <1

Here, || - ||gﬁ o denotes the sup norm for linear operators on ,CZ@ and we define T'Y by induction, T*(-) =

[[T%=1(.)], for any integer k > 1. We note that under (B1), (29) has a unique stationary solution given
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Log,, i = Y _T"(eir), (31)
r=0
where T'(¢;) = &; and the right hand side converges in mean square, lim,, o E|| 322, T (;-)||%

o0

= 0, and also almost surely, i.e., lim, o || X7, I (€i=1)||uy = O with probability 1 (Theorem 3.1, 7).

Furthermore, we assume
(B2) With probability 1, 272, I'"(e_,) + id is non-decreasing.

Assumption (B2) guarantees that the right hand side of (31) lies in Log, W a.s. We further provide
a fully detailed example of a stationary process {u;}icz that satisfies the autoregressive model as per
(29) in Section S.3 in the Supplementary Material.

As in Section 3, we have E(Log, o p1) = 0, pg-almost surely. The operator Cy admits the eigende-

composition

Co = ZAJ‘%‘ ® ¢j,
j=1

with eigenvalues \; > Ay > -+ > 0 and orthonormal eigenfunctions {¢;}32, in 7,,. With probability

1, the logarithmic transforms Log,,. /; admit the expansion

o0

Logp,@ﬂ’i = Z(Lng@Mia ¢j>u@¢j7 (XS Z7
=
and hence C; = 337°) 332 £y ®@¢;, where & = E((Log,,_ 11, §j) e (L0Z,, fi2, 1) e )- With by = A;

the auto-regression coefficient function can then be expressed as

B = iibﬂ@ ® ¢;-

1=1j=1

For the estimation of the operator I" in (30), first considering a fully observed sequence of length n,
[1s f2, - - - fn, With the oracle estimator of the Fréchet mean fig defined analogously to (18), the autoco-
1 n

variance operators Cy and C; can be estimated by their empirical counterparts Co=n" ie1 Log_ j; ®

LOgﬁ@ i and 51 =(n-1)"1 Z?;ll Log;69 i1 ® Log;69 1i- We denote the eigenvalues and eigenfunctions
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of Cy by /N\j and qu, respectively, where the eigenvalues /N\j are in non-ascending order. Then oracle
estimators for the auto-regression coefficient function 5 and operator I' in (30) are
J

=3

=17

15]-”51 ®;, and Tg(t) = (g, B(-t));,, for g € Logz W, t € D, (32)
where le = X;lgjl, fjl = (n—1)"1 Z?:_ll(Logf/;@m,¢~5j>ﬁ®(Logﬁ®ui+l,gEl>ﬁ®, and J is the truncation
bound.

As discussed for the independent case in Section 3.2, a realistic estimator 3 for 3 based on the
distribution estimation discussed in Section 3.1 can be obtained by replacing u; and g with the
corresponding estimates fi; and fig, the latter analogous to (21). Specifically, estimates for the autoco-
variance operators with corresponding decompositions are given by Co=n"" iz1 Logy 1 ® Logy [i;
and C; = (n—1)"tyrt Logy;_ fi+1 ® Logy;_pi;. We denote the eigenvalues and eigenfunctions of Co by
Xj and ggj, respectively, where the eigenvalues Xj are in non-ascending order. With le = X;léjl and
£ = (n—1)"" ?;f(Logﬁ@ i, @)ﬁ@(Logﬁ@ Hit1, $z>ﬁ®, data-based estimators for the auto-regression

coefficient function 8 and operator I' in (30) are then given by

J
B = ZZ:lbﬂgbl ® ¢;, and Tg(t) = (g,8(-,t));,, for g € Log; W, t € D. (33)
]:

=1

We first focus on the case where the distributions are fully observed. To derive the convergence rate
of the estimator I in (32), we require the following assumptions analogous to the independent case in

Section 3. Let C' > 1 be a constant.

B3) With probability 1, the distributions p; are all atomless.

B4) E(||Log,,, ull%,) < oo, and E({Log,, pi, d;)4.) < CAZ, for all j > 1.

(B3)

(B4)

(B5) For j > 1, \; — A\jy1 > C71j7%71 where 6 > 1/2 is a constant.

(B6) For j,I > 1, |by| < Cj=rl79, where p > 6+ 1 and p > 1 are constants.
(B7)

B7) n=1J%+2 50, as n — oo.
Let 4 = 9(C, 0, p, o) denote the set of distributions G of the process {y;} that satisfy (B1)-(B6).
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Then we obtain

Theorem 3. Assume (B1)-(B7). If J ~ min{n!/(20+2e+2max{2=0,0}) " py1/(20+2max{e, 2})1 " tpep

hm lim sup sup Pg (HPM@#@) (1, M@)F FHHu@ ng > MC(H)) =0,

M—oo n—oo Gev

where

¢(n) = max {n7(2p71)/(29+2p+2maX{ng,O})’ n~(20-1)/(20+2max{e, 2})}' (34)

The convergence rate obtained for the estimator T in Theorem 3 is slower than the rate obtained
for the independent case as per Theorem 1. This is due to the serial dependence among p; and with
the special choice of J as above is manifested by the fact that a(n) as per (26) with § = o is always
smaller than ((n) as per (34).

Furthermore, regarding the estimator I in (33) where only samples drawn from the distributions p;
are available, we in addition make the following assumption of the numbers of measurements observed

per distribution.

(B8) There exists a sequence m = m(n) such that for the number of measurements per distribution
my,;, min{m,, :i=1,2,...,n} > m and m — 0o as n — oo.
(B9) 7, < Cn™!, for all n, where 7, is as per (A2).

For example, if distributions p; are estimated via the methods used by 7 and ?, in order to ensure

3/2

(B9), it suffices to take m ~ n? and m ~ n3?, respectively. Then we show that the estimator T in (33)

converges with the same rate as I', as shown in Theorem 3.

Theorem 4. If (A2), (A11) and (B1)-(B9) hold and choosing J as in Theorem 3, then

hm lim sup sup Pg (HPME}%MGB) (he pe) F o FH?HH@M@ > Mg(n)) =0.

M—o0 n—oo Ge9

As for the independent case, Theorems 3 and 4 entail the following asymptotic results for the one-

on-one prediction of w, 1 given u,, where the target is the conditional Fréchet mean of pu,,, given w,
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by Eg(ttnt1 | pn) = argmin,, E[diy (pnt1, 1) | ] = Exp,, [E(Log,,, fin+1 | Log,, p1n)]. For any given
1 € W, the corresponding estimate fi is assumed to be based on a sample of m, > m observations
drawn from g, where m is the lower bound of the number of observations per distribution as per (BS).
The prediction of ji,41 based on fully observed distributions is given by Expy [f(Log;@ w)] and the
prediction based on samples generated from the distributions by Exp;_ [f(Logﬁeaﬂ)], where I and I are

as per (32) and (33), respectively. Then these predictions achieve the same rate as the estimates of the

regression operators in Theorems 3 and 4.

Corollary 3. Under the assumptions of Theorem 3,

im limsupsup Pg (d%,v(Exp% [f(Log;@u)],E@(yg |y =p)) > MC(n)) = 0.

l

Corollary 4. Under the assumptions of Theorem /,

im lim sup sup Pg (dIZ/V<EXPﬁ@ [f(Log%ﬁ)],E@(unH | o = 1)) > MC(n)) = 0.

1
M— o0 n—oo geg

Proofs and auxiliary lemmas for this section are in Section S.1.3 in the Supplementary Material.

5 Simulations

In practice, the fit of the logarithmic response may not fall in the logarithmic space with base point

Vog, 1.€.,

~

I'(Logy, . 71i) ¢ Logp, W, (35)

with T given in (22). This problem was already recognized by ?. If (35) happens, we employ a bound-
ary projection method described in Section S.4.2 in the Supplementary Material. We compared the
performance of the proposed method implemented with boundary projection (referred to as projection

method) with two other approaches. The first of these is to employ an alternative to the proposed
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boundary projection for those situations where the event (35) takes place, which was proposed by ? in
the context of principal component analysis (PCA). This alternative to handle the problem extends the
domains of the distributions. We use this method by fitting the proposed distribution-to-distribution
regression model with distributions on an extended domain when the event (35) happens, and then nor-
malize the fitted distributions by restricting them back to the original domain. We refer to this as the
domain-extension method in the following. The second alternative approach is the log quantile density
(LQD) method (?), where we apply function-to-function linear regression to the LQD transformations
of distributions and map the fitted responses back to the Wasserstein space VW through the inverse
LQD transformation (?). Specifically, we use the R package fdadensity (?) for implementations of
the LQD transformations. To generate data for simulations, we provide the following framework to
construct explicit examples, which also demonstrates the feasibility of the proposed model in (10).

Framework for Explicit Construction. For D = [0, 1], we consider Fréchet mean distributions
Ve, Vae € YW with bounded density functions, i.e., sup,cp fia(s) < oo and sup,cp foa(t) < co. We
consider a set of orthonormal functions {¢;}%2, in the Lebesgue-square-integrable function space on
[0,1], £2(]0,1]), such that the ¢; are continuously differentiable with bounded derivatives, and ;(0) =

©;(1), for all j € N,. In particular, ¢; can be taken as

©;(r) = V/2sin(2njr), forr € [0,1], and j € N,. (36)

Suppose Log,,  v1 admits the expansion Log, 11 = 372, X;p; © Fig, where y; are uncorrelated
random variables with zero mean such that 3222, X? < oo almost surely. We define the regression
operator I' as I'g = Y72, 3272, 059, 95 © Fig)uepr © Fag, for g € T,,,, with b5, € R such that

221 ke b’;k2 < oo. Hence, I'(Log,, v1) = X321 232, b Xk © Fag. To guarantee 3252, x;@; 0 Flg €
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Log,, ., W and 3272, 3272, bk © Fae € Log,, W, it suffices to require

> Xi¢(Fie(s) fie(s) +1 >0, forall s € D,

j=1

Z Z b;kX]¢;:(F2@(t))f2@(t> +1 Z 07 for all t € D, a.sS. (37)
k=1j=1

Z X;(pjo Fig) and Z Z b;kaj(gpk o Fyg)" uniformly converge,

j=1 k=1j=1

Requirement (37) is satisfied, e.g., when [x;| < wvi;/(sup,eoq |9;(r)| supsep fia(s) X5—; v1y7) and
105X ] < w1020/ (SUDepo1) 4 (7) [ SUDe p fae () X572y v 30— vaw), aus., where {v;}52, and {va}2,
are two non-negative sequences such that 7%, vi; < oo and 3777, vgp < o0, examples including
{a=7}52, and {j~°}52,, for any given a > 1.

With I'(Log,, o v1) and vog, the distributional response 15 can be generated by adding distortions to
Exp,,. (I'(Log,,,»1)) through push-forward maps, i.e., v, = g#Exp,, (I'(Log,, v1)), where g: D — D
is a random distortion function independent of vy, such that g is non-decreasing almost surely, and
that E[g(t)] = t almost everywhere on D. This is a valid method to provide random distortions for
distributions (7) in the sense that the conditional Fréchet mean of v, is on target, i.e., Eg(1s|ry) =
argmin,,cyy E[dfy, (12, ) | 11] = Exp,, (I'(Log,, v1)). Furthermore, the pair (v1,r,) generated in this
way satisfies our model in (10). An example (?) of the random distortion function is ¢ = ga, where
A is a random variable such that P(A <r) = P(A > —r) for any r € R and P(A = 0) = 0, and g, is
defined as

r — |a|~'sin(ar), if a # 0,
ga(r) = for r € D. (38)
T, ifa=0,
Specifically, for our simulation studies, with D = [0, 1], we consider two cases with different choices
of the Fréchet means vi4 and vog:

Case 1. vig, = TNp(0.5,0.2?), and voe = TNp(0.75,0.3%), where T Np(u,0?) denotes the Gaussian

distribution N (p,0?) truncated on D.
Case 2. v15 = Beta(6,2), and vyg = Beta(2,4).
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Taking J* = K* = 20, for j,k € Ny, we set b}, = Q*kli,glRQ_é/inl@ if 7 < J*and k£ < K*, and
set by, = 0 otherwise, where x; = sup,¢jo 1 l¢i(r)| = 2v/27l, for | € Ny, Rie = supy.p fia(s) and

Rog = sup,ep foo(t). Taking vy; = 277, data were generated as follows:

Step 1: Generate y;; ~ Unif(—vy;(k;Rie 300 vu) b, vi(k;Rie 352 vy) ™ ') independently for ¢ =
L,...,nand j = 1,...,J% whence Log, v1; = Z}Zl Xij; © Fig, with the basis functions ¢;
as per (36), ['(Log,,.v1i) = ey 72, Ui er © Fag, and vy = Exp,, (X7 xi595 © Fia)-

Step 2: Generate 1o; by adding distortion to F(Logyl®uli): Sample A; i Unif{+m, £27, +37}; let
voi = ga, #Exp,, [I'(Log,, v1:)], with function g, defined as per (38).

Step 3: Draw an i.i.d. sample of size m from each of the distributions {vy;}7; and {v;} ;.

Four scenarios were considered with n € {20,200} and m € {50,500} for each case. We simulated
500 runs for each (n,m) pair. For the domain-extension method, the distribution domain is expanded
from [0, 1] to [—0.5,1.5] and [—1,2]. To compare the three methods, we computed the out-of-sample
average Wasserstein discrepancy (AWD) based on observations for 200 new predictors {vy; }/ 42, for
each Monte Carlo run. Denoting the fitted response distributions by V%i, the out-of-sample AWD is
given by

n+200

1
AWD(n,m) = 200 > dW(E@(VQi\Vu),Vgi)7 (39)

i=n+1
with Eq (v9;]v1;) being the conditional Fréchet mean of vy; given v; as defined above (38).

We found that the domain-extension method often failed to force the fit f(Log;l@z?u) to fall in the
log space Logy, W. In particular, this failure occurred in around 15-25% of the Monte Carlo runs
where (35) happened when n = 20; therefore we do not report the results for this method. The results
of the LQD method and the proposed Wasserstein regression method with boundary projection (WR)
are summarized in the boxplots of Figure 1.

The proposed method outperforms the LQD method in all the scenarios considered. In fact, the log
maps are isometries between the Wasserstein space and the log image spaces. This provides support

for the proposed approach. In contrast, the LQD transformation is not an isometry and the ensuing
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Figure 1: Boxplots of the out-of-sample AWDs as per (39) for the four simulation setups with
(n,m) € {20,200} x {50,500}, where “LQD” denotes the LQD method and “WR” denotes the proposed
Wasserstein regression method. The numbers in brackets “[ |” below the boxplots for WR indicate for
how many runs event (35) happened and boundary projection became necessary.

distortions likely contribute to its inferior behavior. In particular, in Case 2 where the Fréchet mean
distributions are beta distributions and the density functions are not bounded away from zero on D,
the LQD method suffers from bias issues. When the number of distributions n increases, (35) is seen
to happen less frequently and boundary projection is seldom needed when the sample size is large
(n = 200).

Additional simulations illustrating the asymptotic result in Theorem 1, regarding the robustness of
the proposed distribution-to-distribution regression method and comparing the proposed distribution-
to-scalar regression method with a Gaussian process regression approach (?) can be found in Section S.5

in the Supplementary Material.
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6 Applications

6.1 Mortality Data

There has been continuing interest in the nature of human longevity and the analysis of mortality
data across countries and calendar years has provided some of the key data to study it (e.g., 7777).
Of particular interest is how patterns of mortality of specific populations evolve over calendar time.
Going beyond summary statistics such as life expectancy, viewing the entire age-at-death distributions
as data objects is expected to lead to deeper insights into the secular evolution of human longevity
and its dynamics. The Human Mortality Database (http://www.mortality.org) provides yearly life
tables for 38 countries or areas, which yield histograms for the distributions of age-at-death. Smooth
densities can then be obtained by applying local linear regression (7). We obtained these densities on
the domain [0, 100] (years of age).

In a first analysis, we focused on the n = 32 countries or areas for which data are available for
the years 1983 and 2013. We applied the proposed distribution-to-distribution regression model with
mortality distributions for an earlier year (1983) as the predictor and a later year (2013) as the response
to compare the temporal evolution of age-at-death distributions among different countries. We show
the leave-one-out prediction results together with the observed distributional predictors and responses
for females in Figure 2 for Japan, Ukraine, Italy and the USA, which showcase different patterns
of mortality change between 1983 and 2013. In addition to the graphical comparisons, Wasserstein
discrepancies (WD) between the observed and leave-one-out predicted distributions are also listed. For
all four countries, the observed and predicted distributions for 2013 are seen to be shifted to the right
from the corresponding distributions in 1983, indicating increased longevity.

The top row of Figure 2 shows a comparison between the model anticipation and the actual observed
distributions in 2013 in terms of density functions. Specifically, for Japan and the USA, the rightward
mortality shift is seen to be more expressed than suggested by the leave-one-out prediction, indicating

that longevity extension is more than anticipated, while the mortality distribution for Ukraine seems
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Figure 2: Age-at-death distributions of females in Italy, Japan, Ukraine, and the USA for 1983 and 2013,
and the leave-one-out cross validation prediction based on the proposed distribution-to-distribution
regression model, where the predictors are the distributions for 1983 and the responses are the distri-
butions 30 years later. Top row: Observed densities for 1983 and 2013 and the leave-one-out predicted

~

densities Exp;,_(I'(Logg, 71:)) for 2013; Bottom row: Log-mapped predictors and responses, Logg, .71
and Logg, s, and leave-one-out prediction for log responses f(Loggl@DM), where the estimated regres-

sion operator T is defined in (22) and no boundary projection is needed for these four countries. The
Wasserstein discrepancies (WDs) between the observed distributions and the corresponding leave-one-
out prediction are indicated for each country.

to shift to the right at a slower pace than the model prediction would suggest, leading to a relatively
large WD with a value of 3.59 between the observed and predicted response. In contrast, the regression
fit for Italy almost perfectly matches the observed distribution in 2013.

The log maps shown in the bottom row of Figure 2 indicate the shifts of the distributions relative
to the Fréchet mean across countries for the corresponding year. For Japan, the log maps for the
observed predictors and responses and also the model prediction are all positive across the age domain,
indicating that the distributions for Japan shift to the right from the Fréchet mean across countries,
and Japanese females live longer compared to the average across countries at all the ages, while the
magnitude of these log maps vary between 1983 and 2013 and also between observed and predicted

distributions for 2013. The observed mortality distribution for 2013 has a bigger rightward shift relative
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to the Fréchet mean distribution for older females and minors and a smaller one for younger adults than
the model prediction. In contrast, Ukraine has a leftward shift from the Fréchet mean for females of all
ages, and for 2013 the shift exceeds the model anticipation. For Italy, the log transformed predictor is
negative before 15 and positive after, whence the predicted log response becomes positive throughout
and also expands in size, meaning the relative standing of Italy in terms of longevity is anticipated to
be improved in 2013 by the model prediction. The predicted distribution of Italy in 2013 is shifted to
the right from the Fréchet mean for all ages, and such rightward shift is more expressed in the actual
distribution in 2013. For the USA, the predicted log-mapped response for 2013 is entirely negative and
consequently the mortality distribution moved to the left of the Fréchet mean, i.e., its relative standing
in terms of longevity is anticipated to become worse, while the actual observation is a mixture of a
rightward shift for more than 88 years of age and a leftward shift for the other ages.

We also illustrated the proposed autoregressive model for distribution-valued time series with the

mortality data for Sweden, and the results are summarized in Section S.6 in the Supplementary Material.

6.2 House Price Data

A question of continuing interest to economists is how house prices change over time (e.g., ??7). We
fitted the temporal evolution of house price distributions via the autoregressive distribution time series
model described in Section 4, where we downloaded house price data from http://www.zillow.com.
These data included bimonthly median house prices after inflation adjustment for m = 306 cities in the
US from June 1996 to August 2015, for which the distribution of median house prices across the cities
was constructed for every second month. The autoregressive model was trained on data up to April
2007 and predictions were computed for the remaining period, where we successively predicted the
distribution of each month based on the prediction two months prior, i.e., by running the distribution
time series model as estimated from the training period.

Figure 3 shows the fitting and prediction results for training and prediction periods, where selected

months are ordered in time, while a five-number summary of the fitting and prediction WDs is given
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in Table 1. The house price densities are found to be mostly uni-modal, and the peak shifts gradually
to the right over time. Within the training period, the fitted densities are initially very close to the
observed densities and then gradually are situated to the left of the observed densities, which means
that the house price evolution overall accelerates during this period. For the prediction period, the
predicted densities almost coincide with the observed distributions in 2007, fall behind the actual
distribution in 2008, and then continue shifting to the right of the observed distributions. We find that
the discrepancy between the predicted and observed house price distributions increases from 2007 to
2012 and then decreases afterwards. These findings are in line with the overheating of the housing
market before 2006, the crash in 2007-2008, and the lingering effects of the financial crisis, followed by

a recovery after 2012.
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Figure 3: Observed and fitted (top row) / predicted (bottom row) densities of the house price distri-
butions. Training period: August 1996 to April 2007. Prediction period: June 2007 to August 2015.
Five representative months are depicted for each of the training and prediction periods in time order,
where the Wasserstein discrepancies (WDs) are also listed.
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Table 1: Five-number summary of the Wasserstein discrepancies in training and prediction periods.

Min Q0.25 Median Q0_75 Max

Training 0.0020 0.0035  0.0047 0.0066 0.017
Prediction 0.0040  0.016 0.042  0.054 0.068
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