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METRIC SPACE VALUED TRAJECTORIES”:
DETAILS ON THEORETICAL RESULTS

By Yaqing Chen and Hans-Georg Müller

S.1. Proofs of the uniform convergence of local Fréchet regres-
sion with fixed targets as in Section 2.

Proof of Theorem 1. For any ε ą 0, taking β12 “ β2 ` ε{2, we first
show (2.6).

We note that under (K0) and (R0), as bÑ 0, it holds for l “ 0, 1, 2 that
(S.1)
ρl,bptq “ E

”

KbpU ´ tqpU ´ tq
l
ı

“ bl
“

fU ptqK1,lpt, bq ` bf
1
U ptqK1,l`1pt, bq `Opb

2q
‰

,

where Kk,lpt, bq “
ş

tpx´tq{b:xPT uKpxq
kxldx, for k, l P N, and the O terms are

all uniform across t P T . These results are well known (Fan and Gijbels,
1996) and we therefore omit the proofs.

Let ϑm “ pmbq´1{2p´ log bq1{2. Under (K0) and (R0), it follows from (S.1)
and similar arguments as given in the proof of Theorem B of Silverman
(1978) that
(S.2)

sup
tPT

|ρ0,bptq| “ Op1q, sup
tPT

|ρ`1,bptq| “ Opbq, sup
tPT

|ρ2,bptq| “ Opb2q,

sup
tPT

|pρl,mptq ´ ρl,bptq| “ OP pϑmb
lq, l “ 0, 1, 2, sup

tPT
|pρ`1,mptq| “ Opbq `OP pϑmbq,

where
ρ`1,bptq “ ErKbpU ´ tq|U ´ t|s,

and

pρ`1,mptq “ m´1
m
ÿ

j“1

rKbpUj ´ tq|Uj ´ t|s,

noting that b´lpρl,mp¨q and b´1
pρ`1,mp¨q can all be viewed as kernel density esti-

mators with kernels Klpxq “ Kpxqxl and K`
1 pxq “ Kpxq|x|, respectively, as

per Silverman (1978), and (S.2) implies suptPT |pσ
2
mptq ´ σ

2
b ptq| “ OP pϑmb

2q.

1



2

Applying Taylor expansion yields

sup
tPT

ˇ

ˇrpσ2
mptqs

´1 ´ rσ2
b ptqs

´1
ˇ

ˇ “ OP pϑmb
´2q,

sup
tPT

ˇ

ˇ

ˇ

ˇ

pρ2,mptq

pσ2
mptq

´
ρ2,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

“ OP pϑmq, and sup
tPT

ˇ

ˇ

ˇ

ˇ

pρ1,mptq

pσ2
mptq

´
ρ1,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

“ OP pϑmb
´1q.

Hence,
(S.3)

sup
tPT

m´1
m
ÿ

j“1

| pwpUj , t, bq ´ wpUj , t, bq|

ď sup
tPT

|pρ0,mptq| sup
tPT

ˇ

ˇ

ˇ

ˇ

pρ2,mptq

pσ2
mptq

´
ρ2,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

` sup
tPT

|pρ`1,mptq| sup
tPT

ˇ

ˇ

ˇ

ˇ

pρ1,mptq

pσ2
mptq

´
ρ1,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

“ OP pϑmq.

For any R ą 0, define a sequence of events

(S.4) BR,m “

#

sup
tPT

m´1
m
ÿ

j“1

| pwpUj , t, bq ´ wpUj , t, bq| ď Rϑm

+

.

Given any υ ą 1, set am “ mintpmb2qβ2{r4pβ2´2`υqs, pmb2p´ log bq´1qβ2{r4pβ2´1qsu;
for some η ď r2, set η̃ “ ηβ2{2, with r2 and β2 as per (R3). For any ` P N`,
considering m large enough such that log2pη̃amq ą `,
(S.5)

P

ˆ

am sup
tPT

dM prνbptq, pνmptqq
β2{2 ą 2`

˙

ď P

ˆ

sup
tPT

dM prνbptq, pνmptqq ą η{2

˙

` P pBc
R,mq

`
ÿ

ką`
2kďη̃am

P

ˆ"

2k´1 ď am sup
tPT

dM prνbptq, pνmptqq
β2{2 ă 2k

*

XBR,m

˙

.

Note that (S.3) implies limRÑ8 lim supmÑ8 P pB
c
R,mq “ 0. Regarding the

first term on the right hand side of (S.5), we next show that

(S.6) sup
tPT

dM prνbptq, pνmptqq “ oP p1q.

Given any t P T , dMprνbptq, pνmptqq “ oP p1q follows from similar arguments
as given in the proof of Lemma 2 in Section S.3 of the Supplementary Ma-
terial of Petersen and Müller (2019). By Theorems 1.5.4, 1.5.7 and 1.3.6 of
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van der Vaart and Wellner (1996) and the total boundedness of T , it suffices
to show that for any ε ą 0, as δ Ñ 0,

lim sup
mÑ8

P

˜

sup
s,tPT , |s´t|ăδ

|dM prνbpsq, pνmpsqq ´ dM prνbptq, pνmptqq| ą 2ε

¸

Ñ 0.

In conjunction with (R1) and the fact that |dMprνbpsq, pνmpsqq´dMprνbptq, pνmptqq| ď
dMprνbpsq, rνbptqq ` dMppνmpsq, pνmptqq, it suffices to show that

(S.7) lim sup
bÑ0

sup
s,tPT , |s´t|ăδ

sup
zPM

ˇ

ˇ

ˇ

rLbpz, sq ´ rLbpz, tq
ˇ

ˇ

ˇ
Ñ 0, as δ Ñ 0,

and that for any ε ą 0,
(S.8)

lim sup
mÑ8

P

˜

sup
s,tPT , |s´t|ăδ

sup
zPM

ˇ

ˇ

ˇ

pLmpz, sq ´ pLmpz, tq
ˇ

ˇ

ˇ
ą ε

¸

Ñ 0, as δ Ñ 0.

Noting that by (K0) and (R0),

ErwpU, t, bqs “ 1 and ErwpU, t, bqpU ´ tqs “ 0,

(S.9)
rLbpz, tq “ E rwpU, t, bqLpz, Uqs

“ E
„

wpU, t, bq

ˆ

Lpz, tq ` pU ´ tq
BL

Bt
pz, tq

˙

` E
„

wpU, t, bq

ˆ

Lpz, Uq ´ Lpz, tq ´ pU ´ tq
BL

Bt
pz, tq

˙

“ Lpz, tq ` E
„

wpU, t, bq

ˆ

Lpz, Uq ´ Lpz, tq ´ pU ´ tq
BL

Bt
pz, tq

˙

.

Defining a function φ : Mˆ T Ñ R as

(S.10) φpz, tq “
B2L

Bt2
pz, tq, z PM, t P T ,

it follows from (S.9), (K0), and (R0) that

sup
zPM, tPT

ˇ

ˇ

ˇ

rLbpz, tq ´ Lpz, tq
ˇ

ˇ

ˇ
ď

1

2
b2 sup

tPT
E

«

|wpU, t, bq|

ˆ

U ´ t

b

˙2
ff

sup
tPT , zPM

|φpz, tq|.
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Note that suptPT Er|wpU, t, bq|pU ´ tq2b´2s “ Op1q. Furthermore, using sim-
ilar arguments as given in the proof of Theorem 3 of Petersen and Müller
(2019), we obtain

(S.11) Lpz, tq “

ż

d2
Mpz

1, zqdFV |U pt, z
1q “

ż

d2
Mpz

1, zq
fU |V pt, z

1q

fU ptq
dFV pz

1q,

where FV and FV |U are the marginal and conditional distribution of V , the
latter given U . In conjunction with (K0), (R0), and the dominated conver-
gence theorem, (S.11) implies

(S.12) φpz, tq “

ż

d2
Mpz

1, zq
B2

Bt2

„

fU |V pt, z
1q

fU ptq



dFV pz
1q,

whence by (R0) and the boundedness of M, we obtain supzPM, tPT |φpz, tq| ă
8. Thus,

(S.13) sup
zPM, tPT

ˇ

ˇ

ˇ

rLbpz, tq ´ Lpz, tq
ˇ

ˇ

ˇ
“ Opb2q, as bÑ 0.

Moreover, by (S.11) and (R0),
(S.14)

sup
s,tPT , |s´t|ăδ

sup
zPM

ˇ

ˇ

ˇ

rLbpz, sq ´ rLbpz, tq
ˇ

ˇ

ˇ

ď sup
s,tPT , |s´t|ăδ

sup
zPM

|Lpz, sq ´ Lpz, tq| ` 2 sup
zPM, tPT

ˇ

ˇ

ˇ

rLbpz, tq ´ Lpz, tq
ˇ

ˇ

ˇ

“ Opδq `Opb2q,

whence (S.7) follows. For (S.8), let ψ : MÑ R be a function defined as

ψpzq :“ sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

m´1
m
ÿ

j“1

“

wpUj , t, bqd
2
MpVj , zq

‰

´ E
“

wpU, t, bqd2
MpV, zq

‰

ˇ

ˇ

ˇ

ˇ

ˇ

.

Then
(S.15)

sup
zPM

ˇ

ˇ

ˇ

pLmpz, sq ´ pLmpz, tq
ˇ

ˇ

ˇ
ď 2diampMq2 sup

tPT
m´1

m
ÿ

j“1

| pwpUj , t, bq ´ wpUj , t, bq|

` sup
zPM

ˇ

ˇ

ˇ

rLbpz, sq ´ rLbpz, tq
ˇ

ˇ

ˇ
` 2 sup

zPM
ψpzq.
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Regarding ψpzq, since

m´1
m
ÿ

j“1

“

wpUj , t, bqd
2
MpVj , zq

‰

´ E
“

wpU, t, bqd2
MpV, zq

‰

“
ρ2,bptq

σ2
b ptq

#

m´1
m
ÿ

j“1

“

KbpUj ´ tqd
2
MpVj , zq

‰

´ E
“

KbpU ´ tqd
2
MpV, zq

‰

+

´
bρ1,bptq

σ2
b ptq

#

m´1
m
ÿ

j“1

„

KbpUj ´ tq

ˆ

Uj ´ t

b

˙

d2
MpVj , zq



´ E
„

KbpU ´ tq

ˆ

U ´ t

b

˙

d2
MpV, zq

*

,

under (K0) and (R0), it follows from similar arguments as given in the proof
of Proposition 4 of Mack and Silverman (1982) with kernels Klpxq “ Kpxqxl,
for l “ 0, 1, that ψpzq “ oP p1q, for any given z P M. Furthermore, noting
that

sup
tPT

m´1
m
ÿ

j“1

|wpUj , t, bq| ď sup
tPT

|pρ0,mptq| sup
tPT

ˇ

ˇ

ˇ

ˇ

ρ2,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

` sup
tPT

|pρ`1,mptq| sup
tPT

ˇ

ˇ

ˇ

ˇ

ρ1,bptq

σ2
b ptq

ˇ

ˇ

ˇ

ˇ

,

sup
tPT

E |wpU, t, bq| ď sup
tPT

ρ0,bptqρ2,bptq

σ2
b ptq

` sup
tPT

ρ`1,bptq|ρ1,bptq|

σ2
b ptq

,

by (S.1) and (S.2),

sup
tPT

m´1
m
ÿ

j“1

|wpUj , t, bq| “ Op1q `OP pϑmq, sup
tPT

E |wpU, t, bq| “ Op1q,

and hence for any z1, z2 PM,

|ψpz1q ´ ψpz2q| ď 2diampMqdMpz1, z2q

˜

sup
tPT

m´1
m
ÿ

j“1

|wpUj , t, bq| ` sup
tPT

E |wpU, t, bq|

¸

“ dMpz1, z2q rOp1q `OP pϑmqs .

In conjunction with the total boundedness of M, supzPM ψpzq “ oP p1q fol-
lows (using Theorems 1.5.4, 1.5.7, and 1.3.6 of van der Vaart and Wellner,
1996). This implies (S.8) in conjunction with (S.15), (S.3) and (S.14). Thus,
(S.6) follows.

We move on to the third term on the right hand side of (S.5). For k P N`,
define sets

(S.16) Dk,t “ tz PM : 2k´1 ď amdMpz, rνbptqq
β2{2 ă 2ku.
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We note that under (R3),

lim inf
mÑ8

inf
tPT

inf
zPDk,t

”

rLbpz, tq ´ rLbprνbptq, tq
ı

ě c222pk´1qa´2
m .

Defining functions Jtp¨q “ pLmp¨, tq ´ rLbp¨, tq on M, applying Markov’s in-
equality, the third term on the right hand side of (S.5) can be bounded (from
above) by
(S.17)

ÿ

ką`
2kďη̃am

P

˜#

sup
tPT

sup
zPDk,t

|Jtpzq ´ Jtprνbptqq| ě c222pk´1qa´2
m

+

XBR,m

¸

ď
ÿ

ką`
2kďη̃am

c´1
2 2´2pk´1qa2

mE

˜

I pBR,mq sup
tPT

sup
zPDk,t

|Jtpzq ´ Jtprνbptqq|

¸

,

where I pEq is the indicator function of an event E. For any z PM, defining

(S.18)

J
p1q
t pzq “ m´1

m
ÿ

j“1

r pwpUj , t, bq ´ wpUj , t, bqs d
2
MpVj , zq,

J
p2q
t pzq “ m´1

m
ÿ

j“1

“

wpUj , t, bqd
2
MpVj , zq

‰

´ E
“

wpU, t, bqd2
MpV, zq

‰

,

we have Jt “ J
p1q
t ` J

p2q
t .

For J p1qt , note that

ˇ

ˇ

ˇ
J
p1q
t pzq ´ J

p1q
t prνbptqq

ˇ

ˇ

ˇ
ď 2diampMqdMpz, rνbptqqm

´1
m
ÿ

j“1

| pwpUj , t, bq´wpUj , t, bq|,

for all z PM and t P T . Hence, given δ ą 0, it holds on BR,m that

(S.19) sup
tPT

sup
dMpz,rνbptqqăδ

ˇ

ˇ

ˇ
J
p1q
t pzq ´ J

p1q
t prνbptqq

ˇ

ˇ

ˇ
ď 2diampMqRδϑm.

For J p2qt , given any z PM, t P T and δ ą 0, define functions gt,z : T ˆMÑ R
by

gt,zps, z
1q “ wps, t, bq

“

d2
Mpz

1, zq ´ d2
Mpz

1, rνbptqq
‰

, s P T , z1 PM,

and a function class

Gb,δ “ tgt,z : dMpz, rνbptqq ă δ, t P T u .
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For any t1, t2 P T and zl P Bδprνbptlqq for l “ 1, 2,
ˇ

ˇgt1,z1ps, z
1q ´ gt2,z2ps, z

1q
ˇ

ˇ

ď 2diampMq pdMpz1, z2q ` dMprνbpt1q, rνbpt2qqq sup
tPT

|wps, t, bq|

` 2diampMqδ sup
sPT

|wps, t1, bq ´ wps, t2, bq| .

By (S.7) and (R1),

(S.20) lim sup
bÑ0

sup
s,tPT , |s´t|ăδ

dMprνbpsq, rνbptqq Ñ 0, as δ Ñ 0.

For small |t1 ´ t2| such that dMprνbpt1q, rνbpt2qq ă r2, by (R3), it holds that
as bÑ 0,

2c2dMprνbpt1q, rνbpt2qq
β2 ď 2 sup

zPM

ˇ

ˇ

ˇ

rLbpz, t1q ´ rLbpz, t2q
ˇ

ˇ

ˇ

ď 2diampMq2 sup
sPT

|wps, t1, bq ´ wps, t2, bq|.

Noting that

sup
sPT

|wps, t1, bq ´ wps, t2, bq| “ |t1 ´ t2|Opb
´2q

by (K0) and (R0), there exists a constant C ą 0 such that for small |t1´ t2|,
ˇ

ˇgt1,z1ps, z
1q ´ gt2,z2ps, z

1q
ˇ

ˇ ď C rdMpz1, z2q ` dT pt1, t2qsDb,δpsq,

where dT : T ˆ T Ñ r0,`8q is a metric on T defined as

dT pt1, t2q “ max
!

b´2|t1 ´ t2|, pb
´2|t1 ´ t2|q

1{β2
)

, t1, t2 P T ,

with a function

Db,δps, zq “ sup
tPT

|wps, t, bq| ` δ, s P T .

It is not difficult to verify that dT is indeed a metric.
An envelope function Gb,δ : T ˆMÑ R for the function class Gb,δ is

Gb,δps, zq “ 2diampMqδ sup
tPT

|wps, t, bq|, s P T .

Denoting the joint distribution of pU, V q by F , the L2
F norm } ¨ }F is given

by }g}F “ rEpgpU, V q2qs1{2, for any function g : T ˆM Ñ R. The envelope
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function entails }Gb,δ}F “ Opδb´1q, by (K0) and (R0). Furthermore, by
Theorem 2.7.11 of van der Vaart and Wellner (1996), for ε ą 0, the ε}Gb,δ}F
bracketing number of the function class Gb,δ can be bounded as follows,

Nrs pε}Gb,δ}F ,Gb,δ, } ¨ }F q

“ Nrs

ˆ

2
ε}Gb,δ}F
2}Db,δ}F

}Db,δ}F ,Gb,δ, } ¨ }F
˙

ď N

ˆ

ε}Gb,δ}F
2}Db,δ}F

, tpt, zq : z P Bδprνbptqq, t P T u, dT ˆM
˙

ď N

ˆ

ε}Gb,δ}F
4}Db,δ}F

, T , dT
˙

¨ sup
tPT

N

ˆ

ε}Gb,δ}F
4}Db,δ}F

, Bδprνbptqq, dM

˙

,

where dT ˆMppt1, z1q, pt2, z2qq “ dT pt1, t2q`dMpz1, z2q, for any t1, t2 P T and
z1, z2 PM. Therefore,
(S.21)

Nrs pε}Gb,δ}F ,Gb,δ, } ¨ }F q ď C1pεδb
2q´C0 sup

tPT
N pC2εδ, Bδprνbptqq, dMq ,

where C0, C1, C2 ą 0 are constants only depending on β2, noting that
}Gb,δ}F{}Db,δ}F „ δ. In conjunction with (2.5), to be shown later, for b
sufficiently small, there exists a constant C3 ą C2 such that Bδprνbptqq Ă
BC3δpνptqq, for any δ ą 0 and t P T . Choose η in (S.5) such that (R2) holds
for all r ď C3η. Observing that

ż 1

0
sup
tPT

b

1` logN pC2εδ, BC3δpνptqq, dMqdε

“
C3

C2

ż C2{C3

0
sup
tPT

b

1` logN pεC3δ,BC3δpνptqq, dMqdε

ď
C3

C2

ż 1

0
sup
tPT

b

1` logN pεC3δ,BC3δpνptqq, dMqdε,

(S.21) implies for any δ ď η,
ż 1

0

b

1` logNrs pε}Gb,δ}F ,Gb,δ, } ¨ }F qdε

ď

ż 1

0
sup
tPT

a

1` logN pC2εδ, Bδprνbptqq, dMqdε`

ż 1

0

a

´C0 logpεδb2q ` logC1dε

“ O

ˆ

I `
ż 1

0

a

´ logpδbq ´ log εdε

˙

“ O
´

a

´ logpδbq
¯

,
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with I being the integral in (R2). By Theorem 2.14.2 of van der Vaart and
Wellner (1996),
(S.22)

E

˜

sup
tPT

sup
dMpz,rνbptqqăδ

ˇ

ˇ

ˇ
J
p2q
t pzq ´ J

p2q
t prνbptqq

ˇ

ˇ

ˇ

¸

“ O
´

δb´1
a

´ logpδbqm´1{2
¯

“ O
´

δ2´υpmb2q´1{2 ` δpmb2q´1{2
a

´ log b
¯

.

Combining (S.19) and (S.22), it holds that

(S.23)
E

˜

I pBR,mq sup
tPT

sup
dMpz,rνbptqqăδ

|Jtpzq ´ Jtprνbptqq|

¸

ď Cpmb2q´1{2
´

δ2´υ ` δ
a

´ log b
¯

,

where C ą 0 is a constant depending on R and the entropy integral in (R2).
Note that on Dk,t, it holds that dMpz, rνbptqq ă p2ka´1

m q
2{β2 . Hence, (S.17)

can be bounded by

C
ÿ

ką`
2kďη̃am

2´2pk´1qa2
mpmb

2q´1{2
”

p2ka´1
m q

2p2´υq{β2 ` p2ka´1
m q

2{β2
a

´ log b
ı

ď 4Ca2pβ2´2`υq{β2
m pmb2q´1{2

ÿ

ką`

2´2kpβ2´2`υq{β2

` 4Ca2pβ2´1q{β2
m pmb2q´1{2

a

´ log b
ÿ

ką`

2´2kpβ2´1q{β2 ,

which converges to 0 as `Ñ8, since β2, υ ą 1. Thus,

sup
tPT

dM prνbptq, pνmptqq “ OP

´

a´2{β2
m

¯

,

and (2.6) follows.
Next we establish (2.5). By (S.13) and (R1), dMpνptq, rνbptqq “ op1q, as bÑ

0, for any t P T . By (2.4) and the compactness of T , the conditional Fréchet
mean trajectory ν is dM-continuous at any t P T and hence uniformly dM-
continuous on T . In conjunction with (S.20), suptPT dMpνptq, rνbptqq “ op1q
follows. Let gz,t : T Ñ R be a function defined as gz,tpsq “ Lpz, sq´Lpνptq, sq,
for s P T . For any δ ą 0, (S.9) and (S.12), in conjunction with (K0), (R0),
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and the boundedness of M,

sup
tPT

sup
dMpz,νptqqăδ

ˇ

ˇ

ˇ
prLb ´ Lqpz, tq ´ prLb ´ Lqpνptq, tq

ˇ

ˇ

ˇ

“ sup
tPT

sup
dMpz,νptqqăδ

ˇ

ˇE
“

wpU, t, bq
`

gz,tpUq ´ gz,tptq ´ pU ´ tqg
1
z,tptq

˘‰ˇ

ˇ

ď
1

2
b2 sup

tPT
E

«

|wpU, t, bq|

ˆ

U ´ t

b

˙2
ff

¨ sup
tPT

sup
dMpz,νptqqăδ

|φpz, tq ´ φpνptq, tq|

“ Opb2δq,

with φpz, tq defined as per (S.10). Set qb “ b´β1{pβ1´1q. Using similar argu-
ments as given in the proof of (2.6), there exists a constant C ą 0 such that
for small b,

I
ˆ

qb sup
tPT

dM pνptq, rνbptqq
β1{2 ą 2`

˙

ď C
ÿ

ką`

b2p2kq´1
b q

2{β1

22pk´1qq´2
b

“ 4C
ÿ

ką`

2´2kpβ1´1q{β1 ,

which converges to 0 as `Ñ8, and hence (2.5) follows.
Lastly, we note that for any γ P p0, 0.5q, if b „ m´γ , then

pmb2p´ log bq´1q´1{r2pβ2´1qs

pmb2q´1{r2pβ12´1qs
„

plogmq1{r2pβ2´1qs

mp0.5´γqrpβ2´1q´1´pβ12´1q´1s
Ñ 0, as mÑ8.

With b „ m´pβ1´1q{p2β1`4β12´6q, it holds that b2{pβ1´1q „ pmb2q´1{r2pβ12´1qs „

m´1{pβ1`2β12´3q, whence (2.7) follows, completing the proof.

S.2. Proofs of the uniform convergence of local Fréchet regres-
sion with random targets as in Section 3.

Proof of Theorem 2. Given any fixed ε ą 0, define

am “ min
!

pmb2qβ2{r4pβ2´1`ε{2qs, rmb2p´ log bq´1sβ2{r4pβ2´1qs
)

.

We show for the bias and stochastic parts respectively that

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,bptq

¯

“ O
´

b2{pβ1´1q
¯

,(S.24)

lim sup
mÑ8

sup
ω1PΩ1

PΩ2

ˆ

am sup
tPT

dM

´

rYω1,bptq,
pYω1,mptq

¯β2{2
ą C

˙

Ñ 0, as C Ñ8.

(S.25)
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Observing that

sup
tPT

dM

´

Y ptq, rY ptq
¯

ď sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,bptq

¯

,

lim sup
mÑ8

P

ˆ

sup
tPT

dM

´

rY ptq, pY ptq
¯

ą Ca´2{β2
m

˙

ď lim sup
mÑ8

sup
ω1PΩ1

PΩ2

ˆ

am sup
tPT

dM

´

rYω1,bptq,
pYω1,mptq

¯β2{2
ą C

˙

,

(3.8) follows, which implies (3.9) if b „ m´pβ1´1q{p2β1`4β2´6`2εq.
For (S.24), we note that for any given ω1 P Ω1, and t P T , dMpYω1ptq,

rYω1,bptqq “
op1q, as bÑ 0, by Theorem 1. We note that by (K0) and (U0),

(S.26) sup
tPT

EΩ2

“

|vpT, t, bq|pT ´ tq2b´2
‰

“ Op1q, as nÑ8.

Defining

(S.27) φω1pz, tq “
B2Mω1

Bt2
pz, tq,

it holds following similar arguments as given in the proof of (S.12) that

(S.28) φω1pz, tq “

ż

d2
Mpz

1, zq
B2

Bt2

«

fT |Zω1 pt, z
1q

fT ptq

ff

dFZω1 pz
1q.

In conjunction with (U0) and the boundedness of M,

(S.29) sup
ω1PΩ1, tPT , zPM

|φω1pz, tq| ă 8,

whence we obtain

sup
ω1PΩ1, tPT

ˇ

ˇ

ˇ

ĂMω1,bpz, tq ´Mω1pz, tq
ˇ

ˇ

ˇ

ď
1

2
b2 sup

tPT
EΩ2

«

|vpT, t, bq|

ˆ

T ´ t

b

˙2
ff

sup
ω1PΩ1, tPT , zPM

|φω1pz, tq|

“ Opb2q.

This implies supω1PΩ1, tPT dMpYω1ptq,
rYω1,bptqq “ op1q under (U1). Further-

more, by (S.26) and (S.28), there exists a constant C ą 0 such that for m
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large enough,
(S.30)

sup
ω1PΩ1, tPT

sup
dMpz,Yω1 ptqqăδ

ˇ

ˇ

ˇ
pĂMω1,b ´Mω1qpz, tq ´ p

ĂMω1,b ´Mω1qpYω1ptq, tq
ˇ

ˇ

ˇ

ď
1

2
b2 sup

tPT
EΩ2

«

|vpT, t, bq|

ˆ

T ´ t

b

˙2
ff

¨ sup
ω1PΩ1
tPT

sup
dMpz,Yω1 ptqqăδ

|φω1pz, tq ´ φω1pYω1ptq, tq|

ď Cb2δ.

Using similar arguments as given in the proof of (2.5), with qb “ b´β1{pβ1´1q,
there exists a constant C ą 0 such that for large m,

I
ˆ

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,bptq

¯β1{2
ą 2`q´1

b

˙

ď C
ÿ

ką`

b2p2kq´1
b q

2{β1

22pk´1qq´2
b

“ 4C
ÿ

ką`

2´2kpβ1´1q{β1 ,

which converges to zero as `Ñ8, whence (S.24) follows.
Next, we establish (S.25). Let η be the minimum integer not less than

log2pamdiampMqβ2{2 ` 1q, and for any R ą 0, define sets

(S.31) BR,m “

#

sup
tPT

m´1
m
ÿ

j“1

|pvpTj , t, bq ´ vpTj , t, bq| ď Rϑm

+

.

For any ` P N`, considering m large enough such that η ą `,
(S.32)

sup
ω1PΩ1

PΩ2

ˆ

am sup
tPT

dM

´

rYω1,bptq,
pYω1,mptq

¯β2{2
ą 2`

˙

ď PΩ2pB
c
R,mq

`
ÿ

`ăkďη

sup
ω1PΩ1

PΩ2

ˆ"

2k´1 ď am sup
tPT

dM

´

rYω1,bptq,
pYω1,mptq

¯β2{2
ă 2k

*

XBR,m

˙

.

Under (K0) and (U0), it follows from similar arguments as given in the proof
of Theorem B of Silverman (1978) that there exists R ą 0 with PΩ2pB

c
R,mq “

0, for m large enough. Regarding the convergence of the second term on the
right hand side of (S.32), using similar arguments as given in the proof of
(2.6), it holds for

J
p2q
t,ω1
pzq “ m´1

m
ÿ

j“1

rvpTj , t, bqd
2
MpZω1j , zqs ´ EΩ2rvpT, t, bqd

2
MpZω1 , zqs
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that

E

¨

˝sup
tPT

sup
dMpz,rYω1,bptqqăδ

ˇ

ˇ

ˇ
J
p2q
t,ω1
pzq ´ J

p2q
t,ω1
prYω1,bptqq

ˇ

ˇ

ˇ

˛

‚

“ O
´

δ2´υpmb2q´1{2 ` δpmb2q´1{2
a

´ log b
¯

,

where theO term is uniform over ω1 P Ω1, by (S.24), (U1) and Theorem 2.14.2
of van der Vaart and Wellner (1996). Under (K0) and (U0)–(U3), the second
term on the right hand side of (S.32) can be bounded by

C
ÿ

`ăkďη

2´2pk´1qa2
mpmb

2q´1{2
”

p2ka´1
m q

2p1´ε{2q{β2 ` p2ka´1
m q

2{β2
a

´ log b
ı

ď 4Ca2pβ2´1`ε{2q{β2
m pmb2q´1{2

ÿ

ką`

2´2kpβ2´1`ε{2q{β2

` 4Ca2pβ2´1q{β2
m pmb2q´1{2

a

´ log b
ÿ

ką`

2´2kpβ2´1q{β2

ď 4C
ÿ

ką`

2´2kpβ2´1`ε{2q{β2 ` 4C
ÿ

ką`

2´2kpβ2´1q{β2 ,

which converges to zero as `Ñ8, whence (S.25) follows.

S.3. Proofs of results in Section 4.

Proof of Corollary 1. By (4.1), (4.2), and (D1),

Λpptminq ´ Λptminq ď Λpptminq ´ Λptminq ` pΛptminq ´ pΛpptminq

ď 2 sup
tPT

|pΛptq ´ Λptq| ď 2C1 sup
tPT

dMppνmptq, νptqq
α1 .

This implies |ptmin ´ tmin| “ oP p1q in conjunction with (D2) and Theorem 1,
whence (4.3) follows under (D3).

S.4. Proofs of results in Section 5. We first present two auxiliary
results (Lemmas S.1 and S.2), where Lemma S.1 is needed for the proof of
Lemma S.2, and Lemma S.2 implies that the coefficient vector θgi1i is the
unique minimizer of Cµ given in (5.10) under certain constraints. This will
be used to derive the rate of convergence for the M-estimator pθgi1i of the
coefficient vector in Theorem 3.

Lemma S.1. For any g, g˚ PW such that dMpµpgptqq, µpg˚ptqqq “ 0, for
all t P T , where µ satisfies (W1)–(W2), it holds that

gptq “ g˚ptq, for all t P T .
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Proof. Suppose there exists x0 P p0, τq such that gpx0q ‰ g˚px0q. With-
out loss of generality, we assume gpx0q ă g˚px0q. Let t0 “ gpx0q. We define
a sequence ttku8k“1 iteratively by

(S.33) tk “ g˚pg´1ptk´1qq, for k “ 1, 2, . . .

Then it can be shown by induction that ttku8k“1 is a strictly increasing se-
quence, whence there exists t˚ P T such that tk Ò t˚ as k Ñ 8, since
ttku

8
k“1 Ă T “ r0, τ s. Due to the continuity of g and g˚, taking k Ñ 8

on both sides of (S.33) provides t˚ “ g˚pg´1pt˚qq. Let x˚ “ g´1pt˚q, then
t˚ “ gpx˚q “ g˚px˚q. Furthermore, for all k “ 1, 2, . . . ,

(S.34) dM pµptkq, µptk´1qq “ dM
`

µpg˚pg´1ptk´1qqq, µpgpg
´1ptk´1qq

˘

“ 0,

since dMpµpgptqq, µpg˚ptqqq “ 0, for all t P T . By (W2), there exists s0 P

pt0, t1q such that

(S.35) dM pµps0q, µpt0qq “ dM pµps0q, µpt1qq ą 0.

Similarly, we can iteratively define another sequence sk “ g˚pg´1psk´1qq,
for k “ 1, 2, . . . , for which it also holds that sk Ò t˚ as k Ñ 8 and
dMpµpskq, µpsk´1qq “ 0, for all k “ 1, 2, . . . By (S.34), dMpµpt0q, µpt˚qq “
dMpµptkq, µpt

˚qq for all k “ 1, 2, . . . Taking k Ñ8 yields dMpµpt0q, µpt˚qq “
limkÑ8 dMpµptkq, µpt

˚qq “ 0, by (W1). Similarly, it can be verified that
dMpµps0q, µpt

˚qq “ 0, whence we obtain dMpµps0q, µpt0qq “ 0, which con-
tradicts (S.35).

Lemma S.2. Suppose (W1)–(W3) hold. For any i, i1 “ 1, . . . , n, such
that i ‰ i1, the coefficient vector θgi1i corresponding to the pairwise warping
function gi1i is the unique minimizer of the following constrained optimization
problem
(S.36)

min
θPRp`1

Cµpθ;hi1 , hiq,

subject to I0pθq “ θp`1 ´ τ “ 0, Ikpθq “ θk´1 ´ θk ` ξ ď 0, k “ 1, 2, . . . , p` 1,

where Cµ is as per (5.10), θ “ pθ1, . . . , θp`1q
J P Rp`1, θ0 “ 0, and ξ P

p0, cC´1τ{pp` 1qq is a constant, with c and C as per (W3).

Proof. Considering the fact that Cµpθ;hi1 , hiq ě 0, for all θ P Rp`1, and
that Cµpθgi1i ;hi, hi1q “ 0, since h´1

i1 pθ
J
gi1i
Aptqqq “ h´1

i1 phi1ph
´1
i ptqqq “ h´1

i ptq,
θgi1i is a constrained minimizer of the optimization problem in (S.36) in con-
junction with (W3); it suffices to show the uniqueness. Suppose θ˚ is a con-
strained minimizer of Cµp¨;hi1 , hiq. The Lagrangian function corresponding
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to (S.36) is Lµpθ;hi1 , hiq “ Cµpθ;hi1 , hiq `
řp`1
k“0 ζkIkpθq, where ζ0 P R, and

ζk ě 0 for k “ 1, . . . , p`1. By the Karush–Kuhn–Tucker condition (Karush,
1939; Kuhn and Tucker, 1951), there exist ζ˚k ě 0, k “ 0, 1, . . . , p ` 1,
such that ∇Cµpθ˚;hi1 , hiq `

řp`1
k“0 ζ

˚
k∇Ikpθ˚q “ 0 and ζ˚k Ikpθ˚q “ 0 for

k “ 1, . . . , p ` 1. By (W3), it holds that ∇Cµpθ˚;hi1 , hiq “ 0, which, in
conjunction with (W2) and (W3), implies

dM
`

µph´1
i1 rθ

J
˚Aptqsq, µph

´1
i ptqq

˘

“ 0,

almost everywhere on T and hence for all t P T by (W1) and the continuity
of hi and hi1 . Applying Lemma S.1 yields

h´1
i1 rθ

J
˚Aptqs “ h´1

i ptq, for all t P T ,

and hence

θJ˚Aptq “ hi1 ˝ h
´1
i ptq “ θJgi1iAptq, for all t P T .

For any k “ 0, 1, . . . , p and t P rtk, tk`1q,

θJ˚Aptq “ pθ˚qk`1
t´ tk

tk`1 ´ tk
´ pθ˚qk

t´ tk`1

tk`1 ´ tk
,

θJgi1iAptq “ pθgi1iqk`1
t´ tk

tk`1 ´ tk
´ pθgi1iqk

t´ tk`1

tk`1 ´ tk
.

If there exists k0 P t0, 1, . . . , pu such that pθgi1iqk0 ‰ pθ˚qk0 , then pθgi1iqk ‰
pθ˚qk, for all k “ k0, . . . , p`1, which is contradictory to pθgi1iqp`1 “ pθ˚qp`1 “

τ . Thus, θ˚ “ θgi1i .

Proof of Theorem 3. For any i, i1 “ 1, . . . , n such that i ‰ i1, a Taylor
expansion yields

Cµpθ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq

“
1

2
pθ ´ θgi1iq

J B
2Cµ

BθBθJ
pθgi1i ;hi1 , hiqpθ ´ θgi1iq ` o

`

}θ ´ θgi1i}
2
˘

“
1

2

ż

T

«

B2d2
µ

Bs2
ps, h´1

i ptqq
1

h1i1psq
2

ff

s“h´1
i1
pθJg

i1i
Aptqq

“

pθ ´ θgi1iq
JAptq

‰2
dt` o

`

}θ ´ θgi1i}
2
˘

ě
1

2
C´2

«

inf
s“tPT

B2d2
µ

Bs2
ps, tq

ff

ż

T

“

pθ ´ θgi1iq
JAptq

‰2
dt` o

`

}θ ´ θgi1i}
2
˘

,

as }θ ´ θgi1i} Ñ 0, where C is as per (W3), and

inf
s“tPT

pB2dµ{Bs
2qps, tq “ inf

s“tPT
2rpBdµ{Bsqps, tqs

2 ą 0
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by (W2). Noting that
ş

T AptqAptq
Jdt is positive definite, there exist δ0 ą 0

such that for all θ P Bδ0pθgi1iq,

Cµpθ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq ě
1

4
C´2

«

inf
s“tPT

B2d2
µ

Bs2
ps, tq

ff

λAmin}θ ´ θgi1i}
2,

where λAmin ą 0 is the smallest eigenvalue of
ş

T AptqAptq
Jdt, and Bδpθgi1iq

is a ball of radius δ centered at θgi1i . Furthermore, by Lemma S.2 and the
compactness of the feasible region

Θξ :“ tθ P Rp`1 : θk ´ θk´1 ě ξ, k “ 1, . . . , p` 1, θp`1 “ τu Ă Θ

of the optimization problem in (S.36), it holds for any δ ą 0 that

inf
ΘξXBδpθgi1i

qc
Cµpθ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq ą 0.

Observing that }θ ´ θgi1i}
2 ď pτ2, let

C0 “ min

#

1

4
C´2 inf

s“tPT

B2d2
µ

Bs2
ps, tqλAmin, ppτ

2q´1 inf
ΘξXBδ0 pθgi1i

qc

“

Cµpθ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq
‰

+

,

where we note that C0 ą 0 and

Cµpθ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq ě C0}θ ´ θgi1i}
2, for all θ P Θξ.

By (5.7), pθgi1i minimizes C
pY ,λ
pθ; pYi1 , pYiq subject to the constraint θ P Θξ for

some ξ P p0, cC´1τ{pp` 1qq, whence we obtain
(S.37)
}pθgi1i ´ θgi1i}

ď C
´1{2
0

”

Cµppθgi1i ;hi1 , hiq ´ Cµpθgi1i ;hi1 , hiq ` C
pY ,λ
pθgi1i ;

pYi1 , pYiq ´ C
pY ,λ
ppθgi1i ;

pYi1 , pYiq
ı1{2

ď
?

2C
´1{2
0 sup

θPΘ

ˇ

ˇ

ˇ
C

pY ,λ
pθ; pYi1 , pYiq ´ Cµpθ;hi1 , hiq

ˇ

ˇ

ˇ

1{2
.

Furthermore, noting that
ˇ

ˇ

ˇ
C

pY ,λ
pθ; pYi1 , pYiq ´ Cµpθ;hi1 , hiq

ˇ

ˇ

ˇ

ď

ż

T

ˇ

ˇ

ˇ
d2
M

´

pYiptq, pYi1pθ
JAptqq

¯

´ d2
M

`

µph´1
i ptqq, µph

´1
i1 rθ

JAptqsq
˘

ˇ

ˇ

ˇ
dt` λ

ż

T

`

θJAptq ´ t
˘2

dt

ď 2diampMq

ż

T

ˇ

ˇ

ˇ
dM

´

pYiptq, pYi1pθ
JAptqq

¯

´ dM
`

Yiptq, Yi1pθ
JAptqq

˘

ˇ

ˇ

ˇ
dt`

τ3

3
λ

ď 2diampMq

ż

T

”

dM

´

pYiptq, Yiptq
¯

` dM

´

pYi1pθ
JAptqq, Yi1pθ

JAptqq
¯ı

dt`
τ3

3
λ,



17

(S.37) can be bounded as

}pθgi1i ´ θgi1i}

ď

ˆ

4diampMqτ

C0

˙1{2 „

sup
tPT

dM

´

pYiptq, Yiptq
¯1{2

` sup
tPT

dM

´

pYi1ptq, Yi1ptq
¯1{2



`

ˆ

2τ3

3C0

˙1{2

λ1{2,

whence (5.11) follows by Theorem 2, and hence (5.12) follows by observing
that

sup
tPT

|pgi1iptq ´ gi1iptq| “ sup
tPT

|ppθgi1i ´ θgi1iq
JAptq| ď }pθgi1i ´ θgi1i},

since suptPT |Akptq| ď 1, for all k “ 1, . . . , p` 1.

Proof of Corollary 2. With bi „ m
´p1´ε1qpβ1´1q{p2β1`4β2´6`2εq
i , (5.13)

follows from (3.8) in Theorem 2. We only need to show (5.14).
Given any fixed ε ą 0 and ε1 P p0, 1q, define γ “ ε1β2{r4pβ2 ´ 1 ` ε{2qs,

and

ami “ min
!

pmib
2
i q
β2{r4pβ2´1`ε{2qs, rmib

2
i p´ log biq

´1sβ2{r4pβ2´1qs
)

.

We show that for the bias part,
(S.38)

sup
1ďiďn

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,biptq

¯

“ O

ˆ

sup
1ďiďn

b
2{pβ1´1q
i

˙

“ O
´

b2{pβ1´1q
¯

,

and for the stochastic part,
(S.39)

lim sup
nÑ8

n
ÿ

i“1

sup
ω1PΩ1

PΩ2

ˆ

amim
´γ
i sup

tPT
dM

´

rYω1,biptq,
pYω1,miptq

¯β2{2
ą C

˙

Ñ 0, as C Ñ8.

For each i “ 1, . . . , n, and t P T , define rYiptq : Ω1 ÑM as

rYiptqpω1q “ rYω1,biptq.
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Observing that

n´1
n
ÿ

i“1

sup
tPT

dM

´

Yiptq, rYiptq
¯α
ď

„

sup
1ďiďn

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,biptq

¯

α

,

lim sup
nÑ8

P

˜

n´1
n
ÿ

i“1

sup
tPT

dM

´

rYiptq, pYiptq
¯α
ą C sup

1ďiďn
pamim

´γ
i q

´2α{β2

¸

ď lim sup
nÑ8

n
ÿ

i“1

P

ˆ

sup
tPT

dM

´

rYiptq, pYiptq
¯

ą Cpamim
´γ
i q

´2{β2

˙

ď lim sup
nÑ8

n
ÿ

i“1

sup
ω1PΩ1

PΩ2

ˆ

amim
´γ
i sup

tPT
dM

´

rYω1,biptq,
pYω1,miptq

¯β2{2
ą C

˙

,

(5.14) follows if bi „ m
´p1´ε1qpβ1´1q{p2β1`4β2´6`2εq
i .

For (S.38), we first show

sup
1ďiďn

sup
ω1PΩ1, tPT

dMpYω1ptq,
rYω1,biptqq “ op1q.

By the Cauchy criterion for uniform convergence, it suffices to show
(S.40)

sup
ω1PΩ1, tPT

ˇ

ˇ

ˇ

ˇ

sup
1ďiďn

dM

´

Yω1ptq,
rYω1,biptq

¯

´ sup
1ďi1ďn1

dM

´

Yω1ptq,
rYω1,bi1

ptq
¯

ˇ

ˇ

ˇ

ˇ

Ñ 0,

as n, n1 Ñ8. We note that by (K0), (U0), and (W4),

(S.41) sup
1ďiďn

sup
tPT

EΩ2

“

|vpT, t, biq|pT ´ tq
2b´2
i

‰

“ Op1q, as nÑ8,

whence in conjunction with (S.29) we obtain

sup
1ďiďn

sup
ω1PΩ1, tPT

zPM

ˇ

ˇ

ˇ

ĂMω1,bipz, tq ´Mω1pz, tq
ˇ

ˇ

ˇ

ď
1

2
sup

1ďiďn
b2i sup

1ďiďn
sup
tPT

EΩ2

«

|vpT, t, biq|

ˆ

T ´ t

bi

˙2
ff

sup
ω1PΩ1, tPT

zPM

|φω1pz, tq|

“ O
`

bpnq2
˘

,

where φω1 is defined as per (S.27). Hence,

sup
1ďiďn, 1ďi1ďn1

sup
ω1PΩ1, tPT

zPM

ˇ

ˇ

ˇ

ĂMω1,bipz, tq ´
ĂMω1,bi1

pz, tq
ˇ

ˇ

ˇ

ď sup
1ďiďn

sup
ω1PΩ1, tPT

zPM

ˇ

ˇ

ˇ

ĂMω1,bipz, tq ´Mω1pz, tq
ˇ

ˇ

ˇ
` sup

1ďi1ďn1
sup

ω1PΩ1, tPT
zPM

ˇ

ˇ

ˇ

ĂMω1,bi1
pz, tq ´Mω1pz, tq

ˇ

ˇ

ˇ

“ O
`

bpnq2
˘

`O
`

bpn1q2
˘

,
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as n, n1 Ñ8. Observing that

sup
ω1PΩ1, tPT

ˇ

ˇ

ˇ

ˇ

sup
1ďiďn

dM

´

Yω1ptq,
rYω1,biptq

¯

´ sup
1ďi1ďn1

dM

´

Yω1ptq,
rYω1,bi1

ptq
¯

ˇ

ˇ

ˇ

ˇ

ď sup
ω1PΩ1, tPT

sup
1ďiďn, 1ďi1ďn1

ˇ

ˇ

ˇ
dM

´

Yω1ptq,
rYω1,biptq

¯

´ dM

´

Yω1ptq,
rYω1,bi1

ptq
¯ˇ

ˇ

ˇ

ď sup
ω1PΩ1, tPT

sup
1ďiďn, 1ďi1ďn1

dM

´

rYω1,biptq,
rYω1,bi1

ptq
¯

,

(S.40) follows in conjunction with (U1).
Using similar arguments as given in the proof of (2.5), with qbi “ b

´β1{pβ1´1q
i ,

by (S.30), there exists a constant C ą 0 such that for large n,

I
ˆ

sup
1ďiďn

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,biptq

¯β1{2
ą 2` sup

1ďiďn
q´1
bi

˙

ď sup
1ďiďn

I
ˆ

sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,biptq

¯β1{2
ą 2` sup

1ďiďn
q´1
bi

˙

ď sup
1ďiďn

I
ˆ

qbi sup
ω1PΩ1

sup
tPT

dM

´

Yω1ptq,
rYω1,biptq

¯β1{2
ą 2`

˙

ď sup
1ďiďn

C
ÿ

ką`

b2i p2
kq´1
bi
q2{β1

22pk´1qq´2
bi

“ 4C
ÿ

ką`

2´2kpβ1´1q{β1 ,

which converges to zero as `Ñ8, whence (S.38) follows.
Furthermore, by (W4), replacing am with amim

´γ
i in the proof of (S.25)

yields

lim sup
nÑ8

n
ÿ

i“1

sup
ω1PΩ1

PΩ2

ˆ

amim
´γ
i sup

tPT
dM

´

rYω1,biptq,
pYω1,miptq

¯β2{2
ą 2`

˙

ď 4C
ÿ

ką`

2´2kpβ2´1`ε{2q{β2 lim sup
nÑ8

n
ÿ

i“1

m
´2γpβ2´1`ε{2q{β2
i

` 4C
ÿ

ką`

2´2kpβ2´1q{β2 lim sup
nÑ8

n
ÿ

i“1

m
´2γpβ2´1q{β2
i

ď 4C
ÿ

ką`

2´2kpβ2´1`ε{2q{β2 lim sup
nÑ8

nm´2γpβ2´1`ε{2q{β2

` 4C
ÿ

ką`

2´2kpβ2´1q{β2 lim sup
nÑ8

nm´2γpβ2´1q{β2 ,

which converges to zero as `Ñ8, whence (S.39) follows.
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Proof of Corollary 3. By (5.9) and Theorem 3,

sup
tPT

ˇ

ˇ

ˇ

ph´1
i ptq ´ h

´1
i ptq

ˇ

ˇ

ˇ
ď

1

n

n
ÿ

i1“1

sup
tPT

|pgi1iptq ´ gi1iptq| ` sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i1“1

gi1iptq ´ h
´1
i ptq

ˇ

ˇ

ˇ

ˇ

ˇ

.

By Theorem 2.7.5 of van der Vaart and Wellner (1996),

sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i1“1

gi1iptq ´ h
´1
i ptq

ˇ

ˇ

ˇ

ˇ

ˇ

“ sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i1“1

hi1ptq ´ t

ˇ

ˇ

ˇ

ˇ

ˇ

“ sup
tPT

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i1“1

hi1ptq ´ Ephi1ptqq

ˇ

ˇ

ˇ

ˇ

ˇ

“ OP

´

n´1{2
¯

.

Observing that

1

n

n
ÿ

i1“1

sup
tPT

|pgi1iptq ´ gi1iptq| ď
1

n

n
ÿ

i1“1

}pθgi1i ´ θgi1i}

ď const.

«

sup
tPT

dM

´

pYiptq, Yiptq
¯1{2

` n´1
n
ÿ

i1“1

sup
tPT

dM

´

pYi1ptq, Yi1ptq
¯1{2

` λ1{2

ff

,

it follows from Corollary 2 that

sup
tPT

ˇ

ˇ

ˇ

ph´1
i ptq ´ h

´1
i ptq

ˇ

ˇ

ˇ
“ O

´

λ1{2
¯

`OP

´

m´p1´ε
1q{r2pβ1`2β2´3`εqs

¯

`OP

´

n´1{2
¯

.

By (W3),

sup
tPT

ˇ

ˇ

ˇ

phiptq ´ hiptq
ˇ

ˇ

ˇ
“ sup

tPT

ˇ

ˇ

ˇ

phipph
´1
i ptqq ´ hip

ph´1
i ptqq

ˇ

ˇ

ˇ
“ sup

tPT

ˇ

ˇ

ˇ
t´ hipph

´1
i ptqq

ˇ

ˇ

ˇ

ď C sup
tPT

ˇ

ˇ

ˇ
h´1
i ptq ´ h

´1
i phip

ph´1
i ptqqq

ˇ

ˇ

ˇ
“ C sup

tPT

ˇ

ˇ

ˇ
h´1
i ptq ´

ph´1
i ptq

ˇ

ˇ

ˇ
,

whence (5.15) follows. Furthermore, observing that

dM

´

pYipphiptqq, Yiphiptqq
¯

ď dM

´

pYipphiptqq, Yipphiptqq
¯

` dM

´

µph´1
i p

phiptqqq, µptq
¯

ď sup
tPT

dM

´

pYiptq, Yiptq
¯

` Cµ sup
tPT

ˇ

ˇ

ˇ
h´1
i p

phiptqq ´ t
ˇ

ˇ

ˇ

“ sup
tPT

dM

´

pYiptq, Yiptq
¯

` Cµ sup
tPT

ˇ

ˇ

ˇ
h´1
i ptq ´

ph´1
i ptq

ˇ

ˇ

ˇ
,

(5.16) also follows, which completes the proof.
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S.5. Simulation studies. In this section, we compare the performance
of the proposed warping method for metric valued functional data for dif-
ferent choices of the penalty parameter λ and the number of knots p. Here,
the time domain is T “ r0, 1s, and the metric space pM, dW q considered is
the Wasserstein space of continuous probability measures on r0, 1s with finite
second moments endowed with the L2-Wasserstein distance as in Example 1.
With sample size n “ 30, two cases were implemented with fixed trajectories
µ in (5.2) as follows.

Case 1: µptq “ Betapξt, γtq, where ξt “ 1.1 ` 10pt ´ 0.4q2, and γt “ 2.6 `
1.5 sinp2πt´ πq, for t P T .

Case 2: µptq “ Npξt, γ
2
t q truncated on r0, 1s, where ξt “ 0.1 ` 0.8t, and

γt “ 0.6 ` 0.2 sinp10πtq, for t P T . Specifically, the corresponding
distribution function is

Fµptqpxq “
Φppx´ ξtq{γtq ´ Φp´ξt{γtq

Φpp1´ ξtq{γtq ´ Φp´ξt{γtq
1r0,1spxq ` 1p1,`8qpxq, x P R,

where Φ is the distribution function of a standard Gaussian distribu-
tion.

We consider a family of perturbation/distortion functions tTa : a P Zzt0uu,
where Tapxq “ x´|aπ|´1 sinpaπxq, for x P R. The warping functions hi were
generated through the distortion functions Ta; specifically, hi “ Tai1 ˝Tai2 ,
where ail are independent and identically distributed for l “ 1, 2 and i “
1, . . . , n, such that

P pail “ ´kq “ P pail “ kq “ P pV2 “ kq{r2p1´ P pV2 “ 0qqs,

for any k P N`, with V2 „ Poissonp2q. We note that this generation mech-
anism ensures hi P W and Erhiptqs “ t, for any t P T . With µ and hi, the
sample trajectories Yi were computed as per (5.2).

Set the number of discrete observations per trajectory mi “ 30, for all
i “ 1, . . . , n. We sampled Tij „ UniformpT q independently, for j “ 1, . . . ,mi,
and i “ 1, . . . , n. Given a measurable function g : R Ñ R, a push-forward
measure g#z is defined as g#zpEq “ zptx : gpxq P Euq, for any distribu-
tion z P M and set E Ă R. The observed distributions Zij were generated
by adding perturbations to the trajectory evaluated at Tij , Y pTijq, through
push-forward measures; specifically Zij “ Tuij#pYipTijqq, where uij are inde-
pendent and identically distributed following Uniformt˘4π,˘5π, . . . ,˘8πu,
and are also independent of the observed times Tij , j “ 1, . . . ,mi, and
i “ 1, . . . , n.

We applied the proposed pairwise warping method to the simulated data
with Epanechnikov kernel and bandwidths bi chosen by cross-validation in
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the presmoothing step as per (5.6), where the local Fréchet regression was
implemented using the R package frechet (Chen et al., 2020). We assessed
the results through mean integrated squared errors (MISEs) for the estimated
time-synchronized trajectories pYipphip¨qq and the estimated warping functions
phi as per (5.6) and (5.9); specifically,

(S.42)

TMISE “
1

n

n
ÿ

i“1

ż

T
d2
M

´

pYipphiptqq, µptq
¯

dt,

WMISE “
1

n

n
ÿ

i“1

ż

T

´

phiptq ´ hiptq
¯2

dt.

p = 2 p = 3 p = 4 p = 9 p = 19 p = 99

T
M
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Fig S.1: Summary of TMISE (red) and WMISE (blue) as per (S.42) out of
1000 Monte Carlo runs for Case 1 (top two rows) and Case 2 (bottom two
rows).

Since too many knots will result in shape distortion of the estimated warp-
ing function (Ramsay and Li, 1998), 1000 Monte Carlo runs were conducted
for p P t2, 3, 4, 9, 19, 99u, and λ P t0uYt10l : l “ ´1, 0, 1u. Results in terms of
TMISE and WMISE for Case 1 and Case 2 are summarized in the boxplots in
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Figure S.1, the top two rows show the results for Case 1 and the bottom two
rows for Case 2. For both cases, for any given value of the number of knots
p, the proposed estimators perform almost equally well in terms of TMISE
and WMISE with small values (no more than 1) of the penalty parameter λ,
and the performance turns worse as λ increases from 1 to 10. Furthermore,
across different choices of the number of knots p, the estimators achieve the
minimum estimation errors with small p P t2, 3, 4u. Thus, the simulations
indicate that the proposed method is not sensitive to the choice of p and λ
when p and λ are relatively small, which is in agreement with findings in the
literature (Ramsay and Li, 1998; Tang and Müller, 2008).
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