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General remarks and notation. Throughout we refer to the notations introduced in the main text and
define mo = min{my,...,mg}, Mmax = max{my,...,mg}, bo =min{ly,...,lx}, and €y ax = max{ly,...,lx}.
Let Jii(mi,my) = Tu(me) 0 Ji(my) and mo < myy = |Tei(me, my)| € mi + my < 2Mypax.  Define £y

analogously. Define /\iJ =ny/(ng +n;) and

My (k1) = max  (AkaSki/of ;= ANkSiilon,)

J€Tk, 1 (my,my)

and define M,,(k,1) and M}, (k,1) analogously. Let N = |P| and suppose we enumerate the pairs in P by

(kl,ll),...,(k‘N,lN). Let m = (mkhll,...,mkNJN). Define

My = max M, (k,1),
(k,l)eP

and My, and M}, analogously. In addition, define

k=a(l-T1).
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Lastly, the constant ¢ > 0 used in the proofs below may vary from place to place; however, it does not depend

on K, N,porni,...,ng.

Remark. Under Assumption ?7, all £;, and thus all £ ; are of the same order as £, and {yax, and similarly,

all m;, and my,; are of the same order as mo, and Mpax.

Remark. It is sufficient to show that the results in the theorems hold for all large values of n. The proofs

below implicitly assume p > minj <<y 7,1, (unless otherwise stated). If p < minj<qen my then p = my,_ 1,

arlg>

for all 1 < ¢ < N, and consequently, the quantities I and III in the proof of Theorem ??, I'(X) and IIT'(X)
in the proof of Theorem ??, and I” and III” in the proof of Theorem ?? become exactly zero. In this case,

the related proofs are simplified to bounding II, II'(X) and I1"”.

A  Proof of Theorem 77?

Proof. Consider the inequality
di (L(M),L(M)) <I+I1+1II,

where we define

I=dg (L(M), L(Mm))
II= dK (E(Mm)aE(Mm)) ’
11 = di (£(Mm), L(M)) .

Then the conclusion of the theorem follows from Propositions A.1 and A.2 below. O

Proposition A.1. Under the conditions of Theorem 7?7, we have II § n-zto,

Proof. Let II denote the projection onto the coordinates indexed by J = Uk, iyep Ji,i(mr, my). Let J = |T|.
Define the J x J diagonal matrix Dy, ; = diag(ox,;: j € J). It follows that

M., (k1) = "D (A 1Sk — Mk S)).
(k1) jgggfl)eg e LAk, 1Sk = A kSt)

where e; € R” is the jth standard basis vector, and Z(k,[) denotes the row indices involving J. ;(my,m;) in
the projection II. Let €, = )\k’lD,;TlHE}C/Q, which is of size J x p.
Consider the QR decomposition E,lﬁ/ I = Qr Vi so that

Cri = QrVi( Ak Dy) = QuRy i,

pxJ

where the columns of Qf € R are an orthonormal basis for the image of € ; and Ry € R7*/. Define the



random vectors
ng
5 —1/2 T
2y =My, Z QZk,i-
i=1

Then
Dy (ki Sk = N xSh) = R;,le - RlT,kZl-

Let R™ be a JN xJK block matrix with NV x K blocks of size J x.J such that, forg=1,...,Nand k=1,..., K,

the (g, k)-block is qu,lq if k =k, is —Rlekq if k=1, and is 0 otherwise. Then

Dlzf,lln()‘k17l1sk1 - )‘ll,krl Sll)
Dl;;lgn()‘kmlzsk?, - /\lz,kzslg) _ RTZu

where Z is the (JK) x 1 column vector obtained by stacking the vectors 21, 7.

It can be checked that for any fixed t € R, there exists a Borel convex set A; ¢ R, with r = JK, such that
P(Mpm < t) =P(Z € A;). By the same reasoning, we also have P(Mp, < t) = 7,.(A; ), where 4, is the standard

Gaussian distribution on R”. Thus,
1T < sup [P(Z € A) - (A)],
Aecgf

where &7 denotes the collection of all Borel convex subsets of R”.

Now we apply Theorem 1.2 of (Bentkus, 2005), as follows. Let nq = Z§=1 n;. Define Y; € R" in the
following way: For k=1,...,K and i’ =1,...,ny, set i = ny., —ng + ¢ and set all coordinates of Y; to zero
except that Y; (jr_ji1):(ok) = ngl/zQ;Z;mv, i.e., the subvector of Y; at coordinates Jk—-J +1,...,Jk is equal

to the vector n;I/QQZZk,iH

Then Z = Y,Y;, ie, Z is a sum of n = Ziil ni independent random vectors. We also observe

that COV(Z) =1I.. For nyy —np+1 <4< nyg, 5= IEH{COV(Z)}_lYiH?’ = E|Y;|? = n;?’/QEHQZZkJ 13 <

n;?’/Q[E(Z,I 1Q1Q7 Zk,1)?]%/4, where the inequality is due to Lyapunov’s inequality. Let v; be the jth column
of Q1. If we put (; = Z] jv;, then

2
E(Z]1Q1Q1Z1,1)% =

J 2
< (Z ICfllz) S J2,
j=1

J
N
j=1

2

where we used the fact that | Z] ;v; |2 < ¢ based on Assumption ??, where ¢ > 0 is a constant depending only

on ¢y of Assumption ??. The same argument applies to the quantity E(Z, leQ;ZkJ)Q for a generic k with

~3/2
. J3/2

the same constant c¢. This implies that §; < cn for all ny.,x —ng +1 <4 < nq, and some constant ¢ >0



not depending on n. Therefore,

< g4 1+i Kﬁi < g7 Z n:/Q < N7/4mx7r{:xKn_1/2 < n_1/2+5,
i=1 k=1

where the third inequality is due to J < 2Nmpax, and the last one follows from max{K, N} < eV logn < 0

and Mmax S n® xn’ for any fixed § > 0. ]

max

Proposition A.2. Under the conditions of Theorem ??, we have I $n~"/?*% and 111 g n~1/2*9,

Proof. We only establish the bound for I, since the same argument applies to III. For any fixed ¢ € R,

[P(M <)~ P(Mm < )| = P(A(t) n B(t))

where
A(t) ={ max max MeaSkifol = NgSiilor ;) <ty
() {(k,l)ereJk,L(mk,ml)( o k’]/ kolsd bk ld/ k’l’]) }
B(t) =4 max max MotSkifol = NgSiilor ;) >ty
(t) {(kﬁl)epjejmmk,ml)( kit Sk Tk 1 = MkSLi 0T ;) }
and J;(my,m;) denotes the complement of Jy 1 (mk,my) in {1,...,p}. Also, if t; <t2, it is seen that

A(t) n B(t) c A(t2) u B(t1)
for all ¢ e R. By a union bound, we have
I1<P(A(t2)) + P(B(t1)).
Take

t1 = cm "logn

to = czcoﬁgﬁix V10g Crax

for a certain constant ¢ > 0, where we recall that ¢z € (0,1) is defined in Assumption ??. Then, P(A(t2))
and P(B(t1)) are at most of order n~"/2*9 according to Lemma A.3 below. Moreover, the inequality ¢; < to

holds for all large n, due to the definitions of l,,x, Mo, and &, as well as the condition (1-7)/logn21. O

Lemma A.3. Under the conditions of Theorem ?7, there is a positive constant ¢, not depending on n, that

can be selected in the definition of t1 and t2, so that

P(A(t)) sn 2", (S1)



and

P(B(t1)) sn™". (S2)

Proof of (S1). Let Zy; be a subset of J;(¢k, ¢;) constructed in the following way: if Ji,(¢x)nJ;(4;) contains
at least £,/2 elements, then Ty ; = J(¢x) N Ji(£1), and otherwise, Zp; = Jr () N TS (£1) when oy 4,y 2> 07 (0))
and Zy; = J(0r) 0 Ji(41) when oy, 4,y < 07,(¢,)- According to Proposition A.1 and the fact that Z; c

T (my, mp), we have
P(A(t2)) <P Nt Sk [0 1= MwSilon, ;) Sta | +11
()< ((gll???’jejk,rzr%%i,mz)( k3 [R5 = A1k 1,5) < 2)

- R s
<P| max max (Mg 1Sk j/0% 1 = MkSi/og ;) Sta|+en 2™
((kvl)EPjEIk,l( ’ J/ kil,j ’ ’7/ k7l7.7)

As op5 = \/)\2710% +/\12,kcrl27j > Api0k,j and oy, ;) 2 o~ for j € {1,...,my}, and due to Assumption ??
with ¢, € (0,1) and Assumption ?? with ¢ € (0,1), we have U,Z,’l}j < /\;7—110;7}1 < cg’léz(l_ﬂcfl <r J(eacs)
for j € Iy, ;. With an argument similar to that of Lemma B.1 of Lopes et al. (2020), we can show that

P( max max (AeiSk,i/of ;= AwSilof, ;) <tz
(k,l)ereIk.ﬁl( WSk, k,lj K515/ k,l,])

< ]P( max max()\wgk’j/ak’l,j - )\l,kgl,j/o'k,l,j) < \/logﬂmax)

(k,1)eP jely,

< Z ]P’(r_nax()\k,lghj/crk,ld - )\l,kgl,j/o'k,l,j) < vlogémax) .

(kep  \Iki

Note that the cardinality of Zj; is at least £,/2. Based on Assumption ??, for all sufficiently large n, for all
1<k <j< K, we have log({max) < 1.011ogls < 1.01%1og(2|Z;.1|) < 1.1%1og [Zy 4| . Then,

P (maX (MeiSk,j [0kt = NpSLi ok 15) SV logfmax)

7€k,
<P (]I?Iax (Ak,lgk,j/ak,l,j - )\l,kgl,j/o'k,l,j) < 1.1+/log |Ik,l|) . (83)
k1

To apply Lemma B.2 of Lopes et al. (2020), let @ denote the correlation matrix of the random variables
{)\k,lgkvj/ak,lyj - )\l,kgl,j/gk,l,j 1 1< ] ﬁp}. When Ik,l = jk(ék) n %(6[), for j77" € Ik,l; one has

MR (0)ok ks + ALk R (P)0101

Jsr =
2 2 2 2 2 2 2 2
\/)‘k,lok,j + )‘l,kal,j\//\k,lak,r + A/ KO7

2 2
Ak 10k, jOk,r + A 0101 r

2 2 2 2 2 2 2 2
\//\kJUk,j + /\l,k%j \/)‘k,lak,r + N KO0k

<(1-eo)

<1-¢,

since the construction of Zj; implies that max{ Ry ; ,, R jr} <1-€9. When Iy ; = T, ({x) n T (41) (so that



Ok, (6x) 2 01,(0,)), We have

2
€0AE, 10k, Ok,r

Qjr <1
\/)‘klakg +)‘lk0l3\/>‘klakr+/\lkalr
2
Akt
<1 €0 2 2
Aert Ak
<1 — €0,

where the first inequality is obtained by using Ry j, <1 -¢€g for j,7 € Z,; and the inequality )\iylak,jak’r +

2 2 2 2 2 2 2 2 2 ; s , ‘
AL kO1LjiTLr < \/)‘k,lok,j +/\l,kal)j\//\k7lak’r +Aj'x0;, and the second is due to ok ; > ok () 2 01,8) 2 01

as j € Jp(ly) and j € J°(¢;). A similar argument shows that the inequality @, <1 - € also holds when
Ok, (ex) < O1,(0)> in which Zp y = F¢ (k) 0 Ti ().

To apply Lemma B.2 of Lopes et al. (2020), we note that the bound \/m is required instead of
le. However, by carefully examining the proof of Lemma B.2 of Lopes et al. (2020), we find that
the lemma is still valid for 1.1\/m, potentially with constants different from C' and % in (B.19) of
Lopes et al. (2020). This shows that (S3) is bounded by en™! for some constant ¢ not depending on n. Then
N sn? for any § > 0 implies (S1). O

Proof of (S2). The following argument is similar to the proof for part (b) of Lemma B.1 in Lopes et al.
(2020). Define the random variable

V = max max  (ApiSk.i/ok i = NkSuilor )
) , J1Ok,, LERPLG Ok, 1,
(k. 1)eP jeT g, (mi,my) / !

and let ¢ = max{2x7%,3,logn}. To bound |V|,, we observe that

q
IV]i=E |(flz?§(pgeyk?%?n)§,m,> NetSk, /015 = MkSiilor

< ) > TR NSk okt = MkStior ]
(k,D)eP jeTg , (my,mu)

Further, we have

‘I(l T) 1—
Z k: A, < Z z maX{Uk7j’0lvj}q( ™)
(k,l)e'Pjejk“?l(mk,ml) (k,l)e’PjeJ]:,l(mk,ml)

< Z Z (Gq(l ™ q(l T))

(k,1)eP jeTg  (my,my)

q(1-7) P —aq(1-7) P -—aq(l-7)
<cf I DI DI

(k,1)eP \j=mp+1 F=my+1

P
Sc’f(l_T) Z (2[ qu”dx)

(k,1)eP



—qr+1
<ocdIyDe (S4)

g -1~

where we recall k = a(1-7), and note that gx > 2. Then, with | Ay Sk j/0k,1,; —Ni,&S1,j/0k,1,5]q < cq according

to Lemma E.3, we deduce that

—gr+1

[V]¢ <2670 (eq) N
qrk —1

and with C = C mi/q(2N)1/q < 1 that

¢
qr—1)1/4

IVllq < Cgmg™.

Also, the assumption that (1 - 7)y/logn 2 1 implies that ¢ $ logn. Therefore, with ¢ = e|V|, so that
t < emg"logn for some constant ¢ > 0 not depending on n, by Chebyshev’s inequality P(V > t) < ¢V,
we obtain that

P(V >em;%logn) <P(V 2t)<ed<n™,

completing the proof. O

B Proof of Theorem 77

Proof. Consider the inequality
di (L(M),L(M*|X)) <T' +1II'(X) + IIT'(X),
where we define

U = dic (L(M), L(Mrm))
I'(X) = di (L(Mm), L(M;,|X)) ,

(X)) = di (L(My|X), L(M™]X)).

The first term is equal to IIT in the proof of Theorem ?? and requires no further treatment. The second

term is addressed in Proposition B.2.

To derive the bound for III'(X), we partially reuse the proof of Proposition A.2. For any real numbers
t} < t, the following bound holds

11 (X) < P(A'(t)|X) + B(B'(£))|X),



where we define the following events for any ¢ € R,

A'(t) ={ max max NeaSh 6T = NkSL 67, ) <ty
(t) {(k,z)epjejk,mk,ml)( K4Sk, g~ AkST /07 0,5) }

B'(t) ={ max max Mo 1S 6T = NESy 6T, ) >ty
() {(k,l)ereJ];l(mk,ml)( k,l k,]/ k,l,j Lk l,j/ k,l,j) }

Lemma B.1 ensures that ¢} and ¢}, can be chosen so that the random variables P(A’(¢5)|X) and P(B’'(t})|X)

1.5 1

are at most cn™27° with probability at least 1 — cn™". Under Assumption ?7, it can be checked that the

choices of ¢} and ¢} given in Lemma B.1 satisfy ¢} < ¢, when n (and hence all ny) is sufficiently large. O

Lemma B.1. Under the conditions of Theorem ??, there are positive constants c}, ¢, and ¢, not depending

on n, for which the following statement is true: If t] and t}, are chosen as

th = ctm7"log®*n

th = coll: /108 liax,

then the events

P(A'(£))|X) < en~2*0 (S5)

and

P(B'(t))|X) <n™! (S6)

each hold with probability at least 1 —cn™t.

Proof. By the triangle inequality and the definition of Kolmogorov distance,

P(A'(£)|X) <P MNeaSk i = N pS ) ol . <th |+ IT(X).
AP <P Ocaiy - NaSiiok <)+ 10

Taking ¢}, = t2 as in the proof of Proposition A.2, the proof of Lemma A.3 shows that the first term is of

+

order n~/2*%_ Proposition B.2 shows that the second term is bounded by en~ 2% with probability at least

1-cn™! for some constant ¢ > 0 not depending on n. This establishes (S5).
To deal with (S6), we define the random variable

V*Z max max )\MS*- o7 '_)\lkS*' o P
(kJ)E'PjGJkCYL(mk,mz)( s k,]/ k,l,j , l,j/ k,l,j)?

and let ¢ = max{2x!,3,logn}. We shall construct a function b(-) such that the following bound holds for
every realization of X,

B[V X" <b(X),



and then Chebyshev’s inequality gives the following inequality for any number b,, satisfying b(X) < by,
P(V*>eb, | X)<e<n™.

We will then find b,, so that the event {b(X) < b,} holds with high probability. Finally, we will see that

I o

1% bn-
To construct b, we adopt the same argument of the proof of Lemma B.1(b) of Lopes et al. (2020) and

show that for any realization of X,

* ~q(l-T1 * ~T AT
E(V11X)< Y, S TV E(MaSE /08— NS 167,17 1 X).
(k,D)eP jeTyg , (my,mi)

By Lemma E.3, for every j € {1,...,p}, the event
E(Ae1Sk /0% 1.5 = MrSE /05417 1 X) < (eq)?

holds with probability 1. Consequently, if we set s = ¢(1 —7) and consider the random variable

1/s
s=| X > R
(6 DEP jeTg  (mu,mi)

as well as

b(X) = cgs™),

we obtain the bound

[E(V* 1] X)]H < b(X),

with probability 1. Now, Lemma E.2 implies that

(/D" . g
]P’(b(X) > qmmo +1/q(2N)1/q <el<p!

for some constant ¢ > 0 not depending on n. By weakening this tail bound slightly, it can be simplified to
P(b(X) > C"q3/2m;”) <n7!,
where C' = cmi/q(qm —-1)"Y4(2N)4. Since €’ 51 and (1 - 7)/Iogn 2 1 gives ¢ = logn, it follows that

there is a constant ¢j not depending on n, such that if b, = ¢;mJ" log®?n, then P(b(X) > b,) < n~!, which

completes the proof. O

Proposition B.2. Under the conditions of Theorem ??, there is a constant ¢ >0, not depending on n, such



that the event
IT'(X) <en 2%

holds with probability at least 1 —cen™t.

Proof. Define the random variable

v

MZX = max max e 1S5 = NeST ) or s S7
m (k’l)epjejw(mkyml)( k1Sk — NS ) h (S7)

and consider the triangle inequality
IT'(X) < dic (£(Mm), L(My| X)) +dic (L(M,|X), L(M;,| X)) (S8)

Addressing the first term of (S8). Let S be the vector obtained by stacking column vectors At Sg = ALkST
for (k,1) = (k1,11),...,(kn,In). As in the proof of Proposition A.1, M}, can be expressed as coordinate-
wise maximum of IT,, R"¢ with ¢ ~ N (0, é), where II,, denotes the projection matrix onto the superindices

Z=A{(k,1,7): k,leP,jeTpi(mr,m)}, Risa matrix, and

s, 107
NI

Quc
Il

I3 117

with IT being defined in the proof of Proposition A.1. Similarly, My, can be expressed as coordinate-wise

maximum of IT,, R"¢, where £ ~ N(0,&) with

s, 107
IS, 117

MY II7
For €] = HE}C/ % consider the singular value decomposition
¢y = Up ALV,

where r, $ J = |Z] denotes the rank of €. We may assume that U, € RP*™ has orthonormal columns,

Ay e R™"™ to be invertible, and V,| to have orthonormal rows. Define
ng _ B
Wi =i 3 (Zui = Z1)(Zii ~ Zi)",
i=1

10



where Zy, = n;t 2% Zy.;, and
Wi
Ws

Wk

Then & = ¢7¢ and & = ¢TWE with
(s

()

Cx

Define rj-dimensional vectors &, = V&, and G = V)] G, where &, and (j, are respectively the subvectors of £
and ¢ corresponding to the kth sample. It can be shown that the columns of Hf]kHT and IIX,II" span the
same subspace of R’ with probability at least 1 —cn;? (due to Lemma D.5 of Lopes et al. (2020) and noting
that the probability bound there can be strengthened to 1-cn~2). Therefore, the event E = {the columns of
S and & span the same subspace} holds with probability at least 1-c¢ Zle n;Q >1-cn!, and furthermore,

conditionally on F, the random vector ¢ lies in the column-span of V', where

i

Vk
since & = VA(UTWU)AV "with
U, A
U= . and A=
Uk Ak
The argument below is conditional on the event F.

Given E, the random vector £ lies in the column-span of V almost surely, which means V¢ = ¢ almost
surely. The same argument applies to ¢ and C. It follows that for any ¢ € R, the events { My, <t} and { M}, <t}
can be expressed as {€ € A;} and {C € A;}, respectively, for a convex set A;. Hence di (E(Mm),E(MI*IJX))
is upper-bounded by the total variation distance between £(€) and £({), and in turn, Pinsker’s inequality
implies that this is upper-bounded by C\/m , where ¢ > 0 is an absolute constant, and dkr,
denotes the KL divergence. Since the random vectors £ ~ N(0,VTS&V) and ¢ ~ N(0,VTSV) are Gaussian
(conditional on X), the following exact formula is available if we let H = (VT&V)Y? (so that HTH = V' &V)

11



and C=H " (VISV)H ' -1,

AL (£(0),£(8)) = 5 {r(C) ~logdet(C'+ I,))

= 2 3 {05(0) - log(6;(0) + 1)},

J=1

where r = Y4, 71, < KJ and 6,(C) denotes the eigenvalues of C. Note that |C|op < cKn /2] 10g numax by
utilizing Lemma D.5 of Lopes et al. (2020) and the diagonal block structure of C. Using the inequality
|z — log(z + 1)| < 2%/(1 + x) that holds for any z € (-1,00), as well as the condition |0;(C)| < [Clop <

cKn Y2 J1og nmax < 1/2 for sufficiently large n, we have
dict, (L(0), £(8)) < er| C)2, < eK T (Kn 2T 10g s )
for some absolute constant ¢ > 0. Thus,
dx (E(Mm), C(MI*H|X)) <K Y2 10g nax
with probability at least 1 —cn™'. With J < Kmumax and observing
eI P K302 log nax < K?’mf’rgxn_l/2 log Nmax S n_%“s,

the first term of (S8) is bounded by en” 2% with probability at least 1 —cn™?.

Addressing the second term of (S8). We proceed by considering the general inequality
dk (L£(8),L£(Q)) < S;uﬂgIP’(IC —tl<e) +P(I§ - (| > €),

which holds for any random variables £ and ¢, and any real number € > 0. We will let E(Mr*n|X ) play the role
of L(£), and L(M};,|X) play the role of £({). Thus we need to establish an anti-concentration inequality for
L(M}]X), as well as a coupling inequality for M}, and M}, conditionally on X,

For the coupling inequality, we put

- 2
e=cn/? logs/ Nomax

for a suitable constant ¢ > 0 not depending on n. Then Lemma E.6 shows that the event
P(|M;1—M;1| >e|X)<en™
holds with probability at least 1 —cn™t.

12



For the anti-concentration inequality, we use Nazarov’s inequality (Lemma G.2, Lopes et al., 2020). Let
0 = min min Okl,j-

T (BDEP e, (mi,my)

Then Nazarov’s inequality implies that the event

supP (|M}, —t] < | X) < ce6T logm < ce6 7' \/1og(2NMimax)
teR

holds with probability 1, where m = Z(k’l)ep M1 < 2NMmax. Meanwhile, we observe that

_ 2 2 2 2 . .
Oklj = \/)‘k,lak,j + AL o1 > max{ Ay 0k 5, A ko }

> comax{oy, j,01,;} > caco max{my~,m;*} > em (S9)

for all (k,1) € P and j € Ji,1(my,m;). Then, Lemma E.4 and Assumption ?? imply that the event
holds with probability at least 1 — Nn™2 >1-cnt. Given the above, we conclude that

supP (|M7, —t] <e | X) < em”, \V108(2Nmmax )n 2 10g%"? nipay < cn™1/2+0
teR

holds with probability at least 1 — cn~t, which completes the proof. O

C Proof of Theorem ?7?

Define

My = M,,. (k1 1
(A e (K50, (S10)

Proof. We first observe that
dx (L(M),L(M)) <T" + 11" + 111",

where

1" = dy (L(M), L(My))
11" = dy (L(Mxm), L(Mm))
1" = d (L(Mm), L(M)) .

The last term ITI” requires no further consideration, as it is equal to I in the proof of Theorem ??. The

13



second term is handled in Proposition C.1, while the first term is handled in Proposition C.2. O

Proposition C.1. Let & be as in Theorem ?7. Under Assumptions 77-27?, one has 11" § n-zto,

Proof. We again proceed by considering the general inequality
dk (L£(8),£(Q)) < S;uﬂgIP’(IC —tl<e) +P(I§ - (| > €),

which holds for any random variables £ and (, and any real number € > 0. We will let E(Mm) play the role
of L(£), and let L(My,) play the role of £({). As before, we then need to establish an anti-concerntration
inequality for £(Mp,), as well as a coupling inequality for My, and My,.

For the coupling inequality, we put

e=cn/? log‘r’/2 Nmax

for a suitable constant ¢ not depending on n. Then Lemma E.7 shows that
P(|Mm— Mu|>e) st

-1/2+6

For the anti-concentration inequality, we utilize dx (£(Mm ), L(Mm)) $n , which was established in

the proof of Theorem 77, whence
SupP(|Mm —t| <e) =sup{P(Mm <t+e) -P(Mm <t-¢)}
teR teR

= sup{P(Mm <t +¢) - P(Mp <t —e)} +cen /20,
teR

Let

O0pm= min min Ok,l,j-
(k,1)eP jeTw, i (my,my)

Then Nagzarov’s inequality implies that

su U —t| <€) Sea”1/logm < ea™ /o Mmax ) S emSs"7\/lo Mmax
pP (|Mm ~t| <€) S cofyV/log m V10g(2Nmnax) S emp i V10g(2Nmimas),

teR

where m = ¥ ;. j)ep Mk,1, and the last inequality is due to (S9). Given the above, we conclude that

sup P (|Mm - t| < 5) < Cn—l/z(logs)/z nmax)ma(lfr) 10 (2N Mimax ) < en-1/2+0

max
teR

This completes the proof. O

Proposition C.2. Under the conditions of Theorem 77, one has 1" n-2to.

14



Proof. Define

A"(t) ={ ma ma. Ne1Sk /6T = NpSii 6T, )<t
“ {(k,l)fpjejk,xm}i,ml)( k1 Sk3 0k = MkSil Ok ) }

B"(t) = {(gﬁfpjgjﬁir%%fi’ml)(/\k,lskyj/@:,l,j =M S1/0%5) > t},
where Jy;(mi,m;) denotes the complement of Jy 1(my,my) in {1,...,p}. Also, if ¢} <t3, it is seen that
A"(t)nB"(t) c A" (t3)u B"(t])
for all ¢t € R. By a union bound, we have
I" <P(A"(t3)) + P(B"(t1)).

Setting

1 -K
t] =cmgy"logn

th = ol \/10g linax

for a constant ¢ > 0, we proceed to show that P(A”(¢5)) and P(B”(t})) are bounded by ¢n~'/2*%. We note
the inequality ¢} < t§ holds for all large n, due to the definitions of fy,.x, Mo, and &, as well as the condition

(1-7)logn 2 1. Specifically we will establish that
P(A"(t5)) 072", (s11)

and
P(B"(t])) sn7t. (S12)

According to Propositions C.1 and A.1, we have

P(A"(t7)) < P Mot Sk ifor = NSy ifol, ) <t! |+ 11"
(A"(t3)) ﬁgﬁg;ﬁj;%gim”} K0Sk, 1Tk 15 = AkSLi [0 5) 2)

<P NSk ilor, = NwSiilor, )<ty |+ 11+ 11"
((}Cl’ll?‘fpjejk?%%lxk,ml)( ot k,]/o'k,l,] bk ZJ/O.k’ld) 2)

. - 145

<P| max max  (AeiSkj/0h i — NESiilof, ) <ty | +en”27C.

= . APkG 1Ok, LERLjIOk L ) = b2
((k,l)epjejkyl(mk,ml) J J

Then (S11) follows from a similar argument as given in the proof of Lemma A.3.

To derive (S12), consider
AN tSk,j = ALkSL;
U = max max : ’fT it
(k,l)ereJk?Yl(mk,ml) kalyj

15



For ¢ = max{2x~!,3,logn}, we first observe that

q
Ak, 1Sk, — A kSj
q 1Pk, kP g g
U] < > E pe < > Vi1, 151 Ye.,5115,
(k)P ey (my,mi) Rl (k)P jeT ¢ (my.mi)
with
-
Voo . = Ok,
kg = | ~r )
k,l,j
XSk — ALESL
Yt = pe :
Tk,1.j
By Lemma E.10, we further have
q < .4 g
1[G <c > 1Ye,1,5124
(k,D)eP jedy , (mp,mu)
2\ 1/2
_ Mo 1Sk. i — A kSt
< Oiql(; T)E k, 19k, j 1,EO1,j
(k)eP jeTE | (mu,my) Tk.Lj

M, iSk,j — ALkStj

Ok,l,j

q q(1-7)
<c 2 Okij (E
(k,D)eP,jeg | (mi,my)

2q)1/2

1—
< (cq)? > or;”
(k,D)eP,jeTg , (mu,m)

m—q/-i+1
< (cq)"ef" TN

qr -1

where the last inequality is due to (S4). If we put C = mYINa < 1, then

C
(gr-1)1/a
IU[q < Cgmg"™.

Since ¢ < logn, we have

P(U 2 ecm,"logn) <e ?<

7

Sl

as needed. O

Remark. If Assumption ?? is replaced with the condition n~/?1og®p « 1, then (S12) can be established in

the following way. With the same notations in the proof of Proposition C.2, we first observe that

Jv

A iSkj — ALESL

~
Tkt

0.7'

k,l,j

U <| max max LAY
(B1)eP je T (mp,ma)

~T
Okl

with

V = max max
(k,1)eP jeTg  (my,mi)

16



-1/2

Under the condition n log3 p<l1,

0.7'
k,l,j
max max =1

(k,1)eP jeTyg , (mi,my)

Oft.g
with probability at least 1 — ¢cNn~2, according to Lemma E.8. With the aid of Lemma E.3, the term V then

can be handled by an argument similar to the proof of Lemma A.3.

g™ 7 and £, > log®n.

Remark. The above proofs relied on the condition p > m, and this implies mo, > n
These conditions are used in the analysis of I and III, as well as I, III'(X), I” and III". If p < m,, then
the definition of m, implies that p = my = --- = mx, and the quantities I, ITI, I’, III'(X), I” and 11" become
exactly 0. In this case, the proofs of Theorems ??, ?? and ?? reduce to bounding II, II'(X) and II”, and

these arguments can be repeated as before.

D Proof of Theorem ?7?

Proof. Part 77 is handled in Proposition D.1. Below we establish part 77.

Let gpr+ be the quantile of the conditional probability distribution £(M*|X). By Theorem ?? and ?7?,
the event E = {di(L(M),L(M*|X)) < ca,} holds with probability at least 1 — en~!, where a,, = n~/**J.
Below we condition on the event E and observe that qas(o — can) < qur+(0) < (0 + cay) conditional on E.

In the derivation of Proposition A.2, with the notation there, we have

P(M <t) =P (A(t) n B(t)) = P(A(t)) - P (A(t) n B(t))
>P(A(t)) -P(A(t2)) -P(B(t))

> P (A(t)) - en 2%,

By an argument similar to Lemma A.3, one can show that if

>\k lSk i — /\l kSl j
V = max max L =,
(k,1)eP jeTk, 1 (mi,my) U}Z,z,j

then [V < (cQ)?N if we define Q = max{2x~!,3,\/Togn}. Thus,

v .
P(AD) =1-B(V>1)21-—5@21-c? =1

if t > e||V||g. Therefore, gar(0+can) S |V|q $ V1ogn, otherwise P(M <t) — 1> p. Similar arguments show
that gpr(0 — cay) S Vlogn.

The above shows that |gas-(0)| < cv/logn with probability at least 1 —cn™!. Since conditional on the

data X the random variable M* is the maximum of a multivariate Gaussian distribution, according to

17



Nadarajah et al. (2019), the conditional distribution of M* has a probability density and thus its cumulative
distribution function is continuous. This enables us to apply Theorem 2 of Xia (2019), with an appropriately
chosen t x \/logn in that theorem, to conclude that |gas(0) — qar+(0)| < ev/logn with probability at least
1-e2W"B 5> 1 cp! for all sufficiently large n when the event E holds, where h > 0 is a constant not
depending on n. To complete the proof, we should verify that the quantities |¢}.(¢)| and |¢z ()| defined in
that theorem, with the chosen ¢ x \/Iogn, are bounded from below by h > 0 with probability at least 1—cn~*
for all sufficiently large n, where F' is the cumulative distribution function of M™* conditional on the data X.
For this, set h = min{(1 - 0)/4,0/4} > 0. Then replacing o with ¢+ 2h in the inequality |gr«(0)| < cv/Togn,
we observe that |ga- (o + 2h)| < c/logn with probability at least 1 — cn™!. This means that the event
lgar- (0+2Rh)—qar- (0)| € ev/logn occurs with probability at least 1-cn™!, and when this event holds we are able
to find an appropriate ¢ x /logn such that p5(t) = | (1-0)n|/n+F(qu+(0)+t)-1=|(1-0)n|/n+o+2h-1>h

for all sufficiently large n. The claim for |p5(¢)| can be established in a similar fashion. O

Proposition D.1. Under Assumptions 77?7, for some constant ¢ >0 not depending on n, one has
(k,1)eP 1<j5<p max

]P( max max 6,%’lj <20° )2 1-ent,

where omax = max{oy ;j: 1<j<p, 1<k<K}.

Proof. Define
A°(t) ={ max max 6:,.>ty,
®) {(k,l)epjejk,l(n,n) b }

B°(t)={ max max 62, .>t},
® {(k,l)epjej;,l(n,n) wha }

where as before J¢,(n,n) denotes the complement of Jj(n,n) in {1,...,p}. With t° = 207, we will
establish that

P(A°(t°)) snt, (S13)
and when Jy;(n,n) # @ for some (k,l) that

P(B°(t°)) snt. (S14)

For (S13), we first observe that

P(&z,l,j >°) < P(bi,l,j - Uz,z,ﬂ > 1% = Opax)-
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With the above inequality, by using Lemma E.5 and a union bound, we conclude that

P(A°(t°)) < ) > P(wi,l,j_Ulz,l,j|>to_ar2nax)
(k,1)eP jeTr,1(n,n)

<cNn-n3<snh

To derive (S14), consider

U = max max 6%, jr
(kDeP jeTg  (me,my) 77

For ¢ = max{a™!,3,logn}, we first observe that

wizs Y, E
(k1)eP.jeTe  (n,n)

T
Gl
By Lemma E.1, we further have

U173 < > |6%.1.5
(k,l)eP,jeJkC’l(n,n)

< > (con.iv/24)%

(k1)eP,jeT ,(nn)

q 2q
<c(eq) > 1l
(k,l)EP,jGJISJ(n,n)

2
12q

< c(eq)INn 24t
where the last inequality is derived in analogy to (S4), and this implies
[Ullg s g~ VANV < o

Since ¢ < logn, we have

P(U >202,.) <P(U>e|U|,) <e <

max

SN

for all sufficiently large n.

E Technical Lemmas

Lemma E.1. Suppose the conditions of Theorem ?? hold. For any fived b > 0, if 3 < ¢ < max{2x~1,3, logb n},

there exists a constant ¢ > 0 not depending on q, K, N, p or ny,...,ng, such that for any k,l € {1,..., K}

and j e {1,...,p}, we have |6 ;|4 < cor i/ and |6x,5lq < cor1,57/T-

Proof. According to Lemma D.1 of Lopes et al. (2020) (which still holds when ¢ = log’n > 3), we have

16k.5lq < cor,j\/q. Therefore, due to 64,5 = \/)\ilfri’j + )\lz,k&l%j < Aii0k,; + A k61,5, and using the fact that
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|Y]|2=[Y?|,2 for any random variable Y, we deduce that

laj2 = 1A2675 + M k6ij s

16%.0.512 = 1671
<Nl e + AL el67 a2 = Ma 6w 12 + A 6w s 12

2 2 2 2 2\_ 2 2
<c Q(/\k,lak,j + /\l,kgl,j) =Cq0L .5
O

Lemma E.2. Let ¢ = max{2x~",3,logn} and s = ¢(1-7). Consider the random variables 5 and t defined by

1/s

L
5= Z Z Ok,lLj
(k,D)eP e, (my,mu)

and
1/s
/{: ( Z Z 6—27[7]) .
(k,1)eP jeTk,i(my,my)
Under the conditions of Theorem 77, there is a constant ¢ > 0, not depending on q, K, N, p or ny,...,ng,
such that
Pls> ciﬁm;“”/suzv)l/s <ed (S15)
(gr - 1)1+

and

Plt> 87\/‘_’(21\7)1/5 <e™, (S16)

(gr— 1)

Proof. Using Lemma E.1, this lemma follows from similar arguments as in the proof of Lemma D.2 in Lopes

et al. (2020). For further details, consider

> > G

(k,1)eP jeT < (mp,m)

18]lq =

1/s 1/s
s( >y wz,l,ﬂq/s)

als (k,)eP jeTc(my,m;)

1/s 1/s
:( D 3 |6k¢l,j|f;) Sc\/ﬁ( > > U;i,z,j)

(k,1)eP jeTe(my,my) (k,)eP jeTe(my,my;)

1/s 1/s
Scx/a( > > maX{Uk,jaO’l,j}s) gc\/a( > > (UZ,J‘“’ij))

(k,1)eP jeT e (my,my) (k,1)eP jeTe(my,mi)

P P e P 1/s
<eva| D {fmk x’mdx+fml x’mdx} Sc\/a(QN . x’wdw)

(k,D)eP

—a+l/s
Mo

VAN

where for the last step, we use sa = gk > 1. The proof for t can be obtained by the same argument, except

that the bound becomes Zjejk,l(mkﬂ”l) az’j <1. O
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Lemma E.3. Suppose the conditions of Theorem 7?7 hold, and for any fized b >0, let g = max{2f<f1,10gb n,3}.
Then for a constant ¢ > 0, not depending on q, K, N, p or ni,...,ng, such that for any (k,1) € P and
je{l,...,p}, it holds that

MeiSki  ALpSij
‘ kiPkj  ALESLG <eq, (S17)
Ok,l,j Tkli g
and the following event holds with probability 1,
)\ S* ) )\ 5*4 q 1/(1
(IE[ kg 2RO |X]) < cq. (S18)
Ok,l,j Ok,l,j

Proof. Without loss of generality, let (k,1) = (1,2), and set Ay = A\g 1, A2 = A, and o = 011 ;. We reuse the

notation k for some index from {1,2}, i.e., k € {1,2} in what follows.

Since ¢ > 2, by Minkowski’s inequality and Lemma G.4 of Lopes et al. (2020), we have

[A1S1,5/05 = A2Sa i [ojllq <[ A1S1j/0jlq + [X2S2 /054
<qmax{|\S1,/o ]2, M (X1 - ) ogle)

+ qmax{|XaS2 /02, Aong P (Xa1 - 1) 050}

and furthermore

ISk ;15 = var(Sy,;) = o7 ;.

Thus | AxSk;/0j ]2 = Akow,jo; ' <1, where we note that )\ioija’? = Aioi7j/(A%Jf7» +A303 ;) < 1. Also, if we

J J
define the vector uy = Ugijllc/2ej in R? for standard basis ey,...,e, in RP, which satisfies |u|2 = 1, then

Nel (X1,5 = 1k,) 051 = Mok o N( Xy = tieg) owslla < 127 1ulg S @

proving (S17). Inequality (S18) follows from the same argument, conditioning on X. O

Define the correlation

.y
~ Ya(4,5")
PE,Lj,5" = )
Ok,L,jOk,lj"
and its sample version
S . 4
. ~ a(d,")
PE,L,5,5" = = S )
Ok,1,jOk,l,j

for any 7,5 €{1,...,p}.

Lemma E.4. Under Assumption 7?7 and ??, there is a constant ¢ > 0, not depending on n, such that the

following events

Okl
max )

J€Tk,1 (my,my)

<cap,

Ok.,l,j
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- min &iﬁsz - min a,i,_l?j (1-cay),
J€Tk,1(my,my) J€Tk,1(my,my)

and

 max D), = pjjr| < can
J,3'€ge T, 1 (my,my)

each hold with probability at least 1 — en2, where a, = n1/2 log M max -

Proof. These conclusions are direct consequences of Lemma E.5. O

Lemma E.5. Suppose Assumptions 7?7 and ?? hold, and fiz any 1 <k <1< K and any two (possibly equal)

indices j,j' €{1,...,p}. Then, for any number 9 > 1, there are positive constants ¢ and c1 (), not depending
on n, such that the event

Sk, 4" _

7) - Pk <c(P)n 12108 nmax

Ok,1,jOk,l,j'

holds with probability at least 1 —cn™.

Proof. 1t is equivalent to showing that
[£,0(3,5") = L (.37 < 1 (902 (log tunax)ok.1, 1 157

Furthermore

1S0,0(3,3") = Sk (G 0| = [N S (G, 37) = N Zk (G, 57) + APE0(, 57 = ALk (")
<A Bk, 57) = Se(G, 30|+ Ak 220G - 20,
< C1(19)(n;1/2>\i,l0'k’j0'k)j/ logny, + nl_l/z)\lz’kol,jal’jf logn;)

-1/2

< 1 (9) (1og nmax )2 (AR 10k, Ok 7 + AL k01 01j1)

9

with probability at least 1 —cn;” - cnl_ﬁ >1-2en™", where the second inequality is due to Lemma D.7 of

Lopes et al. (2020). Now, by the Cauchy—Schwarz inequality,
20),j0k,j701,j01,51 < ai,jaij, + a?’jazd,,

and further

2 2 _ 2 2
N Ok, jOk,j7 + AL 010150 = \/(Ak,zak,jak,j' + A 101,j015)?
2 2 2 2 2 2 2 2
< \/()‘kJUIc,j + )‘l,kal,j)\/(’\k,lam' + AL RO 1)

= Ok,1,j0k,l,j5>

which completes the proof. O
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Remark. In the above proof, we note that Lemma D.7 of Lopes et al. (2020) does not depend on Assumption
2 of Lopes et al. (2020).

Lemma E.6. Under the conditions of Theorem 77?7, there is a constant ¢ >0, not depending on n, such that
P (M - M| > o] X) <en™

holds with probability at least 1 — cn™t, where Mt*n is defined in (S7) and 1y, = en12 10g5/2 Nmax -

Proof. Using a similar argument as in the proof of Lemma D.8 of Lopes et al. (2020), we find that

*
ok * Skvlvj
|ML, - M| < max  max —d
(k,1)eP jeTk, 1 (mi,my)

A T

Ok,l,j

=51 1] max max
Ok,l,j (k,1)eP jeTi, 1 (my,my)

Ot
It follows from Lemma E.4 that the event

1/2

max max <en”

a IOg Nmax
(k,))eP jeTk, 1 (my,mi)

~ T
Okii) _4
Ok,L,j

holds with probability at least 1 —cNn™2 >1-cn™!. Now consider

. Skl
U™ = max max —
(k,1)eP jeTk, 1 (my,my)

/\T .
Ok 1,5

Showing that
]P’(U* > clog?’/2 Tmax | X) <en?

holds with probability at least 1 — cn™! will complete the proof.
Using Chebyshev’s inequality with ¢ = {2x71,3,logn} gives

P(U* > e[E(JU*|?]| X)]H9]| X) < e
Now it suffices to show that the event
[E(U*? | X)]Y9 < clog®? npax

holds with probability at least 1 —cn~!. This is done by repeating the argument in Lemma B.1 with the aid
of (S16) from Lemma E.2. O

Lemma E.7. Under the conditions of Theorem 77, for some constant ¢ >0, not depending on n, we have
P(|Mm ~ M| >7r,) <en™,
where My, is defined in (S10) and r,, = en /2 10g5/2 Nmax -
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Proof. A similar argument as in the proof of Lemma D.8 of Lopes et al. (2020) leads to

Ak, iSk,j — ALESL

|Mm — M| < max max % -1|- max max .
(k,D)eP jeTr 1 (mi,ma) |\ Ok,1,j (k,1)eP je Tk 1 (my,ma) Okl
It follows from Lemma E.4 that the event
ok
max max ﬁ ~1|<en/? log Nmax
(k,D)EP jeTr,i(mu,mu) |\ Ok, 1,5
holds with probability at least 1 —cNn™2 >1-cn™!. Now consider
U = max max AktShsg = Nkt .
(k,1)eP jeTr, i (my,my) ch—,l,j
Then
IF’(U > clogs/2 nmax) <ent
will complete the proof.
Using Chebyshev’s inequality with ¢ = max{2x7!,3,logn} gives
P(U > e(E[U1)Y7) <79
Now it suffices to show that
HUHQ = (E|U|Q)1/q S 10g3/2 Nmax-
Observe that
1- -1
Ul < > ot Bl e S = MkSp) I

(k,1)eP,jeTn, i (my,my)

By Lemma E.3; and noting that ga(1 - 7) = gk > 2, we further have

1-7
|U]2 < (cq)® > it s N(eg)",
(k,1)eP,jeTk, i (mK,my)

or equivalently,
[Ulq 5 aN'? 5 10g™* s,

where we use the fact that N'/? <1 given the choice of q.

Define the correlation

o Zk:(jmj,)

pkrjj’ = 3
T Ok,Ok,g
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and its sample version
- Yy
A _ Zk}(]v] )
Pkji = =~ ~
Ok,jOk,j’

for any 7,5 €{1,...,p}.

-1/2

Lemma E.8. Under Assumption ?? and ??, if n Y2 log® p <« 1, then for any number 0 > 2, there are positive

constants ¢ and cg, not depending on n, such that the event

ik(.%j,)
Ok,jOk,5

sup sup < co(log Nmax + 10g3 p)n_l/Q

1<k<K 1<j,5'<p

= Pk,

holds with probability at least 1 —cKn=?.

Proof. It suffices to show that

b 7" co(log ny, + log®
qup |20 | collog e +log7p)
1<4,j'<p | Ok,jOk,j’ V1

with probability at least 1 - cnz. Consider ¢5-unit vectors u = E}C/?ejo,;}j and v = Ei/zejro,;’lj, in RP. Define

Nk _ _
Wi =1 Y (Ziyi = Zi) (Ziy - Zi) ",
=1

where Z, = Y% Zyi. Observe that

ik(jaj,)
O'k)jO'kﬁj/

= Prjgr =u (Wi = Ip)v. (S19)

For each 1 <7 < ny, define the random variable ¢; ,, = Z,Iiu and G, = Z;iv. In this notation, the relation

(S19) becomes
Ek(]a .7,)

= Pk,jj = A(’U,, U) + A/(uv ”U)
Ok, jOk,j' -

where
1
A(u,v) = Z Ci,u(i,v - uTva
Nk =1
M) = (3G (- 3¢
u,v)=|— i — i .
; nn & KN nn & RO
Note that E((iuCin) = uTv. Also, if we let ¢ = max{#(logny +log®p), 3}, then

1o = uTv”q <1+ G uGio |2g < Cq27

o <1+ [GiullzqlGio

where the second inequality is due to the Cauchy—Schwarz inequality, and the third to Assumption ??7. The

constant ¢, although it varies from place to place, does not depend on ny or p. Then, Lemma G.4 of Lopes
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et al. (2020) gives the following bound for ¢ > 2,

N 1/q
| A(u,v)|q < cqmaX{IA(u,v)IQ,n;1 (Z G uiw = UTUIIZ) }
i=1

<cq max{n;p, n:”/qq?}

< c(logny, +log® p)n;1/2.

By the Chebyshev inequality
P(A(u,v)[ > e|A(u,v)]q) <™,

whence

cf(log ny, +log® p) B 1
e = 00

P(|A(u,v)| >
p

Similar arguments apply to A’(u,v). Thus,

P( k@4 ] Ce(lognk+log3p)) L1
Okiokg | VK - nfpf

and furthermore by a union bound

Sk, 7 co(log ny, + log®
IP( sup 220D, L collogne +log p))
1<5,5'<p | Ok,jTk,j’ NG
2
< 61 0~ i&% s i&'
1g,'<p "P” Ty BT Ty

Observing that oy ; = \/)\i lazj + Afkalzj, one obtains the following corollary.

Corollary E.9. Under Assumption ?? and ??, if n~"/?1log®p < 1, for any number 0 > 2, there are positive

constants ¢ and cg, not depending on n, such that the event

Ok,

sup sup — 1| < co(log nmax + log® p)n’l/2

(k,1)eP 1<j<p

Ok,l,j
holds with probability at least 1 —cNn™9.

Lemma E.10. Suppose Assumptions ?7-7?7 hold. Then, for any fixzed 6 € (0,00) and Q < logn, for some

constant ¢, not depending on n, one has

6
Tk,j
sup ~0 hS
1<k<K,1<52p || Ok 5 o

Proof. Below we suppress the subscripts from &y ;, pr and ng. Also, the constant ¢ might change its value

26



from place to place and depend on . In addition, observing that

oj 1 1

@ S (K- p) - (X))o S, (V- V)2

with Y; = (X; - p)/o and Y = ¥, Y;, without loss of generality, we assume EX =0 and EX? = 1.
Let w= Q0 xlogn and c¢; = 1/2. We first observe that
E6™ = f P(6~ > t)dt = [ P(62 < t72“)dt
0 0

C_W/2 nw oo
:[ L p(e? <t‘2/w)dt+f_ ., ]P’(&2<t‘2/“)dt+f P(62 < £21*)dt.
0 ” nw

For the last term, we have

P(62% < t72%) = P(n-l i(XZ- -X)?< t‘2/‘“)
=1
<P(V1<i<n: (X;-X)° Snt_2/w)
<P(V1<i<n:|X;-X|<Vnt )
<P(Vi<i<sn—1:|X;-X,|<2v/nt™/*)
=EP(V1<i<n-1:|X;-X,|<2/nt" | X,)
=E{P (X1 - X, <2v/nt ¥ | X,) 3

< (C\/ﬁt_l/w)(n_l)y

for some universal constant ¢ > 0 and for all sufficiently large n, where the last inequality is due to Assumption
7?7, and the last equality is due to the conditional independence of the random variables | X1 - X,,|, ..., |Xn-1—

X,| given X,, and that these variables have identical conditional distributions. Therefore,

/00 ]P)(CAT2 < t—2/w)dt < (—(TL _ 1)1//w i 1)—1Cu(n—l)n(n—l)V/Zt—(n—l)u/qu|:Low < l/cu(n—l)nw—@

w

«< 1.

2/w

When ¢ > CIW/ % or equivalently t~%/% < 1/2, noting that 0 = 1 as we have assumed standardized X, one has

P(6%2-1<t7 2 -1)<P(62-1<-1/2)
<P(j6% - 1] 21/2)

<P(|62 - 1] > 2n"wlogn)

where the last inequality is obtained by an argument identical to that in the proof of Lemma D.7 of Lopes

et al. (2020), except that the number ¢ = max{xlog(n),3} there is replaced by ¢ = max{2wlogn,3}. This
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implies that
ne
f_w/Q P(6% <t72/<)dt <n®-en” = en™ « 1.
€1

Note that when t < ch/Q, we have the trivial bound P(42 < t) < 1. Therefore,

e —w/2 _ _ _(n=1)v —w/2
E&™ Sclw/ +en™ + v/ Dpem e gcclw/ = 2v/?)

or |67%g <c. O

F Additional Simulation Studies on Functional ANOVA

As observed by Zhang et al. (2019), the level of within-function correlation impacts the power of the test.
Following a suggestion of a reviewer, we assessed the effect of the within-function correlation on the proposed
method by using the simulation setup of Zhang et al. (2019). Specifically, we set ux(t) = (1 + 2.3t + 3.4¢% +
1.5t3) +0(k—1)(1+2t+3t2 +4t>) /\/30 for k=1,2,3 and t € [0, 1], and Xy, (t) = e (t) + X;21, V15072805 (1),
where ¢1, @2, ... are Fourier basis functions defined in Section ?7?. Two cases are considered for the random
variables £i;, namely, the Gaussian case j; N (0,1) and the non-Gaussian case & iid ta/ V2, where t4
denotes Student’s t distribution with 4 degrees of freedom. As the number m of design points has little
impact on the results (Zhang et al., 2019), we fix m = 100 as in our previous simulation setting. As in Zhang
et al. (2019), we consider p = 0.1,0.3,0.5,0.7,0.9, where small values of p correspond to strong within-function
correlation and large values signify weak correlation.

The results in Table S1 and Figure S1 show that our approach outperforms the other methods substan-
tially. This may be partially explained by the fact that the basis functions ¢1, @2, ... used to generate data
in Zhang et al. (2019) coincide with the basis functions we use for projection in the proposed method. In
light of this, we have provided an additional comparison in a more challenging setting, where the data are
generated using a modified version of these basis functions (while our method still uses the original basis
functions). Specifically, the modified basis functions, denoted by b1, 0o, ..., are constructed in the following
way: We first define ¢;(t) = $;(0.8t+0.1) for ¢ € [0,1] and j = 1,2,...,11, and then apply the Gram-Schmidt
procedure to orthonormalize ¢1, @s, . .. within L2([0,1]). The results for simulation studies with these mod-
ified basis functions are shown in Table S2 and Figure S2, where the average value of the selected 7 across
all settings is 0.843 +0.153 and 0.824 + 0.143 for Gaussian and non-Gaussian cases, respectively. We observe
that the empirical sizes of most methods are close to the nominal level and the RP method tends to be
conservative when p is small. When the within-function correlation is strong, e.g., when p = 0.1,0.3, the
power of the proposed method is considerably larger than that of MPF and GET, which in turn is much
larger than the power of the other methods except RP; the power of RP is close to that of the proposed
method when p > 0.3 but substantially less when p = 0.1. When the within-function correlation becomes

weaker, e.g., when p =0.7,0.9, all tests tend to have similar power. This shows that the proposed method is
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Table S1: Empirical size of functional ANOVA in the simulation setting of Zhang et al. (2019)

P n proposed | L2 F GPF | MPF | GET | RP
50,50,50 .044 .044 | .044 | .044 | .038 | .039 | .011
30,50,70 .054 .066 | .060 | .062 | .066 | .040 | .017
50,50,50 .042 .060 | .050 | .058 | .060 | .042 | .021
30,50,70 .046 .044 | .040 | .044 | .048 | .042 | .024
50,50,50 .058 .060 | .056 | .062 | .052 | .038 | .021
30,50,70 .052 .062 | .062 | .064 | .058 | .039 | .037
50,50,50 .034 .040 | .038 | .040 | .036 | .047 | .041
30,50,70 .060 .056 | .050 | .048 | .060 | .040 | .049
50,50,50 .042 .050 | .048 | .050 | .054 | .025 | .044
30,50,70 .044 .058 | .054 | .060 | .032 | .039 | .051
50,50,50 .048 .060 | .054 | .056 | .050 | .030 | .004
30,50,70 .052 .054 | .050 | .052 | .064 | .041 | .009
50,50,50 .030 .046 | .040 | .044 | .040 | .034 | .015
30,50,70 .046 .056 | .050 | .054 | .042 | .047 | .030
50,50,50 .046 .076 | .072 | .080 | .060 | .032 | .027
30,50,70 .036 .036 | .036 | .036 | .024 | .037 | .030
50,50,50 .036 .042 | .036 | .044 | .034 | .035 | .034
30,50,70 .026 .042 | .040 | .038 | .038 | .030 | .037
50,50,50 .034 .064 | .062 | .058 | .054 | .036 | .037
30,50,70 .044 .060 | .060 | .054 | .056 | .030 | .047

0.1

0.3

Gaussian 0.5

0.7

0.9

0.1

0.3

non-Gaussian | 0.5

0.7

0.9

preferred for ANOVA for functional data in which the within-function correlation is typically strong.

For simulation studies in the above and in Section 77, the tuning parameter 7 is selected by the data-driven
procedure described in Section 77. Below we investigate the effectiveness of this procedure by comparing
it with using a fixed value of 7. Specifically, in the simulation studies of Section 77, we also compute the
empirical size and power for the proposed method by using each of the values 0,0.1,...,0.9,0.99 for 7. The
results are presented in Table S3 and Figure S3, where the results for 7 =0,0.2,0.4,0.6,0.8,0.99 are provided.
We observe that values close to 1 such as 7 =0.99 yield inflated sizes for the resulting tests. For the family
(M3), all values of 7 lead to similar performance. Similar observations emerge for the family (M2) except
7 =0.99 that yields much lower power. In families (M1) and (M4), the power increases as 7. In these families,
although 7 = 0.99 gives rise to the largest power, its that the empirical size also noticeably deviates from
the nominal level. In all cases, the power of the data-driven method is close to that of 7 = 0.8. Overall, the
data-driven selection procedure selects a value for 7 that produces competitive power while keeping the size

close to the nominal level.
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Table S2: Empirical size of functional ANOVA in the modified simulation setting of Zhang et al. (2019)

P n proposed | L2 F GPF | MPF | GET | RP
50,50,50 .053 .061 | .055 | .059 | .049 | .043 | .017
30,50,70 .048 .052 | .050 | .050 | .038 | .042 | .010
50,50,50 .055 .062 | .057 | .062 | .063 | .043 | .020
30,50,70 .061 .056 | .054 | .055 | .060 | .034 | .021
50,50,50 .055 .061 | .047 | .064 | .039 | .043 | .037
30,50,70 .056 .047 | .044 | .048 | .049 | .040 | .033
50,50,50 .053 .050 | .047 | .044 | .047 | .037 | .035
30,50,70 .052 .059 | .058 | .056 | .050 | .026 | .051
50,50,50 .057 .054 | .053 | .050 | .053 | .043 | .050
30,50,70 .051 .053 | .052 | .045 | .044 | .038 | .057
50,50,50 .043 .048 | .045 | .046 | .051 | .036 | .009
30,50,70 .050 .049 | .047 | .047 | .048 | .057 | .016
50,50,50 .052 .050 | .048 | .047 | .043 | .041 | .017
30,50,70 .050 .067 | .064 | .063 | .056 | .042 | .016
50,50,50 .048 .048 | .043 | .042 | .033 | .031 | .018
30,50,70 .043 .045 | .043 | .055 | .049 | .038 | .029
50,50,50 .042 .053 | .054 | .046 | .053 | .032 | .033
30,50,70 .048 .053 | .051 | .054 | .037 | .048 | .044
50,50,50 .053 .054 | .050 | .048 | .047 | .030 | .040
30,50,70 .055 .036 | .037 | .039 | .042 | .031 | .050

0.1

0.3

Gaussian 0.5

0.7

0.9

0.1

0.3

non-Gaussian | 0.5

0.7

0.9

G Additional Simulation Studies on MANOVA

We complement the numerical studies in Section ?? by assessing the performance of the proposed method
in a more standard MANOVA setting, where data are sampled from continuous distributions. We consider
three groups that are represented by random vectors X7, X5, X3 € RP, such that each X, follows an elliptical
distribution (Fang et al., 1990) with mean u; and covariance Xj. Specifically, Xy = py + UkZ}C/QZk, where
Uy is a random variable following the exponential distribution with mean 1, Zj is a p-dimensional random
vector following the standard multivariate normal distribution, and Uy is independent of Zj. Note that each
X is not Gaussian due to the random multiplicative factor Uy. We consider p = 25 and p = 100, and two

scenarios of iy, namely,

o the sparse case, where i (j) = 1+ jsin(2mj/p) exp(j/p)/p + a,0(k — 1)((p - 7 + 1)/p)*, so that when

k # 1, the difference puy(5) — i (j) between two mean vectors decays as j increases, and

o the dense case, where u(j) = 1+7sin(27j/p) exp(j/p)/p+a,0(k-1), so that the difference p(j) - (5)

remains constant across different coordinates j,

for k=1,2,3,=1,2,...,p and a constant a,. In these settings, # = 0 corresponds to the null hypothesis,
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Table S3: Empirical size of functional ANOVA with different values of 7

Covariance M n T -
0 0.2 | 04 | 0.6 | 0.8 | 0.99 | data-driven

M 50,50,50 | .053 | .056 | .058 | .060 | .061 | .076 .051

30,50,70 | .045 | .045 | .045 | .051 | .055 | .099 .053

M2 50,50,50 | .048 | .047 | .049 | .050 | .056 | .082 .042

30,50,70 | .043 | .044 | .045 | .046 | .050 | .094 .057
common

M3 50,50,50 | .044 | .044 | .047 | .049 | .049 | .086 .057

30,50,70 | .073 | .076 | .074 | .073 | .074 | .075 .056

M4 50,50,50 | .045 | .047 | .046 | .046 | .052 | .073 .046

30,50,70 | .046 | .045 | .050 | .050 | .058 | .084 .053

M1 50,50,50 | .056 | .056 | .058 | .057 | .060 | .098 .055

30,50,70 | .049 | .047 | .049 | .049 | .058 | .095 .043

M2 50,50,50 | .051 | .050 | .050 | .049 | .052 | .095 .056

) 30,50,70 | .061 | .061 | .060 | .062 | .068 | .108 .052
group-specific

M3 50,50,50 | .042 | .044 | .044 | .047 | .052 | .099 .051

30,50,70 | .050 | .051 | .051 | .055 | .064 | .091 .049

M4 50,50,50 | .060 | .058 | .059 | .056 | .054 | .095 .052

30,50,70 | .055 | .055 | .056 | .054 | .062 | .114 .050

under which the mean vectors of all groups are equal. We set a, = 0.025 in the sparse scenario, and in the
dense scenario we set a, = 0.014 if p = 25 and a, = 0.008 if p = 100; these values are chosen in the way that
the power is approximately 1 when 6 = 1. We set X (j1,52) = j;1/4j;1/46((j1 -1)/(p-1),(j2-1)/(p- 1)),
where C(s,t) is the Matérn correlation function defined in (?7?) but with different values of parameters; here

we set 02 =1,1=5and v=0.1.

Similar to the study in Section ??, we compare the proposed method with the classic Lawley—Hotelling
trace test (LH), the ridge-regularized Lawley-Hotelling trace test (RRLH) (Li et al., 2020), the procedure
(S) of Schott (2007) and the data-adaptive ¢,-norm-based test (DALp) (Zhang et al., 2018). As mentioned
in Section ??, the method of Schott (2007) is favored for testing problems with a dense alternative, while the
method of Zhang et al. (2018) has been reported to be powerful against different patterns of alternatives. The
classic Lawley—Hotelling trace test is included as a baseline procedure. The empirical sizes in Table S4 show
that those of the proposed method, Lawley—Hotelling trace test and Schott (2007) are close to the nominal
level, while the size of Zhang et al. (2018) is inflated. This result is consistent with the observation made in
Section 77?7, except that the inflation in size of Zhang et al. (2018) seems more pronounced here, especially in
the settings with a dense alternative. The empirical power functions shown in Figure S4 suggest that, in the
sparse case, the proposed method consistently outperforms the others. In the dense setting, the proposed test
has almost the same power of the test of Schott (2007), and substantially outperforms the Lawley—Hotelling
trace test. With regard to the Zhang et al. (2018) test, it turns out that its type I error rate under the null is
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Table S4: Empirical size of ANOVA on multivariate Laplace data

p | (n1,n2,n3) | proposed S | DALp | LH | RRLH

95 50,50,50 .056 .048 .067 .049 .032
30,50,70 .058 .049 .063 .046 .038

sparse
100 50,50,50 .053 .052 .080 .032 .054
30,50,70 .056 .046 .063 .029 .062
95 50,50,50 .055 .059 .070 .036 .053
30,50,70 .057 .054 .070 .040 .054

dense
100 50,50,50 .052 .045 .067 .026 .046
30,50,70 .054 .045 .080 .039 .044

Table S5: Empirical size of ANOVA on multivariate Laplace data with different values of 7

.
P (nene) e T T 0.6 T 0.8 10.99 | datadriven
b | 505050 | 055 | 051 | 047 | 043 | 048 | 051 056
30.50,70 | 032 | .033 | .042 | .046 | .056 | 063 058
Sparse 100 |_B050,50 | 033 | 037 | 039 | 045 | 051 | 067 053
305070 | 048 | .046 | .049 | .055 | .061 | .075 056
b | 505050 | 039 | 040 | 048 | 045 | 055 | 061 055
e 305070 | 048 | .044 | 042 | 046 | 049 | 057 | 057
100 |_90.5050 | 047 | 045 | 045 | 052 | 058 | 076 052
305070 | 042 | .049 | .048 | .049 | .056 | .062 054

substantially higher than the nominal level, which makes it difficult to compare power. We also observe that
the classic Lawley—Hotelling trace test, which is not specifically designed for the high-dimensional setting,
deteriorates considerably as the dimension becomes larger, e.g., when p = 100 in both settings, while the
regularized Lawley—Hotelling trace test (Li et al., 2020) improves upon the classic unregularized version when

the dimension is relatively large in both settings.

As in the case of functional ANOVA, below we investigate the effectiveness of the data-driven selection
procedure for 7 by comparing it with using a fixed value of 7. Specifically, in the above simulation studies,
we also compute the empirical size and power for the proposed high-dimensional MANOVA by using each
of the values 0,0.1,...,0.9,0.99 for 7. The results are presented in Table S5 and Figure S5, where we report
the results for 7 = 0,0.2,0.4,0.6,0.8,0.99. We observe that values rather close to 1 such as 7 = 0.99 result
in slightly inflated size. In the sparse setting, all values of 7 and the data-driven procedure lead to similar
performance, while in the dense setting, large values of 7 yield larger power, and the power of the data-driven
method is close to that of 7 = 0.8. Similar to the observations in the functional ANOVA case, overall the

data-driven selection procedure is effective in selecting a near optimal value for 7.
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(n1,n2,n3) = (50,50, 50) (n1,n2,n3) = (30,50, 70)

&r; 2 N(0,1) r; M ta/V2 &r; M N(0,1) &y M ta)V2

Figure S1: Empirical power of the proposed functional ANOVA (solid), L2 (dashed), F (dotted), GPF
(dot-dashed), MPF (dot-dash-dashed), GET (short-long-dashed) and RP (dot-dot-dashed) in the simulation
setting of Zhang et al. (2019). Rows 1 to 5 correspond to p = 0.1,0.3,0.5,0.7,0.9, respectively. The power
functions of L2, F and GPF are nearly indistinguishable.
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(n1,n2,n3) = (50,50, 50) (n1,n2,n3) = (30,50, 70)

&r; 2 N(0,1) r; M ta/V2 &r; M N(0,1) &y M ta)V2
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Figure S2: Empirical power of the proposed functional ANOVA (solid), L2 (dashed), F (dotted), GPF
(dot-dashed), MPF (dot-dash-dashed), GET (short-long-dashed) and RP (dot-dot-dashed) in the modified
simulation setting of Zhang et al. (2019). Rows 1 to 5 correspond to p = 0.1,0.3,0.5,0.7,0.9, respectively.
The power functions of L2, F and GPF are nearly indistinguishable.
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Figure S3: Empirical power of the proposed functional ANOVA with adaptively selected 7 (solid), and fixed
7 at 0 (dashed), 0.2 (dotted), 0.4 (dot-dashed), 0.6 (dot-dash-dashed), 0.8 (short-long-dashed) and 0.99
(dot-dot-dashed). From left to right the panels display the empirical power functions for families (M1),
(M2), (M3) and (M4). The first two rows correspond to the “common covariance” setting and the last two
correspond to the “group-specific covariance” setting. The sample sizes are (ni,ns,n3) = (50, 50,50) for the
first and third rows , and (ny,ne,ng) = (30,50, 70) for the second and fourth rows.
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(n1,n2,n3) = (50,50, 50) (n1,n2,n3) = (30,50,70)

p =100

Figure S4: Empirical power of the proposed high-dimensional ANOVA (solid), DALp (dashed), S (dotted),
LH (dot-dashed) and RRLH (dot-dash-dashed). Top, sparse setting; bottom, dense setting.

(n1,n2,n3) = (50,50, 50) (n1,n2,n3) = (30,50,70)

p =100

Figure S5: Empirical power of the proposed high-dimensional ANOVA with adaptively selected 7 (solid),
and fixed 7 at 0 (dashed), 0.2 (dotted), 0.4 (dot-dashed), 0.6 (dot-dash-dashed), 0.8 (short-long-dashed) and
0.99 (dot-dot-dashed).
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