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1. Introduction. For many statistical applications, a multiple linear regression

model is a standard tool,

p
Yni =" + Z Vanri + €ni, (1)

r=1

for data (X, Yni), ¢ = 1,...,n, r = 1,...,p, where 7y and 7, are unknown param-
eters, Y,,; is the response, X,,; is the rth predictor, and e,; is the error term for the
1th subject in the sample. An implicit assumption is that predictors and response are
directly observable. However, in some situations both response and predictor variables
may be distorted under the influence of a confounding variable. In this paper we consider
a variant of (1), where one observes contaminated versions of predictors and response.
Contamination of the variables in the regression model occurs through a multiplicative
factor that is determined by the value of an unknown function of an observable covariate
U. That is, instead of observing X,,,; and Y,,;, one actually observes distorted variables

ani and ffnl )

Xori = 0r(Uni) Xoriy, 7=1,...,0,  Yi = (Uni) Y. (2)
Here ¢(-) and ¢,(-) are unknown smooth functions of the contaminating covariate U, and
the available observations are (U,;, Xri, f/m)

An example where a model of this type is relevant are the creatinine data that are ex-
plored further in Section 5. Here serum creatinine levels are regressed on cholesterol level
and serum albumin. Observed response and the two predictors are known to depend on
body mass index, defined as weight /height?, which thus has a confounding effect on the
regression relation. Therefore, we investigate the application of multiplicative confound-
ing via model (2), where the confounding variable U is taken to be body mass index.
“Normalization” by weight or body mass index is common in the analysis of medical
data, and this refers to simply dividing the measured quantities by these confounding
variables. This type of normalization implicitly assumes that the confounding is of mul-
tiplicative nature. The adjustment considered in this paper applies to a class of more
general multiplicative confounding where the effects of the confounder are modelled by

unknown distorting functions ¢(-) and ¢, (). This leads to flexible models that include



a large class of confounding mechanisms. Reasonable identifiability conditions for these

functions are

E{ypU)} =1, E{p,(U)} =1, r=1,...,p, (3)
corresponding to the assumption that the mean distorting effect vanishes. Additional
basic assumptions are that the (X,, U, e) are mutually independent for r = 1,... p, and
that observations made on different subjects are independent, with F(e,;) = 0, and

var(e,;) = o?. The assumption that the underlying predictors, X,, and response, Y,

are independent of the contaminating variable U is an assumption defining the proposed
contamination setting through defining these unobserved, underlying variables; and for
that matter is not one that can be checked in practice. Thus, the question to be answered
in practice is whether or not these independence conditions help define interpretable latent
variables of interest from their observable counter parts. In our creatinine example, the
latent variables are defined to be body mass index adjusted serum protein levels and
cholesterol level, which are commonly used in medical studies.

The contamination of the predictor and response in a multiplicative fashion as given
in (2) can alter the regression relation between the original response and predictors com-
pletely. It has also been shown for the case of simple linear regression, that standard
adjustment methods such as nonparametric partial regression or partial regression can-
not adjust for the multiplicative contamination [Sentiirk and Miiller (2003)]. Therefore,
a modified parameter estimation procedure is necessary, which accounts for the multi-
plicative confounding effect of U. Such a procedure was proposed in Sentiirk and Miiller
(2003), where consistent parameter estimation in model (1)-(3) was established. This
estimation procedure relies on the fact that regressing ¥ on X, ... ,f(p gives rise to a
varying coefficient model. Furthermore, a main attraction of this estimation procedure is
that under the identifiability conditions of vanishing mean distorting effects, it also works
for the case of additive contamination, i.e. X,; = Or(Uni) + X Y, = W(Upi) + Yo,
and for no contamination, i.e. ¢,.(U,;) = ¥(Uy,;) =1 forr =1,... p. Thus, the proposed
estimation procedure provides a flexible and general tool for adjustment, where the spe-

cific nature of the contamination of the variables or even its mere existence need not be



known.

The aim of this paper is to derive the asymptotic distribution of these parameter
estimates, and to discuss applications to confidence intervals. We show that our proposed
parameter estimates are asymptotically normal, and combining this result with consistent
estimation of the asymptotic variance leads to asymptotic inference.

The paper is organized as follows. In Section 2 we describe the model in detail. In
Section 3 issues of estimation are discussed and the results on asymptotic inference are
presented. Consistent estimates for the asymptotic variance are derived in Section 4.
Applications of the proposed method to creatinine data and simulation studies are in
Section 5. The proofs of the main results are assembled in Section 6, followed by an

Appendix with some additional technical conditions and auxiliary results.

2. Covariate adjustment via varying coefficient regression. Consider model
(1)-(3). Writing X, = (th-, . ,ani), the regression of the observed response on the

observed predictors leads to

E(Yu| XL Un) = E{Ynt0(Und)|61(Uni) Xty - - - 0p(Uni) Xnpir Uni }

- w(Unz)E{70 + Z ’Yanri + eni’¢1(Um’)Xn1ia cee 7¢p(Uni)ani7 Unz}

Assuming that F(e,;) = 0 and that (e, U, X,) are mutually independent for r = 1,...,p,

the model reduces to

. B r Um ani

Defining the functions

Bo() = (u)ro, Bo(u) = 7 Y

this leads to

where €(u) = 1(u)e.



We find that this is a multiple varying coefficient model, i.e., an extension of regression
and generalized regression models where the coefficients are allowed to vary as a smooth
function of a third variable [Hastie and Tibshirani (1993)]. A unique feature is that both
response and predictors depend on the covariate U.

For varying coefficient models, Hoover, Rice, Wu and Yang (1998) have proposed
smoothing methods based on local least squares and smoothing splines, and recent ap-
proaches include a componentwise kernel method [Wu and Chiang (2000)], a component-
wise spline method [Chiang, Rice and Wu (2001)] and a method based on local maximum
likelihood estimates [Cai, Fan and Li (2000)]. Wu and Yu (2002) provide a review of re-
cent developments. We derive asymptotic distributions for an estimation method that is

tailored to this special model.

3. Estimation and asymptotic distributions. The estimates of the regression
coefficients =, will be obtained by targeting weighted averages of the smooth varying
coefficient functions. Even though various smoothing methods have been proposed in the
literature for the estimation of these smooth varying coefficient functions, we propose a
smoothing method based on binning. The main reason for the use of the binning approach
is its simplicity in targeting the desired weighted averages, rather than its performance
on estimating the varying coefficient functions themselves. Nevertheless, the proposed
binning approach has similarities with earlier developments for longitudinal data in Fan
& Zhang (2000), who use the data collected at each fixed time point to fit a linear
regression, obtaining the raw estimators for the smooth varying-coefficient functions.

Generalizing this idea to our independent and identically distributed data scheme, we
assume that the covariate U is bounded below and above, —oo < a < U < b < oo for
real numbers a < b, and divide the interval [a,b] into m equidistant intervals denoted
by By, ..., Bum, referred to as bins. Given m, the B,;, j = 1,...,m are fixed, but the
number of U,;’s falling into B,,; is random and is denoted by L,;. For every U, falling
in the jth bin, i.e., U,; € B,;, the corresponding observed predictors are ani; e ,ani
and the response is Y.

After binning the data, we fit a linear regression of ?m- on th», . ,ani fusing the



data falling within each bin B,,;, j = 1,..., m. The least squares estimates of the resulting
multiple regression for the data in the jth bin are denoted by }fj = (Buogs -+ Pops)T
The estimators of v,¢ and v,,, for r = 1,...,p, are then obtained as weighted averages

of the ﬁnj’s, weighted according to the number of data L,; in the jth bin,

~ - Lnj A
Tno = Z T/Bnoj (6)
7=1
and
) 1 ~=Lnjs =
Ynr = =— Z #Bnrijlm«j) (7)
nr j=1

where )?mn = n 13" X, and X!

nrj 18 the average of the X falling in B,;, i.e.,

Ly, Xorili,e B,;} [Sentiirk and Miiller (2003)]. These estimates are motivated by
E{Bo(U)} = 0 and E{5,(U)X,} = . E(X,) (see (5) and (3))

We present the asymptotic distribution of estimates 4,0 in (6), . in (7) for 4o, 7,
in model (1), when the number of subjects n tends to infinity. As in typical smoothing
applications, the number of bins m = m(n) is required to satisfy m — oo, n/(mlogn) —
oo and m/y/n — oo as n — oo. We denote convergence in distribution by 2 and

convergence in probability by <.

Theorem 1. Under the technical conditions (C1)-(C7) in Section 6, on event E,, (defined
in (12)) with P(E,) — 1 as n — oo,

\/ﬁ(%r—%)gN(OaCTf)a 0<r<p,

where

o6 = Yovar{y(U)} + o* (X E{y*(U)},

2 — WEXDEWAU)} — {EX) ]+ P {EX) PE{ (U)X,
’ {E(X,)}?
22[E{¢,(U)0(U)} B(X}) — {B(X,)}?] + 12var(X,)
(L)) L ETEr
and ~ .
1 E(Xy) ... E(X,)
o | EOO B B N
| B(X,) B(XX,) ... B(X)




is assumed to be nonsingular, according to condition (C5) in Section 6.

4. Estimating the asymptotic variance. The observable data is of the form

(UniaXT

m-,f/m), i = 1,...,n, for a sample of size n, where X,; = (ani,---7ani) are
the p-dimensional predictors. Correspondingly, the underlying unobservable predictors,
responses and errors are (X1, Y en:), i = 1,...,n, where X,;; = (X1, ..., Xppi). Let
(U i1 Xyt Yot X Yo €hi)y ke =1, Lugor = 1,0, o} = {(Uniy Xty Yot Xty

nrjk’ *njk’ “njk
Yorisenri),t = 1,...,n,r =1,...,p: Uy € B,;} denote the data for which U,; € B,;,

where we refer to ( ;jk,f(;wjk,?éjk,X;lrjk,Yéjk,e;jk) as the kth element in bin B,;.
Further let (UL, X, Y7, X/ YT el) be the data matrix belonging to the jth bin,
where Urlzj = ( ;lea ) ;LjLnj% Y/AJ = (?77{]'17 e a{/ijLnj)» Yr:j = (Yr:jlv e 7Y7:jLnj)a
6%3‘ = (elnjb e 7€;1jLnj) and X;ij = (1, X;njk» e ’lelpjk)’ X;ij = (1, qumljlw e 7X7/1pjk)
for k=1,...,L,; contain p components of the kth element in bin j, and

Xrlzj = (5({517 ce 7)27/£Ln]~>€nj><(p+l)7 lezj = (Xrlljjjh s 7XT/37?Lnj>7L—‘nj><(p+l)'

Then we can express the least squares estimates of the multiple regression of the

observable data falling in the jth bin B,; as

i = Bavgs s Bupy)” = (X5X0) T XY (9)

njngo

leading to the parameter estimates 4,0 and 4,, given in (6) and (7), respectively, where

TS I o VO V! 71N~y
XNT‘ =n Zi:l Xm“i and anj - Lnj Zk:l XnTjk‘

Let 4,; be the least squares estimates of the multiple regression of the unobservable

data falling into B,;, i.e.,

g = Gnogis - )" = (X5 X05) T XY (10)

njrng -

This quantity is not estimable, but will be used in the proof of the main results.

For the estimates given in (6) and (7) to be well defined, the least squares estimate 3,
must exist for each bin B,;. This requires that the inverse of X;};X’,’U is well defined, i.e.
det(X;L X/ ) # 0. Correspondingly, 9,; will exist under the condition that det(X;L X/ ) #
0. Define the events

A={weQ: irjlf |det()~($)~(7’lj)| >0}, A={weQ: ir;f |det(X,5 X)) >0}, (11)

7



where (§2, F, P) is the underlying probability space. On event A, Ao and A, given in
(6) and (7), and on event A, 7,,; given in (10) are well defined, respectively. Event E,, in
Theorems 1 and 2 is defined to be the intersection of A and A, i.c.,

E,=ANA. (12)
It is shown in Appendix A.3 that P(E,) — 1 as n — oc.

Theorem 2. Under the technical conditions (C1)-(C7) in Section 6, on event E,, (defined
in (12)) with P(E,) — 1 as n — oo,

Gr 2 op, 0<r<p,
where
m I 1 m  Lnj
~2 nj 2 22 A "
Ono = (Z 7] n0j 7710) + {E Z ( njk 6“0] ﬁnlerlzljk ﬁnpj npjk) }
j=1 j=1 k=1
- Ln] 1~v/T v \—1
{Z T(Lny Xn]an)ll )
j=1
N A > ~ b ’7717"
0127,T = |:E Z 121rj 7/L2r]k + 77211”)(2 Z 6717“3 Z nr]k + Vnr X
=1 k=1
+ {ﬁ Z ( njk 6110] 6n1]X;L1]k /anj npjk) }
=1 k=1
- Ln] 1~/T ! \—
Z TXm"]<L X Xn rr n'm I1<r< b,
j=1

and 5?@ = (n—1)"" 0 (K — X )2

=1

Remark. These proposed variance estimates are motivated by the identifiability condi-
tions, the definition of the smooth varying coefficients functions given in (5), Lemma 3
and Lemma 4 (a.). Using the consistency of ij for the value of the function (3, at the

mid point of the jth bin and the definitions of Y’ i and X! we target the quantities

nrjk>
o?E{y(U)}, g E{w*(U)}, 77 E(X) E{Y?*(U)} and 7 E{¢,(U)$(U)}E(X?) with the es-
timators n IE] Ika (Yri]k Ban _ﬁnlenljk : ﬁnp] npjk:) ) Z;nzl n_anj/éELOﬁ

-1 2 n] / m A n] 2
n ZFI 6mj Xm,]k and n~14,, ijl Brrj Xnmk7 respectively. Furthermore,

8



relying mainly on Lemma 3 and Lemma 4 (a.), we target (X~1);; and {E(X,)}*(X 1),
with 37 n_anj(L;;f(gXéj)ﬁl and 7, n'L,; X2

nrj

—1 5T 5 \—1 :
(L X7 X)) s respectively.
5. Applications and Monte Carlo study. Under the technical conditions (C1)-
(C7) in Section 6,

\/_ﬁ<Anr_%) EN(O,l), 0<r<p, as n— oo. (13)

Using the consistent estimate 62, of 0% proposed in Theorem 2, it follows from (13) and

Slutsky’s theorem that

\A/_ﬁ(&nr_’%“) gN(071)7 OSTSI%

nr

so that an approximate (1 — ) asymptotic confidence interval for v, has the endpoints

O-TL’I‘

Ynr £ Za/o——=. 14
g Z/2\/ﬁ ( )

Here z,/s is the (1 — o/2)th quantile of the standard Gaussian distribution.

5.1. Application to Creatinine Data. An observational study in which various labora-
tory and patient data were analyzed for patients with end-stage renal disease is described
in Kaysen et al. (2004). To illustrate our methods, we use a subset of these data. Vari-
ables include serum creatinine level (CRT), cholesterol level (CH), serum albumin level
(ALB) and body mass index (BMI ), measured for n = 508 subjects. Creatinine is a pro-
tein produced by muscle and released into blood. Since the amount produced is relatively
stable, the creatinine level in the serum is determined by the rate it is removed, and is
therefore an important indicator of renal function. We analyze the dependency of serum
creatinine (response) on cholesterol level and serum albumin (predictors). An unadjusted
approach would be to fit the multiple regression model CRT = vy + v CH + v ALB + ¢,
where e is an error term, usually by least squares. Body mass index (BMI) is defined
as weight /height? and is known to affect both the response and the predictors. This
provides the motivation to adjust for this influence by means of the CAR model (4), (5),

using body mass index as the confounder U.

9



The parameters 7p, 71 and 7, were estimated by the CAR algorithm and the results
were compared to the estimators obtained from the least squares regression of the observed
CRT on observed CH and ALB. The estimators and the approximate 95% asymptotic
confidence intervals for the regression parameters obtained through both methods are
displayed in Table 1. The approximate confidence intervals for CAR estimates were
obtained as proposed in (14). The scatter-plots of the raw estimates (Zuy1, - - -, Bprm) (9)
vs. midpoints of the bins (B, ..., Buy) are shown in Figure 1 for r =0, 1, 2.

The implementation of the binning algorithm allows for merging of sparsely populated
bins. Bin widths were chosen such that there are at least (p 4+ 1) points, enough to fit
the linear regression with (p — 1) predictors in each bin. If there were bins with less than
(p + 1) elements, such bins were merged with neighboring bins. For this example with
n = 508, the average number of points per bin was 14, yielding a total of 34 bins after
merging.

For least squares regression, CH was not found significant at the usual 5% level,
while ALB was found to be significant. When applying the CAR method, CH and ALB
were both significant. As BM1 increases, the slope parameter of serum albumin level
increases exponentially, while the negative slope parameter of cholesterol level declines
slightly. Adjusting for different BMI levels across patients, both serum albumin level and
cholesterol level seem to play a significant role for the serum creatinine level. The effects
of BM are thus masking the true overall negative effect that C'"H has on C'RT in the

unadjusted regression equation.

5.2. Monte Carlo simulation. The confounding covariate U was simulated from

Uniform(2,6). The underlying unobserved multiple regression model was
YI4—X1+03X2+3X3+€, (15)

where X; ~ N(1.5,0.7), Xo ~ N(1,1.2), X3 ~ N(0.5,1), and e ~ N(0,0.3). The
distortion functions were chosen as ¥(U) = (U+3)/7, p1(U) = (U+1)?/26.3333, p2(U) =
(U 4+ 10)/14 and ¢3(U) = (U + 2)?/37.3333, satisfying the identifiability conditions.
We conducted 1000 Monte Carlo runs with sample sizes 100, 400 and 1600. For each

10



run approximate 95% asymptotic confidence intervals were formed for the regression
parameters by plugging in the estimates 62, r = 0,...,p, given in Theorem 2, into (14).
The estimated coverage fractions and mean interval lengths for these confidence intervals
are given in Table 2. The estimated non-coverage fractions are seen to get very close
to the target value 0.05, as sample size increases, and the estimated interval lengths are
sharply decreasing.

We have also carried out simulations to study the effects of different choices of m,
the total number of bins, on the mean square error of the CAR estimates. Under the

rate conditions on m given in Section 3, the estimates are found to be sufficiently robust

regarding different choices of m.

6. Proofs of the main results. While the main steps in the proofs of the two the-
orems are given here, the auxiliary results for these proofs are deferred to the Appendix,

where they are listed as lemmas 1 to 4. We introduce some technical conditions:

(C1) The covariate U is bounded below and above, —oo < a < U < b < oo for real
numbers a < b. The density f(u) of U satisfies inf,<u<p f(u) > 0, sup,<,<p f(u) <
00, and is uniformly Lipschitz continuous, i.e., there exists a real number M such

that sup,<,<; | f(u +¢) — f(u)| < M|c| for any real number c.
(C2) The variables (e, U, X,.) are mutually independent for r = 1,...,p.
(C3) For the predictors, sup;<;<, 1<,<, | Xnri| < B for some bound B € R.

(C4) Contamination functions ¥ (-) and ¢,(-), 1 < r < p, are twice continuously differ-

entiable, satisfying
Eyp(U)=1, E¢.(U)=1, ¢.()>0 1<r<p.
(C5) As n — oo, +XTX 2, X, where X, the limiting (p + 1) x (p + 1)-matrix, is
nonsingular.

These are mild conditions that are satisfied in most practical situations. Bounded co-

variates are standard in asymptotic theory for least squares regression, as are conditions

11



(C2) and (C5) [see Lai, Robbins and Wei (1979)]. The identifiability conditions stated in
(C4) are equivalent to

E(VIX)= E(Y|X),  BE(XIX)= X,

This means that the confounding of Y by U does not change the mean regression function.
Some further technical conditions will be introduced in Appendix A.1; these are required
to prove the auxiliary Lemmas in the Appendix.

For two matrices of the same dimension, let A [J B denote the Hadamard product,
where A B is also of the same dimension with (i, 7)th element equal to the product of

the (i, 7)th elements of A and B.

Proof of Theorem 1. By Lemma 4 (b.) and properties (b.), (c.), (e.), (f.) given in Appendix
A.3, it holds that

sup |(L,,} X;5Y,,) = {A B (L X5V 0 H = Op(m™) Ly, (16)

. njy-mnj njy-mnj
J

where (L 1XT,LT‘[71Y7’Z_]) (Lnj Zk njk7Lnj Zk nij’ll’Lljk7 c Ln] Zk n]k npjk)T7
(L IX'r/zj;Yrig> (Lnj Zk Tij’L’I’L] Zk; njk nljk’ c Ln] Zk njk np]k)T7
A = (O(UL), SUL) UL, - BB (U)IT, and Lpsnpr denotes a (p+1) x 1

vector of ones. Under event E,, Lemma 3 and (16) imply that

Ban - w(U /*-):Yan

“up @jlj — {w(U)/d :( )iy = Op(m ™)1 py1yx1, (17)

Bnpj — {U5)/p(Urs) }inps
where 7,,; is as defined in (10). First consider the case » = 0. Using (17),

V(Yo —70) = \/ﬁ(zm: %Bm;‘ ) Z (U2 )Am0j — Vnvo + O, <%)

J

/* / !/ !/ / n
Z (U0 + (X 0) lxnﬁem}]—mowp(%)-

By property (b.), Lemma 4 (a.), (b.) and substituting L, | >, {L, | X5 X)) 7' X[T} e
for {(X5X),) 7" X her 1, v/n(Amo — 7o) further simplifies to

nj ”J

njk

12



Ly

]izlmb ), %) ;Uk{(L;legX’ )" 1X’T}1k} \/570+0p(\/%). (18)

Since the above sum is over all bins indexed by 7, and over all points within the bins in-
dexed by k, it is equal to the sum over all data points indexed by i, summed up in a random

order. We introduce notation where X/ . i) refers to the matrix X 1 and L, ;) refers to the

number of points in the jth bin such that U,; € B,;, and {(L_} X’T X! ()) LxT .(l)}rk(i)

(i) nj(i)
is the (r, k)th element of the matrix {(L, | X]E X)) 7' X/} for 1 < r < p, where U,; = U,
is the kth element in the ordered sample (U, ..., Uy, ) € Byj. Thus (18) is equal to

iz:;{%fﬂ\;gni) +w(({;_;)em{(L 1()X’T()X’ 3) T X k) \/Oﬁ} +0p(%)‘ (19)

The term /n(%,0 — Y0) is asymptotically equivalent to

t t

S = 30| 2 S (1 T X00) X b = D | = 3 2o
since m/\/n — oo as n — oo makes the term O,(y/n/m) negligible.

Let F,o: be the o-field generated by Spo;. Then {S,o; = 22:1 Znoiy Frot, 1 <t <n}is

a mean zero martingale for n > 1; since E(Syo:) = 0, E(Sno.t+1|Fnot) = Snot, and Sper is

adapted to Fj,;. Since the o-fields are nested, that is, Flo; C Fj,41,0¢ for all £ < n, using

Lemma 1, S,0, — N(0,62) in distribution [Hall (1977)], and Theorem 1 follows for r = 0.

Next we show

m L
- nrj<Xnr - TE XT‘
Vi Z’z; Lﬂ b VE(;’)) 2 Ny (0, %)), (20)
Jj=1 n o r

nrj

The asymptotic normality of \/n(y,, —~,) for r = 1,...,p will follow from this with a
simple application of d-method, since 4, = (37, Lnjn~ B mj)/(z;":1 Lmn_lX’ )

nrj

as defined in (7). By the Cramer Wald device it is enough to show the asymptotic

normality of \/_[a{zj 1 Lmn_lﬁm,] i fy,,E(XT)}—i—b{Z;@:l Ln]n_lX;m E(X,)}] for
real a,b, and (20) will follow.

13



Using (17), properties (b.), (c.), Lemma 4 (a.), (b.) and substituting
Ln] Zk{L 1X/TX/ ) 1X/T rke for {(X;LI;X/ ) 1X/T ! }7«, we have

njk nj TLj
- LTLJ / . Lnj 1% / IT 5! 13T 1 -1
Z ﬂ”””]XnT] - Z 7¢(U )XTZT] h/?” + {(Xn]X ) anen]} ] + Op(m )
Jj=1 j=1
m Lnj
Z |: n]k)X’:lTjk+ ""7 ( n]k) ;l]k{(LT_leX;?;X’:L])_ng?; rk +Op(m_1)7
7=1 k=1

and

1 |

m  Lnj
m"_y Z Z % njk nrjk + OP<m71>'

=1 k=1

>
“ o
Thus using the same notation as in (19), it holds that

ﬁ[{fj 0y Xy E(X»}M{ij SR - E<XT>H

J=1

n X' .
Yr nrj(i) 1 / 1T
= —_— TLi XTL'I’i ni TL’i L X X ; X r 1
. |:a\/ﬁ¢<U ) +a \/ﬁ ¢<U )6 {( nj(i)“*nj(i) ) nj l)} k(i)

Yr b E(X,) Vv
—a—=F Xr = rUm’ ani_b— Op| — )
where Xq’w = Lnj anm) X;w]( y- Since O,(y/n/m) is asymptotically negligible, the

above term is asymptotically equivalent to

n "/

X'
Yr nrj(i ’
Snrt = E |:a\/ﬁ¢<Unz)anz +a \/’i_l( )¢<Unz)enl{(L ! an('L Xn]( ) anT z)}rk(

T by LB,
TEBX) + n (U Ko — ﬁ} > Zun

Let F,.; be the o-field generated by S,.. Then it is easy to check that {S,. =
Z§=1 iy Frrty 1 <t < n} is a mean zero martingale for n > 1. Since the o-fields are
nested, that is, Fj,;+ C Fy,41,+ for all t < n, using Lemma 2, S, A N(0, (a, b)S,(a,b)T).
Thus, it also follows by a simple application of the §-method that v/7(%, — ) = N(0, 02)

for r =1,...,p, where o2 is as defined in Theorem 1.

Proof of Theorem 2. Using Lemma 4 (a.) and (b.), it holds on event A that

14



sup |¥nj — Z| = 0p(1)1(pt1)x1, (21)
j

where v = (70,71, ---,7%)"- Using (21) and (17),

By — V(UR)0
Burj — {W(U) 61U I

sup | ‘ = 0p(1)1(pr1yx1- (22)

By = VU /60U 1

By (22), properties (b.), (c.), (d.), boundedness considerations and the law of large num-

bers,

m

Ln] 22
n n0j —

Jj=1

and

OZ ’”{w U )+ %Zw wi)Fop(1) = RE{WA(U) }o,(1),

m Lnj
1 A~
E Z Z n]k ﬁnOJ ﬁnler,zljk : ﬂnpj npgk:)2
71=1 k=1
L .
1 = . )
- > { V(Ups)enje + Onoji Y — m%ljﬁ%w -
j=1 k=1 nj
(U5) ’
PYP¢ (U )5"10]anka + OP<1)
p

. Z B(U), + op(1) = o E{G(U)} + o0,(1),

- Z ﬁgr] ZX’;I?T]]{? = T Z U/* Z TLT‘jk‘ + Op

J=1

”Zw X2+ 0p(1) = ZE(GA(U)LE(XE) + 0,(1),

Ly;

. Zﬁm 3 2= 23 ) Y X ol
j=1

k=1 k=1

T U6 U)X + 0,(1) = 3 ELAU)6 )V ECKD) + 0y(1),

15



where 8,0 and &, are as defined in Appendix A.3. Using Lemma 3, Lemma 4 (a.) and

(3]')7

APPENDIX:
AUXILIARY RESULTS AND PROOFS

A.1. Additional Technical Conditions. We introduce some further technical

conditions:

(C6) The functions hi(u) = [xgi(z,u)dz and he(u) = [xgs(x,u)dr are uniformly
Lipschitz, where gl(-, -) and gs(+,-) are the joint density functions of (X,U) and
(Xe, U), respectively.

(C7) The error term satisfies E|e?| < oo for A > 4.

Conditions (C1), (C6) and (C7) are needed for the proof of Lemma 4 given in the next

section.

A.2. Auxiliary results on martingale differences.

Lemma 1. Under the technical conditions (C1)-(C6), on event A (11), the martingale

differences Z,o satisfy the conditions
(a) Y E{Z0I(Zuul > €)} =0  forall e>0,
t=1

(b) A% = Z 7%, L o? for of > 0.

t=1

Proof. Let Z,0; = WnotVnot, Where wyo; = 1/4/n, and

Unot = 70¢( nt) + w( nt)ent{( )X/T(t)X/ i(t )) 1X$(t)}1k(t) — Yo,

with E(vn) = 0. Define 02, = var(vuor) = Yavar(¢(U))+0? B[ (Upe )2 {(L ! X/E

/ —1
ni (0 Xni () Xnj(t))

16



X,T(t)
nj
SUP|<ycp Ongy < C. It holds that for e > 0, [2?I(|z| > \/ne)dF, , (x) = P(vi, >
vne) < E(vi,)/(vVne) = on,/(vne) < c¢/(vne) — 0, implying max, [2°I(|z| >
Vne)dF,,, () — 0. Thus Lemma 1 (a.) follows, since for € > 0, " | E{Z20,1(|Znot| >

) =2 1fx2l 2] > €)dFu, 0000, () < mathIQI 2| > €/|wnot|)dFYy,,, (T )thiOt =
max, [ 21{Je] > VA)Fy () — 0.

The term A2 given in Lemma 1 (b.) is equal to

ALy = 7 { Zw }+%—270{ 1Zw<Um>}

+ 2yn” Zw? wt)ent{ (Lo X0 X)) ™ X0 Yk

]. On event A, ¢, is bounded uniformly in ¢, i.e., there exists ¢ > 0 such that

— 2yon” Z¢ w)ent{ (Lo Xobo Xnin) ™ Xy bk

+ _IZ@/J Unt)ep {( L,:] Xf;() i) XY =T+ + T
It follows from the law of large numbers that

Ti+Th+T3 5 WE{W(U)} + 75 — 296 E{¢(U)} = vgvar{y)(U)}.

On event A, E(T,|U, X, L,;) = 0 and

402~2 _
Vaf(T4|U>XaLnj):702¢4(Unt){ X,T()X/ ) 1X/T(t)}1k(t) O(n 1)-

7L7(t)
Thus, E(Ty) = 0 and var(Ty) = O(n™'), implying that Tj = O,(n"*/?) on A. Similarly,
it can be shown that T5 = O,(n~'/?) on A.

Next consider the last term T which can also be written as

m Lnj
Te=n"" Z Z{(L;]'IXQ?X;U')_IX;?}%M/’Q( :zjk)egjk‘
j=1 k=1

Expanding {(L, | X;EX] )71 XT3 0%( Uy ir)ern, for each k, we get

T(; = n_li

=1 k=1

2
+ (L;leégX, )1_11)+16n]kr¢)( n]k)X;’Lp]k} )

Ly
{(L lX/TX;L])l_l njk¢( n]k) (L 1X/TX7,1])1_2 ”ka( an) 1jk+”'

17



which by Lemma 4 (a.) and the law of large numbers is equal to

o B (U)X + (XTLEXT) + .+ (A7)0 B(X))
{2 (X N BX) + . 42X D (X )1 E(X)}
{2(X r2(x” 1)13E(X1X2) 2 X (X )1y E(XG X))
{2(X ) 1p(X ) 1p 1 B(Xpo1 X))} + (1)
= CE{U)HXTXTX T )1+ 0,(1) = PE{ (U)HAX )i + 0,(1),

where X is as defined in (C5) and given explicitly in (8). Thus

AR = yovar{y(U)} + o* (X E{Y*(U)} = o,

and Lemma 1 (b.) follows.

+ o+ o+

Lemma 2. Under the technical conditions (C1)-(C6), on event A (11), the martingale

differences Z,,.+ satisfy the conditions

(a.) ZE{ 2 (| Zp| >€)} =0 forall e>0,

(b.) Z 2.5 S, (a,b)” for (a,b)%,(a,b)” > 0.

Proof.  Let Zpwy = WpptUnpe, where wpy = 1/3/n, and vy = ay0(Ung) Xpre +
aX;-V,‘j(t)w(Unt) ent{<L h )X/T( )X;U(t)) é?(t)}rk(t) - CVVTE(XT) + b¢r(Unt>ant - bE<XT)7
with E(vn) = 0. Define o2, = var(vy,) = a’*y2var{(U)X,} + b*var{¢.(U)X,} +

QE[X;LiJ(tW(UntV {(L;jl(t)X/T()X;w(t)) X i) + abr [E{o (D)0 (U)}E(XT) —
{E(X,)}?]. On event A, o2, is bounded uniformly in ¢, and thus Lemma 2 (a.) fol-
lows in a similar fashion as Lemma 1 (a.).

The term A2 in Lemma 2 (b.) is equal to

8, = @ K B {7 S 0K
+R{E(X,))? - 2022 E(X { Z¢ nt) m}+2ab%{E< i
+ 2ab%{n‘1§t:¢(Um)¢r(Um) m}—%Q { ‘12@ nt) m}
- 2ab%~E(Xr){n_1 > wwnt)Xm} - 2ab%E<Xr>{n-1 Z @(Unt)Xm}

=+ 2@ Ve Z¢ nt entXm«] nrt{(L ! X/T )X/ ())7 X;E;(t)}rk(t)
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- 2a2% X;) _121/1 nt 6Ntan](t){( nj(t)X, ())_1X$(t)}rk(t)

+ Zabn Zw nt ¢7‘ nt)entan] nrt{(L ! X,T )X;L]( )) 1X/T t)}rk

- QabE 71 Z w nt entX;lr] {(L 1( )XIT(t)an(t)) ngjj(t)}"’k(t)
2 —1 12 —1 T / —1 /T 2 o
+ Z V(U )en X 0 Loy Xni ) Xnjw) Xnjwydowwy = 11 + .- + Ths,

and by the law of large numbers

Tit.o+ Ty = @ {EX) var{y(U)} + var(X,) E{y*(U)}]
+ 2aby, [E{¢ (U)Y(U)}E(X]) — {E(X,)}?] + b*var(X,).
On event A, E(T1|U, X, Lnj) =0 and

422

var(Ti|U, X, Ly;) = —— 77” Z¢ Uyi) X2

nrj

X,rt{(L ; X/T 0 Xniw) Xk Yok

which is O(n™!). Thus, E(Ty;) = 0 and var(Ty;) = O(n™'), implying that T}; = O,(n"1/2)
on A. Similarly, it can be shown that Ty, = T13 = T4 = Op(n*1/2) on A.

Next consider the last term T35 which can also be expressed as

m Ln]
T15 = a n- ZZ{ lX/TX, IX;LY; 72~k: 2( ;ij) g]kX;LQTJ
7j=1 k=1
Again expanding {(L, ] X;5 X, )7 XT3 0% Ul iren X for each k, we get

m Ln]
= a2n_122{(Ln]1ngﬂX;L) IX;LT‘_] njkw( nyk) (L;]1X1/1€X7,L])7T21
j=1 k=1

Koo U X - (L XX )b Koo U X
which by Lemma 4 (a.) and the law of large numbers is equal to
o {E(X,) P E* U)X + (XT)LEXT) + ..+ (A7), 4 E(X)
2 (X BO) + o+ 23 ) (XY, B(X,)
2 )X BE(X1X) + ... 4+ 2(X (X, E(X01 X))} +
{27 (X7 p B(Xp 1 X)) + 0p(1)
P EX) P EA U)X T XTX ), + 0,(1)
= a0 {EX) B (U)HX ) + 0p(1).
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Thus
Zrll ZT’12
A7 = (a,b)8,(a, )" = (a,b) (a,0)",
E7“12 E7“22
where X1y = 7 [{ E(X;) }Pvar{y)(U) }+var (X,) E{y)*(U) +o*{ E(X;) P E{*(U) }X ™).,
Y12 = [ E{o(U)W(U)}E(X?) — {E(X,)}?], and ¥,9 = var(X,). Hence Lemma 2 (b.)

follows.

A.3. Auxiliary results on approximations of inverses. Defining 0,0, =
V(U 1) — (Uys) and Sprjie = ¢r (U 5) — &,(Uy5) for 1 <k < Ly and 1 < r < p, where
Uy = Ln] Zk’” U/

njk 18 the average of the U’s in B,;, we obtain the following results,

by Taylor expansions and boundedness considerations: for 1 < t,s < p, 0 < r;r' <»p
and 1 < € < 2, (a.) supy;|U);, — Ul < (b—a)/m; (b.) supy;|0nmu] = O(m™);
() supy 1) Sy bt Xl = Olm Y (d) sup, [ 32,02, X] = O(m™2);
(e.) sup, |L7:j1 225 Ok X pjn Xl = O(m™h); (£) sup; |Lnj 2 OnrkOnr ik X g X el =
O(m™2).

Lemma 3. Under the technical conditions (C1)-(C6), it holds on event E,, (12) that,

sup (L} X;5 X007 = (P D Z05)| = O(m ™)1 a1y o),

J

where
[ Yor(Us) . 1eUs) ]
T B Ao L L
| 1T (G UaU) - L/6AUL)

Enj = (L XJEX] )71 and 1(pi1yxpa1) denotes the (p+ 1) x (p+ 1) matriz of ones.

Proof. The proof is by induction on p. Define
Ln] Lnj

~ 10 1 1 ~ ~
X;l(rj) - L ZXrlfrjm (X;T,TJX;LS])( L_Z(Xrlzrij'rlzsjk)é’ (24)

Y " k=1

and analogously for X'} and (X! X! ¥ where 1 < r,s < p. First consider the claim

nrj nrj<*nsj

forp=1on FE,,

v/(2) /(1)
(Lxrg e L Aoty Ay
nj “*nj<ing =12 ~1 ~
Xl — (X5 | X 1
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By boundedness considerations and properties (c.) and (d.), it holds that sup; |Xn1] -
gb%(U%)X;(fﬂ = O(m™"), sup, |X( R (U) n1;| = O(m™'), and therefore

nlj

sup\{Xw (XM} — QAU XS — <n1]>}r—sup|dm G (UL)dns| = O(m™),

where can = det(L,_ljlf(;gX,gj), and d,,; = det(L;ler’?;X,’U). Thus, sup; ](L,_JX;L?X{W)_I —
(Pn; T Z0j)| = O(m1)1aye, where (®,;)ax2 is as given in (23), and (Z,;)ax2 =
(Lo X7EX0j) 202

Next, we show that Lemma 3 holds for p 4+ 1, assuming it holds for p. Let

T Bnjii Bujiz
(Lnle;’LC?X;j)(erZ)X(erQ) = an: R

T
anu an22
11 12

LTyt \— _ -1 _
(L X Xna)(p+2) x(p+2) T an - BT g2 ’
njy nj

and similarly let

Dnjll Dnj12
(L 1X,TX/ >(p+2)X(p+2) = Dp; = T )
Dnj12 Dnj??

D1 p
1~x/T ! \— _ -1 _ nj nj
(L X X )(p+2)><(p+2) - D”j - DlzT D22 ’

nj nj

where Byji1 = (L IX, X )(p+1)><(p+1 and Dpjin = (L IX/TX, )(p+1)x(p+1) By the

assumption,
sup ‘anll (Pnj L Enj) pr1)x 1) | = O(mq)l(pﬂ)X(pH)' (25)

By properties (c.), (d.), (e.), (f.) and boundedness considerations, it holds that

sup |an12 - (an [ Dnj12)’ = O(m_l)l(p—f—l)xh (26)
J
sup  |Bujoz — G (U) Dujae| = O(m™"), (27)
J
~ 1 -
e nglz ?)(X ((p)+1) (X (p+1)JX7,%13) ) (X, (p+1)j X;”’])( ))7 (2)
' S1(2
Dr{jl? = (X (p+1)J7(X/(p+1) Xr/zlj)( )7 (X;L(p+1) X7/1p])( ))a an22 =X n(p+1)j° Dnj22 =

X0 s and VE = (651 (UL), 6pea (UL 01 (UL, - b (U6 (UL5)). - Since B2 =
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(Bnja2 — Bl;15B,11 Bnji2) !, using (25), (26), (27) and the uniform boundedness of Dy,;1,
Dfl

njlly Dnj22 on A7
sup | By — {1 (Un)) D73} | = O(m ™),
j
where inf; |6} (U5) D23] = inf; |6} (U5) (Djaz — DiyjiaDyjiy Dujiz)| > 0, since ¢y ()
is assumed to be strictly positive, and since sup; |Dnjos — Difj15D; iy Dnjia| > 0. The
latter holds on A, since then sup; [d;| = sup; |det(Dpj11)(Dpjoa — D;Z;leD;jllanjlg)l > 0.
Now B!} = Bl + By \\\Bnj12B%B!.,B,}

. -1 .
g1l g1l mj11- Since Dypjig, Dy are uniformly
bounded on A,

Sup |BTIL; — (P )| = O(m_l)l(p+1)x(p+1)7 (28)
J

where ®,,; is as defined in (23), and T',,; = D,

_ pll
njl = Dnj'

Since B} = — B} Bnj12B, 5, using (26), (27), (28) and boundedness considerations,

\ + Dy 1 Doj1e D22 DY, DL

njl2-~"njl1l

sup |B,7 — (Qny T Anj)| = O(m ™)1 1)1,

J

where O = (1/6p11(U5), 1/{dpr (Uny) o1 (U} - -, 1{dpan (Un)dp(Ur5)}), and Ay =

-1

—D}Dyj1oD, )y, = DJ2. Thus, re-assembling the partitioned matrix B, Lemma 3

follows.

Lemma 4.  Under the technical conditions (C1)-(C7), for a sequence 1, such that

rn = Op{+/(mlogn)/n}, on event A (11)

(a.) sup (L;leg]anlqj)_l - X = Op(rn)l(p+1)><(p+1)7
J
(b.) Sp Ly Xpeni|= Op(ra) sy,

/ / T
njls - enjLnj)

where X as defined in (8) is assumed to be nonsingular by (C5), and e;,; = (e

Proof. Using the sample moment notation in (24)

(1) (1)
1 xvo L xW
/(1) (2) 1
LX’T.X’ o Xn1j Xnij e (Xéleépj)( )
Ly a7 )
/(1) ’ ) i ) (1) /(2)
| X (X)X

leads to
dnj = Z(_l)SigH(T) (LT_L]:[X?/”Z;X’]/’LJ)lT(l) s (LT_L];lX’;l?X’I/’Lj)(p+1),T(p+1)7
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where the sum is taken over all permutations 7 of (1,...,p + 1), and sign(7) equals +1
or —1, depending on whether 7 can be written as the product of even or odd number of

transpositions. The terms in the above sum have the general form

(1) 1
anlj(X;’Lle;wrzj)( ) (X;lp]XT{L'I‘p+1j)( )7 (29)
where X =1 and (rq,...7,41) is a permutation of (0,...,p). Considering the definition

of the Nadaraya-Watson kernel estimator [Nadaraya (1964), Watson (1964)], we note that
an arbitrary term in (29) has the form (X}, ; X, )" =g, (UM) for 0 <s <p+1,
K(-) = (1/2)1-13, b = (b — a)/m, and Ufg- =a+ (25 — 1){(b —a)/(2m)} are the
midpoints of the bins B,;. Uniform consistency of Nadaraya-Watson estimators with
kernels of compact support has been shown in Hérdle, Janssen and Serfling (1988), where

sup |mns7“s+1(u) - msrs+1(u)‘ = Op(rn)v (30)

a<u<b
Mr, o (W) = BE(X X, |U =u) = E(X,X,,,,), and r, is as defined in Lemma 4. Then
(30) implies

sup ’mnsrsﬂ(UM) msrs+1(Ur]g)| = Op(rn),
j

sup (X, X0, )Y = B(XX )] = Op(ra). (31)

nrsy1]
J

Hence the uniform consistency of (29) follows, where the limit of (29) is
E(X,)E(X:X,,)... E(X,X,,,,), and

sup [dn; — det(X)[ = Op(rs). (32)

follows.

The cofactor of (L, } XL Xy;)re is defined by (—1)"* times the minor of (L,,} X/E X;)re,
where the minor is the determinant after deleting the rth row and the /th column of
(L, X/EX,,;). With a similar argument as in the case of dy;, it can be shown that the
minor of (L, X/EX,;) is converging uniformly over j to the minor of (X),, with rate

rn. Thus part (a.) of the Lemma follows. For part (b.) of the Lemma, consider

T
1 /T/ _ E :
L Xn] nj ( nj en]k7Ln] 1jkenjk7 < Ln] p]k:en]k) :

Each term in the above sum is equal to m(Ué\f), where m(U)[) = E(elU) = 0 or m(U}) =
E(X,e|lU) =0, for r =1,...,p. Thus by the uniform consistency of m(U}) for m(U}}),
part (b.) of the Lemma follows.
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On event A, (32) implies that P(inf;d,; > 0) — 1 as n — oo, which further implies

P(A) — 1 as n — oo. Then Lemma 3 implies
sup |dp; — G (U - ¢ (U5 ) dns| = Op(m™).
j

This shows that P(inf;d,; > 0) — 1 as n — oo, which implies P(A) — 1 as n — oco.

Thus P(E,) — 1 as n — 0.
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Table 1: Parameter estimates for the regression model CRT = vy +nWCH + % ALB + ¢,
obtained by least squares regression of Y = CRT (serum creatinine level) on X, =CH
(cholesterol level) and X, = ALB (serum albumin level), and alternatively by covariate
adjusted regression, for n = 508 subjects. Confidence intervals at the 95% level were
obtained by the standard t¢-statistic for least squares regression and by the proposed

asymptotic intervals (14) for CAR, respectively.

Least sq. Reg. Covariate Adj. Reg.
Coefficients Lower B.  Estimate Upper B. Lower B. Estimate  Upper B.
Intercept 1.2715 4.3685 7.4656 0.3679 3.9987 7.6296
CH -0.0106 -0.0041 0.0023 -0.0154 -0.0082 -0.0009
ALB 1.1819 1.9729 2.7639 1.3065 2.2532 3.2000




Table 2: Coverage (in percent) and mean interval length for the approximate 95% asymp-
totic confidence intervals formed for the parameters of the regression model (15). The
values were obtained from 1000 Monte Carlo runs. The average number of points per bin

was 5, 16 and 32 for sample sizes 100,400 and 1600.

7o T V2 V3
n Coverage Length Coverage Length Coverage Length Coverage Length

100 90.7 .56 90.4 32 91.7 20 96.6 73
400 93.4 21 94.1 A1 93.4 .06 95.5 30
1600 94.2 10 95.2 .05 94.7 .03 95.0 14




30f

0.04}
201 | 0.02f .o
4= 0 i e * . ) ) 1
0 O
I -002} oo g
g 5 0.02 . . .
£ -0.04t
-0.06}
-0.08¢
10 15 20 25 10 15 20 25
BMI BMI
10}
m O
|
<
0 L
10 15 20 25
BMI
Figure 1: Scatter-plots of the raw estimates (Bm,l, c Bmm) vs. midpoints of the bins

(Bui, - -+, Bum) for 7 = 0 (top left panel), r = 1 (top right panel), r = 2 (bottom left
panel) in the CAR model CRT = o(BMI)+ $1(BMI)CH + G2(BMI)ALB +e(BMT).
Local polynomial smooth curves have been fitted through the scatter plots using cross
validation bandwidth choices of h = 8,7,7 respectively, for r = 0,1,2. CRT =serum
creatinine level, C'H =cholesterol level, ALB =serum albumin level and BMI = body

mass index. Sample size is 508, and the number of bins formed is 34.



