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2 Multivariate normal distribution

Normal distribution is central to the classical multivariate statistical analysis. Here are a
few important facts about multivariate normal random variables.

Definition 1: A random wvariable X taking values in RP is said to have (real) p-variate
Normal distribution with mean p and covariance 3 (a p X p positive semi-definite matriz),
expressed as X ~ Ny,(p, X), if the characteristic function of X is given by

1
dx(t) ;== Eexp(it’ X) = exp(it’ u — §tTEt), for all t € R?. (1)

If ¥ is positive definite then the N,(u, %) distribution has a density function given by

1
(2m)2(det =)/

Fr(x) = exp(—%(x TS (x— ), x € RP. @)

Below we list some useful properties of N,(u, ¥) distribution.

Proposition 1: If X has N,(u,X) distribution, then AX + b has N,,(Ap + b, AL AT) dis-
tribution for any m X p matriz A and any m x 1 vector b.

Proposition 2: If X is N,(u,X) (withp > 2) and X, p, and X are partitioned as
X f1 Y1 Y
{Xz} H L@} [221 E22}

where X1, p1 are k X1 and X211 is k X k with 1 < k < p, then X1 and X5 are independent if
and only if ¥X15 = 0.



Proof : Show that the characteristic function of X factors into a product of characteristic
functions of Ny (g1, 311) and N, (g2, Xo2) random variables (and hence these are indepen-
dent) if and only if X5 = 0.

Proposition 3: Let X be N,(11,X) (withp >2) and X, p, and ¥ are partitioned as
X, T Y1 X2
X - 7 - ) E - )
{XJ s Lh} {221 292
where Xy, p1 are k x 1 and X11 is k x k with 1 < k < p. Let X5, be a generalized inverse of

Yoo, 1.€. a matrix satisfying
29930092090 = Yog, (3)

and let 211.2 = 211 - 21222_2221. Then

(a) X1 — X12%55 X5 has Ni(p1 — L19X0pt2, X11.2) distribution and is independent of X,
and

(b) the conditional distribution of Xy given Xo is Ni(p1 + 2X12355(Xo — 12), X11.2)-

Proof : First, note that since X is non-negative definite, R(X15) C R(X22) where R denotes
the “row space”, i.e. the linear span of the rows. Therefore, X215 = By for some k x (p—k)
matrix B. This implies that

Y9299 dioy = BYiga¥i59diog = BXlgg = Y9

by (3). Let

e 212X
C— {O Pt

Then CX is of the form

Xy

and has a p-variate normal distribution with mean

{m - Eng‘m]

OX — |:X1 — E12222)(2}

H2
and covariance matrix (check)

cxet = [2“'2 y ] .

0 292

Then (a) follows from Proposition 1 and Proposition 2, and from this and Proposition 1, (b)
follows by conditioning on Xs.



Proposition 4: If X has N,(u,1,) distribution then Z = XTX =| X ||* has the x*
distribution with p degrees of freedom and noncentrality parameter 6 =|| u ||* (written Z ~
X2(9)), with density

o —5)2 E.‘S_Z 1 n/2—1_—z/2
fos(z) =e 0F1(2, 4)—21’/2F(p/2)z e , z >0, (4)
where
F N fry [
o Frla;w) Zkzo (a)ik!

where (a)y =ala+1)---(a+k—1) fork>1 (and (a)g = 1), and a,w € C.

Corollary 1: If X is N,(u,X) and X is non-singular, then for any b € RP, the random
variable (X — b)"S71(X —b) has x3(0) distribution, with § = (n— b)" X7 (u —b).

Proposition 5: The characteristic function of Xf,(é) random variable is given by

10t
1—2ut

bps(t) = exp ( ) (1 — 24t)~P/2, teR. (5)

Proposition 6: If X is N,(u,I,) and B is a p x p symmetric matriz then X*BX has a
noncentral x* distribution if and only if B is idempotent (i.e., B> = B), in which case the de-
grees of freedom and the noncentrality parameters are respectively k = rank(B) = trace(B)
and 6 = u* By.

Proof : Suppose that B is idempotent of rank k. Then B = HAHT for some px p orthogonal
matrix H, where

Iy 0
it
Therefore, X" BX = XTHAH"X = Zle V7 where V= H" X has N,,(H" u, I,,) distribution

(since H'H = I,). Then V;’s are independent N(v;,1) random variables with v; = hl p
(where h; is the j-th column of H). The “if part” follows now by Proposition 4 after
noticing that Zle Vi = Z;‘f:l p hihl = p" Bu = 0.

To prove the “only if” part, start with the spectral decomposition B = HAH”' where
A is diagonal with the diagonal elements A; > ... > X,. Then by arguments as above, it
follows that X7TBX = Z?:l )\ij where V; are independent N(v;,1) for j =1,...,p. Now
computing characteristic function of Z§:1 /\jVj2 by means of Proposition 5 and comparing
with the characteristic function of a x7(d) random variable for 6 = p"Bu = Y70, v3, it
follows that we must have rank(B) = k and \; = 1 for j =1,...,k and \; = 0 for j > k,
which concludes the proof.



3 Jacobians and exterior products

One of the key ingredients in the study of multivariate distributions is the computation of
Jacobians for appropriate transformations. Let X € R™ be a random vector with probability
density function f(x) with support S C R™. Suppose that the transformation y = y(x) =
(y1(x), ..., ym(x)) is 1-1 on S onto T' C R™. Assuming that the partial derivatives Ox;/0y;

(1,7 =1,...,m) exist and are continuous on 7" (viewing x = x(y) as the inverse function of
y on T onto S), the density function of Y = y(X) is given by
giy) = fx@)JIx =y,  yeT, (6)
where J(x — y) is the Jacobian of the transformation from x to y, i.e.,
Oz .. Oz
8y1 8y'm a
J(x—y)=det | ' :det( xz) (7)
. . 0yj
Oxm ., O%m
83/1 aym

In multivariate analysis it is often useful to do the Jacobian computation in terms of
(coordinate-wise) differentials of smooth transform. Hence we introduce, following James
(1954) the idea of wedge products of differentials. A detailed account can be found in Muir-
head (1980).

Definition 2: An exterior differential form of degree r > 1 in R™ is an expression of the
type

Z hi1,-..,ir (X)d,Th A A dl’ir, (8)
i1 <<y
where iy, ..., i, are indices from the set {1,...,m}, h;, . (X) are analytic functions of x =

(1, ..., Zm), and the “wedge product” dxy N --- Ndx;, is skew-symmetric, i.e. (forr > 2) if
1<k<l<r, then

d(L’il A A d$ik71 N d(L’zk A d,fik+1 VANIEIAN dxil—l A dl’il A dxml VANEIEIAN d(L’ir
= —diUZ'l VANRIERWAN dxik71 AN di[)il VAN deikJrl VANEIVAY dl’ikl A dl’lk A d.ﬁﬂi“rl VANERIVAY diL‘Z’T. (9)

3.1 Implications

Let r =1, and consider the 1-1 continuously differentiable transformation x — y. Then the
ordinary differential

Ay, (1<i<m) (10)

is an exterior differential form of degree 1 in R™.

The skew-symmetry condition (9) implies in particular that if in the wedge product
dz;, N\ --- Adx; any term is repeated then the expression must be zero. Consequently we
have the following:



(a) A form of degree m has only one term, namely h(x)dzi A - -+ A dzy,.
(b) A form of degree greater than m is zero.

(¢) For 1 <r < m the expression (8) reduces to

Z hil ..... iT(X)dLL’il VANEIEIVAN d(L’Z'T. (11)

We can regard (11) as an integrand in an r-dimensional surface integral in R™. To
illustrate this point, and to understand the definition of wedge products, we consider the
simple case when m = 2. The aim is to show that using the definition we can recover the
well known change-of-variable formula

al’l’
y;

where A’ is the image of A under the (smooth) 1-1 transformation x — y.
Formally, we can multiply the expressions for dz; and dzy given (10) to obtain

Ox, oOr, ) (ax2 Dxq )
I = —dy; + —d —=dy; + =—dys | . 13
A,f(X(Y)) (3y1 Y1 Dy, Y2 oo, U1 s Y2 ( )

We verify that if we treat the products of differentials appearing in (13) as a wedge product
then we recover (12). In order that this holds, we must have

axl 81’1 ) (8%2 8x2 ) <8x1 8132 8:61 8@)
—dy, + =—d ANl —dy; + —d = — dy; A dys. 14
(83/1 & 0ya Y2 oy h D2 b2 0y1 Oy 0ya Oy i b2 ( )

/Af(xbwg)dxldxg =1= . f(x1(y), z2(y)) det ( ) dy, dys, (12)

Simplifying the left hand side by using the associative and distributive laws and applying
the rule dy; A dy, = —dys A dy, and dy; A dy; = dys A dys = 0 (following (9)) we have the
identity (14).

3.2 Some important transformations

In this section we compute the Jacobians for some important transformations using the idea
of exterior products (i.e. products of exterior differential forms). We shall use AT dx; to
denote the exterior product dxy A --- A dx,,. A key result is the following:

Proposition 7: If dy is an m x 1 vector of differentials and if dx = Bdy where B is an
m X m nonsingular matriz (so that x is a vector of linear differential forms), then

A2 dx; = (det B) A4 dy;. (15)

Proof : By using associative and distributive rules the left side can be written as
NiZydz; = p(B) N2y dy;,

for some polynomial p(B) in the elements of the matrix B. The following properties hold.

5



(i) p(B) is linear in each row of B.

(ii) By the skew-symmetry condition (9) if two factors dz; and dz; are interchanged then
the sign of A" dz; is reversed. But interchanging the position of dz; and dz; corre-
sponds to interchanging the i-th and j-th rows of B. So interchanging any two rows
of B reverses the sign of p(B).

(iii) p(L,) = 1.

But properties (i), (ii) and (iii) characterize the determinant of a matrix. Hence p(B) =
det B.

We now introduce some notations to compute Jacobians for transformations of matrices.
So, for an n x m matrix X, let dX denote the matrix of differentials ((dz;;))1<i<mi<j<n- It
follows that if X is n x m and Y is m x p then

AXY)=X -dY +dX Y.

For an arbitrary n x m matrix X, we shall use (dX) to denote the exterior product of the
mn elements of d.X:

If X is a symmetric m X m matrix, the symbol (dX) will denote the exterior product of the

im(m + 1) distinct elements of d.X:

(dX) = M<icjcmds;.
If X is m x m lower-triangular, then
(dX) = ANigj<icmdzi;.

If X is m x m skew symmetric (i.e. X7 = —X), then as a convention, define (dX) in terms
of the 1m(m — 1) distinct elements below the diagonal

(dX) = /\1§j<i§md$ij-

Proposition 8: If X = BY where X andY are n xm matrices and B is a fixed nonsingular

n X n matriz, then
(dX) = (det B)™(dY'),

so that J(X —Y) = (det B)™.

Proposition 9: If X = BYC where X and Y are n x m matrices and B and C are
nonsingular matrices of dimension n x n and m X m, respectively, then

(dX) = (det B)™(det C)"(dY),



so that J(X —Y) = (det B)™(det C)".

Proposition 10: If X = BY BT, where X and Y are m x m symmetric matrices and B is
an m X m nonsingular matrix, then

(dX) = (det B)" T (dY).
If instead Y is skew-symmetric (i.e., YT = =Y ), then

(dX) = (det B)™ 1 (dY).

Proof : Since X = BY B?, it implies that dX = BdY B”, from which easily that
(dX) = p(B)(dY) (16)

for some polynomial p(B) in the elements of B. Now verify using (16), with B replaced by
B, B5 that the polynomial satisfies the equation

p(B1B2) = p(B1)p(Bs) (17)

for arbitrary m x m matrices By and By. The only polynomials in the elements of a square
matrix satisfying (17) for all By and Bj are ineteger powers of det B (see MacDuffee (1943),
Chapter 3), so that

p(B) = (det B)* for some integer k.

Now to calculate k& choose a special form of B. Choose B = diag(b, 1,...,1), so that

bzyn by12 s by1m
BYRBT — by‘21 y'22 yQ.m
byml Ym2 - Ymm

Taking exterior products of elements on and above diagonal for the case when Y is symmetric
(and of elements only above the diagonal when Y is skew symmetric), we see that

prrldy)  if Y =YT

BdY BT =
( ) {bm—l(dy) if Y =-YT.

Proposition 11: If A is an m x m positive definite matriz and A = TTT where T is a
lower triangular matriz with positive diagonal elements, then

(dA) _2mHtm+1 “dr).



Proposition 12: If X =Y !, where Y is a m x m symmetric matriz, then

(dX) = (det Y)~m+D(qY").

The following proposition gives the Jacobian for the Gram-Schmidt orthogonalization (or

QR decomposition) of an n X m matrix.

Proposition 13 : Let Z be an n X m matrix (n > m) of rank m. Let Z = H,T where
Hy is an n x m matriz with H'Hy, = I, and T is an m x m upper triangular matriz with
positive diagonal elements. Let Hy (a function of Hy) be an n X (n —m) matriz such that

H = [Hy : Hs] is an n X n orthogonal matriz. Write H = [hy : -+ :hy, chy,q 0o

where hy, ... h,, are columns of Hy and h,,,1,...,h, are columns of Hy. Then
(dz) = ][t (1) (H]dH,),
i=1

where
(H] dHy) = Ny N_i 1 h] dh;.

Moreover, if A= ZTZ, then

(dZ) = 27™(det A)"=m=V/2 (dA) (HTdH,).

Proposition 14: For the following transformation from rectangular coordinates x1, . ..

to polar coordinates r,01,...,0,_1 in R™:
ry = rsinfy---sinf,,_osinb,,_;
m—j
Ty =T H sin 0y cosbp_jr1, j=2,...,m
k=1

(r>0, 0<@;<mforl<j<m—2 0<6b,_1 <27,

we have
m—2

NIy day = ™! H (sin ;)™ 71 (ATS N dO;) A drr

Jj=1

h, ]



